AN UNCONDITIONAL PROOF OF THE ABELIAN EQUIVARIANT
IWASAWA MAIN CONJECTURE AND APPLICATIONS

HENRI JOHNSTON AND ANDREAS NICKEL

ABSTRACT. Let p be an odd prime. We give an unconditional proof of the equivariant
Iwasawa main conjecture for totally real fields for every admissible one-dimensional p-
adic Lie extension whose Galois group has an abelian Sylow p-subgroup. Crucially,
this result does not depend on the vanishing of any p-invariant. As applications, we
deduce the Coates—Sinnott conjecture away from its 2-primary part and new cases of
the equivariant Tamagawa number conjecture for Tate motives.

1. INTRODUCTION

Let p be an odd prime and let K be a totally real number field. An admissible p-adic
Lie extension £ of K is a Galois extension £ of K such that (i) £/K is unramified
outside a finite set of primes of K, (ii) £ is totally real, (iii) G := Gal(L/K) is a compact
p-adic Lie group, and (iv) £ contains the cyclotomic Z,-extension of K. The equivariant
Iwasawa main conjecture (EIMC) for such an extension £/K can be seen as a refinement
and generalisation of the classical Iwasawa main conjecture for totally real fields proven
by Wiles [Wil90]. Roughly speaking, it relates a certain Iwasawa module attached to
L/K to special values of Artin L-functions via p-adic L-functions. This relationship can
be expressed as the existence of a certain element in an algebraic K-group; it is also
conjectured that this element is unique.

Let S be a finite set of places of K containing all infinite places and all places that
ramify in £ (thus S necessarily contains all primes above p). Let M2"(p) be the maximal
abelian pro-p-extension of £ unramified outside S and set Xg = Gal(M2°(p)/L). The
canonical short exact sequence of profinite groups

(1.1) 1 — Xg — Gal(M2(p)/K) — G — 1

defines an action of G on Xg in the usual way so that Xg becomes a module over the
Iwasawa algebra A(G) := Z,[G]. If G contains no elements of order p, then Xg is of
finite projective dimension over A(G), and so the EIMC can be stated in terms of Xg.
In general, however, Xg is not of finite projective dimension and so one has to replace
Xs by a certain canonical complex C'§ of A(G)-modules which is perfect and whose only
non-vanishing cohomology modules are isomorphic to Xg and Z,, respectively.

There are several versions of the EIMC. The first is due to Ritter and Weiss and deals
with the case of one-dimensional extensions [RW04], and was proven under the hypothesis
that the p-invariant of Xg vanishes in a series of articles culminating in [RW11]. In
their approach, the complex Cg is obtained from the canonical group extension (1.1) by
applying a certain ‘translation functor’ [RW02a, §4A] which essentially transforms (1.1)
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into a homomorphism of A(G)-modules

with kernel X¢ and cokernel Z,,. It can be shown that this map defines a complex with the
required properties. The second version follows the framework of Coates, Fukaya, Kato,
Sujatha and Venjakob [CFKT05] and was proven by Kakde [Kak13], again assuming
i = 0. This version is for arbitrary admissible extensions and Kakde’s proof uses a
strategy of Burns and Kato to reduce to the one-dimensional case (see Burns [Burl5]).
Here, the choice of complex appears to be different, but in the one-dimensional case both
complexes are isomorphic in the derived category of A(G)-modules by a result of the
second author [Nic13, Theorem 2.4] (see also Venjakob [Venl3] for a thorough discussion
of the relation of the work of Ritter and Weiss to that of Kakde.) As a consequence,
it does not matter which of the two complexes we use. Finally, Greither and Popescu
[GP15] formulated and proved another version of the EIMC, but they restricted their
formulation to abelian one-dimensional extensions and the formulation itself requires a
i = 0 hypothesis. In [Nicl3], the second author generalised this formulation (again
assuming 1 = 0) to the non-abelian one-dimensional case. Moreover, he showed that the
three formulations are in fact all equivalent in the situation that they make sense, that
is, when the extension is one-dimensional and p = 0. In fact, the proof of this result
implicitly shows that the choice of complex C% does not matter when p = 0, as long as
it is perfect and has the prescribed cohomology.

From a result of Ferrero and Washington [FW79], one can deduce that the p = 0
hypothesis holds whenever £/ K is an admissible extension such that £ is a pro-p extension
of a finite abelian extension of @, but unfortunately little is known beyond this case.
In previous work [JN18], the present authors proved the EIMC unconditionally for an
infinite class of one-dimensional admissible extensions for which the p = 0 hypothesis is
not known to be true. However, such extensions must satisfy certain rather restrictive
hypotheses.

In the present article, we prove the EIMC (with uniqueness) in important cases without
assuming any g = 0 hypothesis. The proof relies on the classical (non-equivariant)
Iwasawa main conjecture proven by Wiles [Wil90] and the recent groundbreaking work
of Dasgupta and Kakde [DK23] on the strong Brumer—Stark conjecture.

In an earlier version of this article, the proof also used a formulation of the EIMC given
in the present authors’ article [JN19], where explicit calculations involving the class of C§
in the derived category played a crucial role. In the present version, we give a simplified
proof that dispenses with the results of loc. cit. and instead uses a purely algebraic result
that implies that the precise choice of complex used in the abelian EIMC does not matter,
provided that it is perfect and has the prescribed cohomology. In Appendix A, we give a
generalisation of this last result in the non-abelian case. Our main result is as follows.

Theorem 1.1 (Theorem 9.5). Let p be an odd prime and let K be a totally real number
field. Let L/K be an abelian admissible one-dimensional p-adic Lie extension. Then the
EIMC with uniqueness holds for L/ K.

It is natural to ask whether one can deduce the EIMC for all admissible one-dimensional
p-adic Lie extensions from Theorem 1.1 by generalising the approaches of Ritter and Weiss
and of Kakde. The first step is to reduce to admissible subextensions with p-elementary
Galois groups. In the aforementioned approaches, this step relied on the p = 0 hypoth-
esis. By showing that certain products of maps over subquotients of G are injective and
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exploiting the functorial properties of the EIMC, we obtain a similar result without any
such hypothesis. We hence deduce the following generalisation of Theorem 1.1.

Corollary 1.2 (Corollary 11.17). Let p be an odd prime and let K be a totally real number
field. Let L/ K be an admissible one-dimensional p-adic Lie extension such that Gal(L/K)
has an abelian Sylow p-subgroup. Then the EIMC with uniqueness holds for L/ K.

The further reduction steps of previous approaches do not generalise easily as they rely
on the ;= 0 hypothesis in a crucial way and hence presently there is no apparent way to
deduce the EIMC for all admissible one-dimensional extensions without this hypothesis.
Moreover, a serious obstacle to the case of admissible extensions of dimension greater
than one is that in general a certain ‘Oty(G)-conjecture’ is required to even formulate
the EIMC in this situation, and that this is presently only known to hold under the y = 0
hypothesis (see [CK13, p. 5] and [CS12]).

We remark that if Leopoldt’s conjecture holds for K at p then every abelian admissible
extension of K must be one-dimensional. Similarly, if Leopoldt’s conjecture holds for
F at p for all finite totally real extensions F//K with [F' : K] coprime to p then every
admissible extension of K whose Galois group has an abelian Sylow p-subgroup must be
one-dimensional. Hence the hypothesis that the extensions considered in Theorem 1.1
and Corollary 1.2 are one-dimensional is arguably not so restrictive. Moreover, the one-
dimensional case of the EIMC often suffices for applications, some of which we will now
discuss.

The equivariant Tamagawa number conjecture (ETNC) has been formulated by Burns
and Flach [BFO01] in vast generality. In the case of Tate motives, it simply asserts that an
associated canonical element in a relative algebraic K-group vanishes. Roughly speaking,
this element relates leading terms of Artin L-functions to certain arithmetic invariants.

Let L/K be a finite Galois CM extension of number fields and let G = Gal(L/K).
Hence K is totally real, L is totally complex and complex conjugation induces a unique
central automorphism in G. In the case that the u = 0 hypothesis holds (for the cy-
clotomic Z,-extension of the maximal totally real subfield of L((,), where (, denotes a
primitive pth root of unity), it is known by independent work of Burns [Burl5] and of
the second author [Nic13] that the EIMC implies the plus (resp. minus) p-part of the
ETNC for the pair (h°(Spec(L))(r), Z[G]) if r is a negative odd (resp. even) integer. In
both approaches, the main reason for the ;1 = 0 assumption is to ensure the validity of
the EIMC. Thus at first sight, Theorem 1.3 below appears to be a direct consequence of
our results on the EIMC above. However, Burns’ descent argument relies on the formal-
ism developed by Burns and Venjakob in [BV11]. For this, the cohomology of a certain
complex at infinite level needs to be ‘S-torsion’ in the terminology of [BV11] if p divides
|G|. (Note this is not related to the set S used in the present article.) In the context
of the EIMC, this is in fact equivalent to u = 0. Moreover, the approach of the second
author in [Nic13] relies on the aforementioned version of the abelian EIMC of Greither
and Popescu [GP15] whose very formulation depends on the z = 0 hypothesis. Therefore
the fact that Corollary 1.2 implies the following result requires a new proof.

Theorem 1.3 (Theorem 12.4). Let p be an odd prime. Let L/K be a finite Galois CM
extension of number fields and let G = Gal(L/K). Suppose that G has an abelian Sylow
p-subgroup. Then for each negative odd (resp. even) integer r the plus (resp. minus)

p-part of the ETNC for the pair (h°(Spec(L))(r), Z|G]) holds.

Now assume that L/K is a finite abelian extension of number fields. Let S be a finite
set of places of K that contains all infinite places and all places that ramify in L. We
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write Of ¢ for the ring of S(L)-integers in L, where S(L) denotes the set of places of L
that lie above a place in S. For an integer n > 0 we let K, (O s) denote the Quillen
K-group of Opg. Using L-values at negative integers r one can define Stickelberger
elements fg(r) in the rational group ring Q[G]. If we write K;_2,(OL)tors for the torsion
subgroup of K;_5.(Op), then by independent work of Deligne and Ribet [DR80] and of
Pi. Cassou-Nogues [CNT79] we have

AnnZ[G] <K172r(0L>tors)05<T) C Z[G] .

Coates and Sinnott [CS74] formulated the following analogue of Brumer’s conjecture for
higher K-groups.

Conjecture 1.4 (Coates—Sinnott). Let L/K be a finite abelian extension of number fields
and let G = Gal(L/K). Let r be a negative integer and let S be a finite set of places of
K that contains all infinite places and all places that ramify in L. Then we have

Anngq)(K1-2-(OF )tors)0s(r) € Annge(K_2-(Op,s)).

Let p be an odd prime and suppose in addition that S contains all p-adic places of
K. For any negative integer r and i = 0,1 Soulé [Sou79| has constructed canonical
G-equivariant p-adic Chern class maps

(1.2) Z, @7 Ki 2, (Op.5) — HZ ' (Spec(Op.5), Z,(1 —1)).

Soulé proved surjectivity and by the norm residue isomorphism theorem [Wei09] (formerly
known as the Quillen-Lichtenbaum Conjecture) these maps are actually isomorphisms.

This allows us to work with an étale cohomological version of Conjecture 1.4. For a
variant of this version it has been shown in [GP15, §6] that it suffices to consider abelian
CM extensions. We therefore obtain the following consequence of Theorem 1.3.

Theorem 1.5 (Corollary 12.6). The Coates—Sinnott conjecture holds away from its
2-primary part.
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Notation and conventions. All rings are assumed to have an identity element and all
modules are assumed to be left modules unless otherwise stated. We shall sometimes
abuse notation by using the symbol @ to denote the direct product of rings or orders.
We fix the following notation:
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R* the group of units of a ring R
¢(R) the centre of a ring R
Anng(M) the annihilator of the R-module M

M,(R) the set of all n x n matrices with entries in a ring R

Quot(R)  the field of fractions of the integral domain R

Cn a primitive nth root of unity

K the cyclotomic Z,-extension of the number field K

clg the class group of a number field K

K° an algebraic closure of a field K

K+ the maximal totally real subfield of a field K embeddable into C

Irrp(G)  the set of F-irreducible characters of the (pro)-finite group G
(with open kernel) where F is a field of characteristic 0

X the character contragredient to x

Re(s) the real part of the complex number s

2. THE BRUMER—STARK CONJECTURE

2.1. Fitting ideals and Pontryagin duals. If M is a finitely presented module over a
commutative ring R, we denote the (initial) Fitting ideal of M over R by Fittg(M). For
basic properties of Fitting ideals, we refer the reader to [Nor76] or [Eis95, §20.2].

For an abstract abelian group A we write A for the Pontryagin dual Homz(A, Q/Z).
This induces an equivalence between the categories of abelian profinite groups and discrete
abelian torsion groups (see [NSWO08, Theorem 1.1.11] and the discussion thereafter). For
a prime p, a finite group G, and a finitely generated Z,[G]-module M, we have

MY = Homg, (M,Q,/Z,),

and this is endowed with the contragredient G-action (gf)(m) = f(g~'m) for f € MY,
g€ Gand me M.

2.2. Equivariant Artin L-functions and values. Let L/K be a finite Galois extension
of number fields and let G = Gal(L/K). For each place v of K we fix a place w of L
above v and write G,, and I, for the decomposition group and the inertia subgroup of GG
at w, respectively. When w is a finite place, we choose a lift o,, € G, of the Frobenius
automorphism at w and write B3, for the associated prime ideal in L. For a finite place
v of K we denote the cardinality of its residue field by Nuv.

Let S be a finite set of places of K containing the infinite places Sy = Soo(K). Let
Irre(G) denote the set of complex irreducible characters of G. For x € Irrc(G) let V) be
a C[G]-module with character y. The S-truncated Artin L-function Lg(s,x) is defined
as the meromorphic extension to the whole complex plane of the holomorphic function
given by the Euler product

Ls(s,x) = Hdet(l — (Nv)“Poy | VXI“’)_I, Re(s) > 1.
végS
The primitive central idempotents of C[G] attached to elements of Irr¢(G) form a C-basis
of its centre ((C[G]) and thus there is a canonical isomorphism ((C[G]) = [T ¢y, ) C-
The equivariant S-truncated Artin L-function is defined to be the meromorphic {(C[G])-
valued function

Ls(s) :== (Ls(8, X)) xetre(@)-
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Now suppose that 7' is a second finite set of places of K such that S and T are disjoint.
Then we define

(2.1)  Op(s,x) := Hdet(l — (No) ot | VXIw) and  07(s) := (07(S, X)) yerre(@)-

veT

Let # — 2% denote the anti-involution on C[G] induced by g — g~* for ¢ € G. The
(S, T)-modified G-equivariant Artin L-function is defined to be

Og.r(s) := dp(s) - Lg(s)*.

Note that Lg(s)# = (Ls(s, X))yemre(c), where ¥ denotes the character contragredient to
X- Evaluating Ogr(s) at s = 0 gives an (S, T)-modified Stickelberger element

9? = 057(0) € C(Q[G]).

Note that a priori we only have 0% € ((C[G]), but by a result of Siegel [Sie70] we know
that 6% in fact belongs to ¢(Q[G]). If T is empty, we abbreviate 6% to f5. If the extension
L/K is not clear from context, we will also write 0% (L/K), Ls(L/K,s), 67(L/K, s), etc.

2.3. Ray class groups. Let T be a finite set of finite places of K and let T'(L) denote
the set of places of L above those in T'. Let Ir(L) denote the group of fractional ideals
of L relatively prime to M7 := [Tuwer) Bw- Let Pr(L) denote the subgroup of Ir(L)

generated by principal ideals (o) where o € O, satisfies « = 1 mod 9L, Then

clf .= I7(L)/Pr(L)
is the ray class group of L associated to the modulus 9MM7. We denote the group Of
of units in L by E; and define Ef := {x € Fr:x=1mod 931{} If T is empty we

abbreviate cl? to cly. All these modules are equipped with a natural G-action and we
have the following exact sequence of finitely generated Z[G]-modules

(2.2) 0 — Ef — B — (Op/MD)* 2 cl] — clp — 0,

where the map v lifts an element T € (Or/9MY)* to x € O and sends it to the ideal
class [(z)] € cl}. of the principal ideal (x).

2.4. The Brumer and Brumer—Stark conjectures for abelian extensions. We
now specialise to the case in which L/K is an abelian CM extension of number fields. In
other words, K is totally real and L is a finite abelian extension of K that is a CM field.
Let py and cly denote the roots of unity and the class group of L, respectively.

Let Sram(L/K) be the set of all places of K that ramify in L/K. It was shown inde-
pendently by Pi. Cassou-Nogues [CN79] and by Deligne and Ribet [DR80] that

(23) Annz[(;] (,U,L)GS Q Z[G]

Brumer’s conjecture simply asserts that Anngi(pz)0s annihilates cl; and in the case
K = Q this is essentially Stickelberger’s theorem [Sti90].

Hypothesis. Let S and T be finite sets of places of K. We say that Hyp(S,T) =
Hyp(L/K, S, T) is satisfied if (i) Sam(L/K) U So C S, (ii) SNT = 0, and (iii) EY is

torsionfree.

Remark 2.1. Condition (iii) means that there are no non-trivial roots of unity of L con-
gruent to 1 modulo all primes in T'(L). In particular, this forces T' to be non-empty and
will be satisfied if T' contains primes of at least two different residue characteristics or at
least one prime of sufficiently large norm.
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If S and T are finite sets of places of K satisfying Hyp(S,7') then (2.3) implies that
0L € Z|G). Moreover, given a finite set S of places of K such that Syam(L/K)U S, C S,
Brumer’s conjecture for S holds if and only if 6% € Anng(cly) for every finite set of
places T of K such that Hyp(S,T) is satisfied (see [Nic19, Corollary 2.9]). The following
strengthening of Brumer’s conjecture was stated by Tate and is known as the Brumer—
Stark conjecture.

Conjecture 2.2. For every pair S,T of finite sets of places of K satisfying Hyp(S,T)
we have 0% € Anngg(cl]).

In fact, as explained in [DK23, §1], Conjecture 2.2 is slightly different from the actual
statement proposed by Tate [Tat84, Conjecture IV.6.2], but it is the former that will be
the most convenient for our purposes. We also note that Conjecture 2.2 decomposes into
local conjectures at each prime p after replacing cl} by 2L, @z, clf.

For generalisations of the Brumer—Stark conjecture to not necessarily abelian exten-
sions, we refer the interested reader to the survey article [Nic19).

2.5. The strong Brumer—Stark conjecture for abelian extensions. Let j denote
the unique complex conjugation in G. For a G-module M we write M+ and M~ for the
submodules of M upon which j acts as 1 and —1, respectively. In particular, we shall be
interested in (Z, ®z cl} )~ for odd primes p; we will abbreviate this module to A? when
p is clear from context; if 7' is empty we further abbreviate this to A;. Note that AT
and (AT)Y are modules of finite cardinality over the ring Z,[G]_ := Z,[G]/(1 + j). The
following result was conjectured independently by Greither and by Kurihara [Kur21] and
is known as the strong Brumer—Stark conjecture; it was recently proven in groundbreaking
work of Dasgupta and Kakde [DK23, Corollary 3.8] (in fact, they also prove an even
stronger conjecture of Kurihara [Kur21, Conjecture 3.2]).

Theorem 2.3. Let p be an odd prime and let S, T be finite sets of places of K such that
Hyp(S,T) is satisfied. Then (0%)# € Fittz - ((A])Y).

Theorem 2.3 can be seen as a refinement of the ‘p-part’ of Conjecture 2.2 (with p
odd), once we observe that: (i) the (initial) Fitting ideal of a module is contained in its
annihilator; (ii) Anng, ¢ (M) = Anng g (M")* for every Z,[G]_-module M of finite
cardinality; and (iii) j acts as —1 on 0%, so the element 0% annihilates a Z,[G]-module
M if and only if it annihilates M.

Remark 2.4. Greither and Kurihara [GKO08] have given counterexamples to the ‘dual’ ver-
sion of Theorem 2.3, which asserts that 0% € Fittz, ¢ (A]) under the same hypotheses.
They have also given counterexamples to the assertion 07 € Fittz o (AY) [GK15, §0.1]
(see also [Kurll]).

Remark 2.5. For the proof of Theorem 1.1, we shall only require a weaker version of
Theorem 2.3 with the additional hypothesis that S contains all the places of K above p.

3. ALGEBRAIC K-THEORY AND COMPLEXES

3.1. Preliminaries on algebraic K-theory. Let A be a ring. We denote the category
of finitely generated projective (left) A-modules by PMod(A). We write Ky(A) for the
Grothendieck group of PMod(A) (see [CR87, §38]) and K;(A) for the Whitehead group
(see [CR87, §40]). Let Ko(A, A’) denote the relative algebraic K-group associated to a ring
homomorphism A — A’. We recall that Ky(A, A’) is an abelian group with generators
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[X,9,Y] where X and Y are objects of PMod(A) and g : A" ®y X — A ®, Y is an
isomorphism of A’-modules; for a full description in terms of generators and relations, we
refer the reader to [Swa68, p. 215]. Moreover, there is a long exact sequence of relative
K-theory (see [Swa68, Chapter 15])

(3.1) Ki(A) — Ki(N) -2 Ko(A, N) — Ko(A) — KoL),

3.2. Complexes of modules over orders in separable algebras. Let R be a noe-
therian integral domain. Let A be a finite-dimensional separable Quot(R)-algebra and
let 2 be an R-order in A. Note that 2 is both left and right noetherian, since A is finitely
generated over R. The reduced norm map nr = nry : A — ((A) is defined componentwise
on the Wedderburn decomposition of A and extends to matrix rings over A (see [CR81,
§7D]); thus it induces a map K;(A) — ((A)*, which we also denote by nr.

Let C*(PMod(21)) be the category of bounded (cochain) complexes of finitely gener-
ated projective 2-modules, and let C2 (PMod(2()) be the full subcategory of complexes

whose cohomology modules are R-torsion. The relative algebraic K-group Ky(2, A)
identifies with the Grothendieck group whose generators are [C*], where C* is an object

of CP (PMod(2)), and whose relations are as follows: [C®] = 0 if C*® is acyclic, and
[C3] = [C?] + [C3] for every short exact sequence

(3.2) 0—C; —C; —C; —0

in Cb_(PMod(21)) (see [Weil3, Chapter 2] or [Suj13, §2], for example).

Let D(2() be the derived category of A-modules. A complex of 2A-modules is said to
be perfect if it is isomorphic in D(2A) to an element of C°(PMod(2A)). We denote the
full triangulated subcategory of D(2() comprising perfect complexes by DP!(2(), and the
full triangulated subcategory comprising perfect complexes whose cohomology modules
are R-torsion by DX (). Then any object of D (A) defines an element in Ko(2A, A).
In particular, a finitely generated R-torsion 2A-module M of finite projective dimension
considered as a complex concentrated in degree 0 defines an element [M] in Ky(2A, A).

For any integer n and any cochain complex C* of 2-modules we write C[n]® for the

n-shifted complex given by C[n|" = C™™ with differential dic[n} = (—1)"d%". Note that
if C* € DP(A) then [C[n]*] = (—=1)"[C*] in Ky(2A, A).

tor
The following result is certainly well known to experts, but there does not appear to be

a precise reference in the literature (it essentially follows from [BB05, Proposition 3.1]).

Proposition 3.1. Suppose that every finitely generated 2A-module is of finite projective
dimension. Then for each object C* of Dre () we have [C*] = 3., (= 1)[H/(C*)] in
Ko, A).

Proof. Note that [Lan02, Chapter XX, §1, Proposition 1.1] and the hypothesis on 2
imply that every bounded (cochain) complex of finitely generated 2-modules is perfect.
We claim that the complex C* is isomorphic in D(2() to a bounded complex D* of finitely
generated R-torsion modules. Then [C*] = [D*] in Ky(2, A) and thus we can and do
assume that C* = D*. We write ZC®, BC*® and HC® for the complexes of cocycles,
coboundaries and cohomologies of C*, respectively, each with zero differentials. Note
that all these complexes are in D2 (2) and hence define elements in Ko(2, A). Now the
short exact sequences of complexes

0 — BC* — ZC* — HC*®* — 0, 0— ZC* — C* — BC*[1] — 0
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imply that we have

(C*] = [2C°] — [BC*]| = [HC®) = ) _(-1)'[H'(C*)]

1EL

in Ko(2A, A), as desired.
It remains to show the claim. We can and do assume that C* is of the form

. dj—2 . dj—l .dj . .
e N e R i e g o e A S S N A =

for some integers j < n, where each P and each T" is a finitely generated 2(-module placed
in degree 4, the P’ are projective and the T% are R-torsion (one may always take j = n so
that all modules in the complex are in fact projective). We now do downward induction
on j to show the claim. Since both 77! and HY(C*®) are R-torsion, there is a non-zero
r € R such that rP7 C im(d’~!). As P’ is projective, there is a necessarily injective map
¢ : P7 — Pi=1 such that d’~! o ¢ is multiplication by r. We set T7 := P7/rP7. 1f j > 1
we define a complex

(€)oo Pi2 g pi 0 pit i L pit

where &/~! and & are induced from &~ and &/, respectively, and A2 = (2, ). Now
a straightforward, but rather lengthy diagram chase shows that the canonical map of
complexes C* — (C)* is a quasi-isomorphism. For this observe that (P?)Nker(d’~) = 0
by construction and hence ker(d’~2) = ker(d/~2). For j = 1 the argument is slightly
different. We set 70 := P%/p(P') and let d° : T° — T" be induced from d°. Then the
canonical map of complexes is again a quasi-isomorphism. Moreover, since the 2-modules

T and ker(d°) ~ H°(C*) are R-torsion, so is T°. O

Again, the following result is surely well known to experts, but there does not appear
to be a precise reference in the literature.

Proposition 3.2. Let k € Z and suppose that C* is an object of DEX () such that

H{(C®) =0 for alli € Z — {k}. Then H*(C®) is of finite projective dimension over 2
and [C®] = (=1)F[H*(C*)] in Ko(2A, A).

Proof. We can and do assume without loss of generality that k£ > 0 and that C* is of the
form

_ dkfl dk _ dnfl
i3 0 P PRI L ph Sy Pl Pt e P 0

where k£ < n and each P’ is a finitely generated projective 2-module placed in degree i.
If £ < n then C* is exact in degree n, so we have the short exact sequence

0 —> ker(d"!) — Pt L pr ),

and since P" is projective we conclude that ker(d"!) is also projective. Thus without
loss of generality we can and do replace P™ by 0 and P"! by ker(d"!). Therefore by
downward induction on n we can and do assume that in fact & = n. This immediately im-
plies that H*(C*®) is of finite projective dimension over 2(. Moreover, it is straightforward
to check that the canonical morphism of complexes from C*® to the complex consisting of
H*(C*®) concentrated in degree k is a quasi-isomorphism. O
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4. ALGEBRAIC K-THEORY FOR IWASAWA ALGEBRAS

4.1. Iwasawa algebras of admissible p-adic Lie groups of dimension one. Let p
be a prime and let G be a one-dimensional p-adic Lie group. Suppose that G is admissible,
which we define to mean that G contains a finite normal subgroup H such that T:=¢ /H
is a pro-p-group isomorphic to Z,. Then G is compact and the argument given in [RW04,
§1] shows that the short exact sequence

1—H —G—T —1

splits. Thus we obtain a semidirect product G = H x I where I' < G and I ~ T~ L.
Note that the image under the canonical projection map G — I of any element of G of
finite order is also of finite order and hence must be trivial. Thus H is equal to the subset
of G of elements of finite order. Therefore H and I are uniquely determined by G, though
the choice of I' need not be. We fix a topological generator v of I'. Let 7 := v mod H
and note that this a topological generator of I'. Since any homomorphism I'" — Aut(H)
must have open kernel, we may choose a non-negative integer n such that +*" is central
in G. We fix such an n and put Ty :=T?" ~ Z,.

The Iwasawa algebra of G is A(G) := Z,[G] = lim Z,[G JN], where the inverse limit is
taken over all open normal subgroups N of G. Let F be a finite field extension of Q,
with ring of integers O = Op, and put

A°(G) == O @z, A(G) = O[4].

Since Ty ~ Z,, there is a ring isomorphism R := O[] ~ O[T] induced by v*" + 1+ T
where O[T] denotes the power series ring in one variable over O. If we view A9(G) as
an R-module (or indeed as an R[H]-module), there is a decomposition

p"—1

(4.1) A9(G) = EB R[H]Y'.

Hence A®(G) is free of finite rank as an R-module and is an R-order in the separable

Quot(R)-algebra QF(G), the total ring of fractions of A9(G), obtained from A®(G) by
adjoining inverses of all central regular elements. Note that QF (G) = Quot(R) @ A°(G)
and that by [RW04, Lemma 1] we have Q¥ (G) = F ®q, Q(G), where Q(G) := Q% (G).

4.2. Algebraic K-theory for Iwasawa algebras. We now specialise §3.1 to the sit-
uation of §4.1. Let p be a prime and let G be an admissible one-dimensional p-adic Lie
group. Let 'y be an open subgroup of I' that is central in G and let F' be a finite field
extension of Q, with ring of integers O = Op. Let A = QF(G), let %A = A°(G) = O[F]
and let R = O[I'¢]. In this situation, [Wit13, Corollary 3.8] shows that the map 0 in
(3.1) is surjective; thus we obtain an exact sequence

(4.2) Ki(A9(G)) — Ki(Q7(9)) % Ko(A°(G), Q" (G)) — 0.

For a finite normal subgroup N of G, there are canonical maps quotg N that fit into
the following commutative diagram

K1(A°(9)) K1(QF(9)) —— Ko(A9(G), Q7(9))
quotg/Nl quotg/Nl quotg/NL

Ki(A9(G/N)) —= K1(Q"(G/N)) — Ko(A(G/N), Q7 (G/N)).
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Similarly, for an open subgroup H of G, there are canonical maps res% that fit into the
following commutative diagram

K(A9(G)) — F.(QF(9)) —2— Ko(A°(G), Q¥ (9))

res% l res,g_L l res% L

K (AC(H)) — K1(QF (H)) 2= Ko(AC(H), QF (H)).

4.3. Characters and central primitive idempotents. Fix a character y € Irr@g(g)
(i-e. an irreducible Qf-valued character of G with open kernel) and let 1 be an irreducible

constituent of resyy. Then G acts on 1 as n9(h) = n(g~'hg) for g € G, h € H, and
following [RW04, §2] we set

St(n) :=={g€G:n=n}, eln) = T(—Z =) e

n\reslg{x

By [RW04, Corollary to Proposition 6] e, is a primitive central idempotent of Q°(G) :=
Q ®q, Q(G). In fact, every primitive central idempotent of Q°(G) is of this form and
ey = ey if and only if Y = x’ ® p for some character p of G of type W (i.e. res$,p = 1).
Let w, =[G : St(n)] and note that this is a power of p since H is a subgroup of St(n).

Let E be a finite field extension of Q, over which both characters x and n have re-
alisations and let V) denote a realisation of x over E. By [RW04, Propositions 5 and
6] and [JN18, Lemma 3.1], there exists a unique element v, € ((QF(G)e,) such that
7y acts trivially on V; and 7, = g¢,c¢, where g, € G with (g, mod H) = 7*x and with
¢y € (E[Hley)*. Moreover, v, generates a pro-cyclic p-subgroup I'y of OF(G)e, and
induces an isomorphism

QE(FX) = C(QE<Q)€X)
4.4. Determinants and reduced norms. Following [RW04, Proposition 6], we define

Jx 1 C(QF(9)) = ((Q%(G)ey) = QF(T'y) — QF(T),

where the last arrow is induced by mapping ~, to 7*“x. It follows from loc. cit. that j, is
independent of the choice of 7.

Let F' be any finite field extension of Q, and let Gp = Gal(F'°/F'). By enlarging E if
necessary, we can and do assume that F'is a subfield of E. Define

Det( )(x) : K1(Q7(9)) — QF(I)
[P,a] +— detQE(f)<Oé | Hompg)(Vy, E @ P)),

where P is a finitely generated projective QF (G)-module and « is a QF (G)-automorphism
of P. Here a acts on f € Hompgm)(Vy, E ®p P) via its action on £ ®r P, and 7 acts via
7Ff)(v) =~ f(y ') for all v € V,, which is easily seen to be independent of the choice
of v. Let nr : K1(QF(G)) — ¢(QF(G))* be the map induced by the reduced norm. Then
Det( )(x) is just j, onr (see [RWO04, §3, p. 558] for more details).

If p is a character of G of type W, then we denote by p* the automorphism of the
field Q°(T) induced by p*(7) = p(¥ )7 We denote the additive group generated by all
Qp-valued characters of G with open kernel by R,(G) and equip this with a Galois action
defined by “x(g9) = o(x(g)) for g € G and o0 € Gq,. Following [RW04, Theorem 8|, we
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define Homg; (R,(G), Q°(T')*) to be the group of all homomorphisms f : R,(G) — Q°(T)*
satisfying

fix®p)=p*(f(x)) for all characters p of type W, and
fOx)=a(f(x)) for all Galois automorphisms o € Gp.

By applying [RW04, Theorem 7] and taking G p-invariants as in the proof of [RW04,
Theorem 8], we obtain an isomorphism

¢(Q7(9))* = Homg, (R,(G), Q(T)")
=[x ()]

As Det(—)(x) is just the composite map j, o nr, the map which sends © € K;(Q"(G))
to [x — Det(©)(x)] defines a homomorphism

Det : K1(QF(G)) — Hom,(R,(G), Q°(T)*)

such that we obtain a commutative triangle

K\(Q(9))

(4.3) / 2t

¢(Q1(G))" Homg,  (R,(G), Q°(T)%).
Let N be a finite normal subgroup of G. Following [RW04, §3|, we define a map
quotd,, : Homy, (Ry(@), Q(T)*) — Homis, (B,(G/N), (1)),

by (quotdf)(x) = f(inflg,yx) for f € Homg, (R,(G), Q°(T)*) and x € R,(G/N).

Let H be an open subgroup of G. As explained in §4.1, the subset H' of H of elements
of finite order is in fact a finite normal subgroup such that T'y; :== H/H’ is a pro-p-group
isomorphic to Z,. Moreover, there is a canonical embedding ¢y : Ty < T defined as
follows: given any element z € Ty, let y € H be any lift and define 14(z) to be the image
of y under the composition of canonical maps H < G —» I. It is straightforward to check
that this map is well defined. Again following [RW04, §3], we define a map

res§, : Hom{; (R,(G), Q°(T)*) — Homy,, (R,(H), Q“(Tw)"),

by (res f)(x') = f(ind3x’) for f € Homy,, (R,(G), Q°(T)*) and x' € R,(H). Here we
view Q°(T'y) as a subfield of Q°(T') via the embedding t5 : ['yy < T.
Via diagram (4.3) the maps just defined induce canonical group homomorphisms

quotg v = ¢(QF(G))* — ((QT(G/N))¥,
reS%. CQF(G) — ¢(QF (M)~

The first map is easily seen to be induced by the canonical projection Q¥ (G) — QF(G/N).
Moreover, by (an obvious generalisation of) [RW04, Lemma 9] we have commutative
diagrams

K1(Q7(9)) ¢(Q"(9))" Ky(QF(9)) ——¢(Q(9)"
quotg /Nl quotg /Nl res%L res%l

Ki(QF(G/N)) —— ((Q7(G/N))* Ki(QF (M) — ¢(QF (H))*.

R
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5. THE EQUIVARIANT IWASAWA MAIN CONJECTURE

5.1. Admissible one dimensional p-adic Lie extensions. Let p be an odd prime and
let K be a totally real number field. We henceforth assume that £/K is an admissible
one-dimensional p-adic Lie extension. In other words, £ is a Galois extension of K such
that (i) £ is totally real, (ii) £ contains the cyclotomic Z,-extension K., of K, and (iii)
(£ : K] is finite. Let G = Gal(L/K), let H = Gal(L/K) and let I'x = Gal(K/K).
Let vx be a topological generator of I'x. As in §4.1, we obtain a semidirect product
G§=HxI whereI' <G and I' @ I'x >~ Z,, and we choose an open subgroup I'y < T’
that is central in G. Let R = Z,[I'¢] and let A(G) = Z,[G].

5.2. An Iwasawa module and the y = 0 hypothesis. Let S, be the set of infinite
places of K and let S, be the set of places of K above p. Let S be a finite set of places of K
containing S, U S.,. Let M2"(p) be the maximal abelian pro-p-extension of £ unramified
outside S and let
Xs = Xs(L/K) = Gal(Mg"(p)/£).

As usual G acts on Xg by g -2 = gxg!, where ¢ € G, and § is any lift of g to
Gal(M2P(p)/K). This action extends to a left action of A(G) on Xg. Since L is to-
tally real, [NSWO08, Theorems 10.3.25 and 11.3.2] show that, as an R-module, Xg is
finitely generated, torsion and of projective dimension at most one. If ¢ contains no
element of order p then Xy is also of projective dimension at most one over A(G). In
general, however, Xg is not of finite projective dimension as a A(G)-module.

Definition 5.1. We say that £/ K satisfies the g = 0 hypothesis if X is finitely generated
as a Zy,-module.

The p = 0 hypothesis is independent of the choice of S and is conjecturally always
true. Moreover, it is known to hold when £/Q is abelian as follows from work of Ferrero
and Washington [FW79]. For the relation to the classical Iwasawa u = 0 conjecture see
[JN18, Remark 4.3], for instance. In the sequel, we shall not assume the ;1 = 0 hypothesis
for L/K, except where explicitly stated.

5.3. The p-adic cyclotomic character and its projections. Let x.y be the p-adic
cyclotomic character
Xeye : Gal(L(Gp)/K) — Zy,

defined by o(¢) = (¥ for any o € Gal(£((,)/K) and any p-power root of unity (.
Let w and k denote the composition of .y with the projections onto the first and second
factors of the canonical decomposition Z; = ju, 1 X (1+ pZ,), respectively; thus w is the
Teichmiiller character. We note that  factors through I'x (and thus also through G) and
by abuse of notation we also use k to denote the associated maps with these domains.
For a non-negative integer r divisible by p — 1 (or more generally divisible by the degree
[L£(¢p) : £]), up to the canonical inclusion map of codomains, we have xg . = &'

5.4. A canonical complex. Let S be a finite set of places of K containing S, U S. Let
O¢ s denote the ring of integers O, in L localised at all primes above those in S. There
is a canonical complex

C3(L/K) == RHomg, (RT'«(Spec(Or.s), Qp/Zy), Qp/ Zy),

where Q,/Z, denotes the constant sheaf of the abelian group Q,/Z, on the étale site of
Spec(Or.s). Since Q,/Z, is a direct limit of finite abelian groups of p-power order, we



14 HENRI JOHNSTON AND ANDREAS NICKEL

have an isomorphism with Galois cohomology

BT (Spec(O,s), Qp/Zy) = RU(Gal(Ms(p)/£), Qp/Zy),

where Mg(p) is the maximal pro-p-extension of £ unramified outside S. (Apply [Mil06,
Chapter II, Proposition 2.9], [Mil80, Chapter III, Lemma 1.16] and [NSW08, Proposition
1.5.1].) The cohomology modules of C¢(L/K) are

| Xs if i=-1
(5.1) H(CUL/K) ~{ Z, if i=0
0 if i#-1,0.

Note that C¢(L/K) and the complex used by Ritter and Weiss (as constructed in [RW04])
become isomorphic in D(A(G)) by [Nic13, Theorem 2.4] (see also [Ven13| for more on this
topic). Hence it makes no real difference which of these two complexes we use.

Let Sram(L/K) be the (finite) set of places of K that ramify in £/K. Note that since £
contains the cyclotomic Z,-extension K, we must have S, C S;am(L/K). The following
result is well known to experts, but we include a proof for the convenience of the reader.

Proposition 5.2. Suppose that S contains Sam(L/K) U Su.
(i) The complex C3(L/K) belongs to DX (A(G)).

tor

(ii) The complex CY(L/K) defines a class [CS(L/K)] in Ko(A(G), Q(G)).
(iii) Let N be a finite normal subgroup of G and put L' := LN. Then

quotd,y ([CS(L/K)]) = [C3(L'/K)).
(iv) Let H be an open subgroup of G and put K' := L*. Then
resg ((C3(L/K))) = [C5(L/K)],
where S’ is the set of places of K' lying above those in S.

Proof. Let Gi s = Gal(Kg/K) where Kg is the maximal algebraic extension of K that
is unramified outside the primes in S. Note that G is a quotient of Gk g since S contains
Seam(L/K). Let A(G)#(1) be the free A(G)-module of rank one upon which o € G 5 acts
on the right via multiplication by the element x.y.(0)a !, where & denotes the image of &

in G. Observe that by the middle row of [Lim12, Theorem on p. 2638], the isomorphism
(A(G)#(1))V(1) = (A(G)*)Y and a Shapiro lemma argument, we have

(52)  RTe(Gk,s,A(G)"(1)[3] = RHomg, (RT(Gk.s, (M9)*)"), Qy/Z,) = CS(L/K)

in D(A(G)), where the left-hand side denotes the compactly supported cohomology com-
plex with coefficients in A(G)#(1). Thus C%(L/K) is perfect by [FK06, Proposition 1.6.5].
Moreover, the cohomology groups of C§(L/K) are torsion as R-modules. Therefore (i)
holds. Part (ii) follows from (i) and the discussion in §3.2. Furthermore, (5.2) and loc.
cit. together imply that there is an isomorphism

A(G/N) @5 g) CS(L/K) ~ CH(L'/K)

in D(A(G/N)), which gives part (iii). Part (iv) is clear. O
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5.5. Power series and p-adic Artin L-functions. Recall that S is a finite set of places
of K containing S, US. Fix a character x € Ierg(g). Each topological generator vy of
'jc permits the definition of a power series G, s(T') € Q5 ®q, Quot(Z,[17]) by starting out
from the Deligne-Ribet power series for one-dimensional characters of open subgroups of
G (see [DR80J; also see [Bar78, CN79]) and then extending to the general case by using
Brauer induction (see [Gre83]). We put u := k(7vx). Then we have an equality
Gys(u®—1)

Hy(u —1)°

where L, s(s,x) denotes the ‘S-truncated p-adic Artin L-function’ attached to x con-
structed by Greenberg [Gre83|, and where, for irreducible x, we have

(T) = Xvxk)1+T)—1 if H Ckery
B! otherwise.

(5.3) L,s(1—s,x)=

H

X

Note that L, s(s,x) : Z, — C, is the unique p-adic meromorphic function with the
property that for each strictly negative integer r and each field isomorphism ¢ : C ~ C,,
we have

(5.4) L,s(r,x)=1 (Ls(T, o (x ® w’”’l))) )

By a result of Siegel [Sie70], the right-hand side of (5.4) does not depend on the choice
t. If x is linear, then (5.4) is also valid when r = 0.
Now [RW04, Proposition 11] implies that

Gys(yk — 1)
5.5 Lig: — —22 12 | ¢ Hom}, (R,(G), Q°(I'k)™
( ) K,S X HX(’YK _ 1) GQP( P( ) ( K) )
and is independent of the topological generator v, . Diagram (4.3) implies that there is
a unique element &g = ¢5(L/K) € ((Q(G))* such that

(5.6) Jx(®s) = Li.s(x)
for every x € Irrge(G). The following result is a special case of [RW04, Proposition 12].
Proposition 5.3. (i) Let N be a finite normal subgroup of G and put L' := LY. Then
ot (Bs(L/K)) = ®s(L'/ ).
(i) Let H be an open subgroup of G and put K' := L*. Then
resy, (®s5(L/K)) = Por(L/K'),
where S’ is the set of places of K' lying above those in S.

5.6. Statement and known cases of the EIMC. Recall that p is an odd prime and
L/ K is an admissible one-dimensional p-adic Lie extension. Let S be a finite set of places
of K containing Siam(L/K) U Sx. Let nr : K1(Q(G)) — ¢(Q(G))* be the map induced
by the reduced norm.

Conjecture 5.4 (EIMC). There exists (s € K1(Q(G)) such that 0((s) = —[CS(L/K)]
and nr(Cs) = Ps(L/K).

It can be shown that the truth of Conjecture 5.4 is independent of the choice of S,
provided that S is finite and contains Siam(L/K) U S. Crucially, this version of the
EIMC does not require the g = 0 hypothesis for its formulation. The following theorem
has been shown independently by Ritter and Weiss [RW11] and by Kakde [Kak13].
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Theorem 5.5. If L/K satisfies the ;. = 0 hypothesis then the EIMC holds for L]/ K.

By considering the cases in which the g = 0 hypothesis is known, we obtain the
following corollary (see [JN18, Corollary 4.6] for further details).

Corollary 5.6. Let P be a Sylow p-subgroup of G. If L7 /Q is abelian then the EIMC
holds for L]/ K.

We shall also consider the EIMC with its uniqueness statement.

Conjecture 5.7 (EIMC with uniqueness). There ezists a unique (s € K1(Q(G)) such
that nr(Cs) = ®s(L/K). Moreover, 0((s) = —[C&(L/K)].

Remark 5.8. If SK;(Q(G)) := ker(nr : K1(Q(G)) — ¢(Q(G))*) vanishes then it is clear
that the uniqueness statement of the EIMC follows from its existence statement. In
particular, this is the case if G is abelian because then nr : K;(Q(G)) — Q(G)* is equal
to the usual determinant map det and is an isomorphism by [CR87, Proposition 45.12].

In [JN18], the present authors proved the EIMC unconditionally for an infinite class
of one-dimensional admissible extensions for which the ¢ = 0 hypothesis is not known to
be true. We now recall the special case of these results given by [JN18, Theorem 4.12],
whose proof relies crucially on a result of Ritter and Weiss [RW04, Theorem 16].

Theorem 5.9. If pt|H| then the EIMC with uniqueness holds for L/ K.

5.7. The EIMC for £/K implies the EIMC for all admissible subextensions.
The following result is well known, but we include a proof for the convenience of the
reader.

Lemma 5.10. Let p be an odd prime and let L/K be an admissible one-dimensional
p-adic Lie extension of a totally real number field K. If the EIMC holds for L/K then
the EIMC holds for all admissible sub-extensions of L/ K.

Proof. It suffices to show the result for admissible sub-extensions of the form £'/K and
of the form £/K’. We shall only prove the former case as the proof of the latter case is
entirely analogous. Let S be a finite set of places of K containing S, U Syam(L/K). Since
the EIMC holds for £/ K, there exists (s € K1(Q(G)) such that 9((s) = —[Ce(L/K)] and
nr(Cs) = ®s(L/K). Let N = Gal(L/L'). Specialising and combining the appropriate
commutative diagrams from §4.1 and the end of §4.4, we obtain a commutative diagram
¢(Q(9) = Ki(Q(9)) Ko(A(G), Q(9))
quotg/N l quotg/N j quotg/N j
nr 1o}

C(QUG/N))* —— Ki(Q(G/N)) — Ko(A(G/N), Q(G/N)).

Moreover, Propositions 5.2 and 5.3 give

quotd ([CH(L/K)]) = [CHL/K)]  and  quotd,y (5(L/K)) = Bs(L//K).
Therefore quotg /N(CS) has the desired properties and so the EIMC holds for £'/K. O

7]

6. FITTING IDEALS, COMPLEXES AND COMMUTATIVE [WASAWA ALGEBRAS

6.1. A lemma on integral extensions and principal ideals. The following lemma is
well known; see [Gre00, p. 526], for example. It will be used in the proof of Proposition 7.4
to compute the Fitting ideal of a certain Iwasawa module.
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Lemma 6.1. Let B be an integral extension of a commutative ring A. If x,y € A such
that y is a nonzerodivisor in B, Ax C Ay and Bx = By, then in fact Ax = Ay.

Proof. Since Ax C Ay there exists z € A such that z = yz. Then Byz = Bx = By so
there exists w € B such that y = yzw. As y is a nonzerodivisor in B we have 1 = zw.
Thus z € AN B*. But AN B* = A* by [AMG69, Chapter 5, Exercise 5 (i)] (see also
[Swa83, Lemma 9.7]). Therefore z € A* and so Az = Ayz = Ay, as desired. 0

6.2. Fitting ideals of complexes. Let R be a local noetherian integral domain and
let 24 be an R-order in a finite-dimensional separable commutative Quot(R)-algebra A.
In other words, we consider the situation of §3.2, but assume in addition that R is local
and that A is commutative. Since 2l and A are both noetherian commutative semilocal
rings, the reduced norm on A is equal to the usual determinant map, and by [CR87,
Proposition 45.12] this induces isomorphisms K () = 24> and det : K;(A) = A*.

Using this fact, specialising (3.1) to the case at hand gives an exact sequence

(6.1) 0 — K1 (A) — K1 (A) -5 Ko(2U, A).
Now let C* € DX () and recall from §3.1 that C* defines an element [C*] in Ko(2, A).

tor

Assume that there is an x € K;(A) such that d(z) = [C*] and put
Fitty(C®) ;= det(x)2 and Fitty'(C*) := det(z) 2L
Note that these are well defined by the exactness of (6.1). If C* € DET () for i = 1,2,3

tor

such that [C5] = [C7] + [C3] in Ko(A, A) (this is the case in the situation of (3.2), for
example) then it is straightforward to show that

(6.2) Fitty (C3) = Fitty(C?) - Fitty(C3)
whenever the Fitting ideals of the complexes are defined.

Remark 6.2. Let k € Z and suppose that C* is an object of DE () such that H'(C*) = 0
for all i € Z — {k}. Then H*(C®) is of finite projective dimension over 2 and [C®] =
(—=1)*[H*(C*)] in Ko(A, A) by Proposition 3.2. If we assume in addition that H*(C*®)
has projective dimension at most one, then it follows easily from the definitions that we

have Fitty(C*®) = Fittél_l)k (H*(C*)) whenever the Fitting ideal of the complex is defined.

6.3. Fitting ideals of Iwasawa modules. Let p be a prime and let G be an abelian
one-dimensional compact p-adic Lie group. Then G = H x I" where H is a finite abelian
group and I' ~ Z,. In particular, G is admissible. Let R = Z,[I']. Then A(G) = R[H]
is a commutative R-order in the separable Quot(R)-algebra Q(G). Let M(G) denote the
unique maximal R-order in Q(G) and note that M(G) is the integral closure of A(G) in
Q(G) (see [Rei03, Theorem 8.6]).

Now let e be any idempotent element of A(G) and define

(6.3) A :=eA(G), M:=eM(G), and Q:=eQ(G).

Then A and M are both R-orders in Q and M is maximal.
It easily follows from (4.2) that we have an exact sequence

(6.4) Ki(A) — K,(Q) -2 Ky(A, Q) — 0.

Similarly, [Nic20, Corollary 2.14] implies that for every height one prime ideal p of R, we
have an exact sequence

(6.5) Ky (Ay) — K1(Q) -2 Ko(Ay, Q) — 0,
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where A, = R, ®r A and R, is the localisation of R at p.
Apart from its final claim, the following lemma is well known.

Lemma 6.3. Let M be a finitely generated A-module that is of projective dimension at
most one and that is also R-torsion. Then M has a quadratic presentation of the form

(6.6) 0— A" A" M —0

for some n > 1. Moreover, Fitty(M) is a principal ideal generated by a nonzerodivisor.
The same statement holds if we replace the pair (A, R) by a pair (Ay, R,) for a height one
prime ideal p of R.

Proof. It M = 0 then the claims are trivial, so we henceforth suppose that M # 0. Let
0 — P — A" - M — 0 be a projective resolution of M. Since M is R-torsion, the
class [P] — [A"] € Ko(A) is mapped to zero in Ky(Q). It follows from (6.4) that the map
Ko(A) — Ko(Q) is injective. Hence P and A™ are stably isomorphic. By enlarging n if
necessary, we then can and do assume that P = A™ and so we have a presentation of the
form (6.6). Thus Fitty (M) is principal by definition of Fitting ideal and any generator
is a nonzerodivisor since h is injective. The final claim is shown analogously, where (6.4)
is replaced by (6.5). O

We recall the following result of Greither and Kurihara [GKO08, Theorem 2.1]. We
caution that the notation here differs from that of loc. cit. (the roles of R and A are
reversed). Let v be a topological generator of I'. For n > 1 define w,, = 7*" — 1 € R and
A, = AJw,A. Then (A,), is a projective system with limit A and we make the canonical
identification A = l'mn A,, We shall consider projective systems (A, ),, of modules A,, over
A,, such that the transition maps A,, — A, (m > n) are A,,-linear in the obvious sense.
The limit M := 1£1n A,, will then be a A-module.

Theorem 6.4 (Greither and Kurihara). Suppose that the limit M is a finitely generated
A-module that is R-torsion and that there exists ng > 1 such that the transition maps
A, — A, are surjective for all m > n > ng. Then Fitty(M) = Im (Fitty, (An))-

Proof. In [GKO08, Theorem 2.1], this is stated in the case A = A(G). It is clear that this
implies the desired result for any choice of A as defined in (6.3). O

6.4. Algebraic K-theory for commutative Iwasawa algebras. The main goal of
this subsection is to prove a purely algebraic result that implies that the precise choice of
complex used in the abelian EIMC does not matter, provided that it is perfect and has
the prescribed cohomology. The following results are generalised in Appendix A.

Proposition 6.5. The canonical map

Ko(A, Q) — EB Ko(,, Q)
p

1s injective, where the direct sum is taken over all height one prime ideals of R.

Proof. Recall from §6.2 that the determinant induces isomorphisms K;(A) = A* and
Ki(Q) =2 Q*. Since 0 : K1(Q) — Ky(A, Q) is surjective by (6.4), the determinant
also induces a canonical isomorphism Ky(A, Q) = Q* /A*. Similar reasoning using (6.5)
shows there is an isomorphism Ky(A,, Q) = Q* /A for each height one prime ideal p of
R. Therefore the claim is equivalent to the injectivity of canonical map

Q /N — [ Q*/A;
p
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Since A is free as an R-module, it is reflexive and so by [NSW08, Lemma 5.1.2(iii)] we

have

(A=A

P
Now let x € Q* and assume that 2 € (|, Ay, Then z~! € (), A C A and therefore
x € N*. O

Corollary 6.6. Let k € Z. Let C*, D* € DE™(A) such that

tor
(i) H(C®) ~ HY(D*) as A-modules for all i € Z; and
(ii) HY(C*®) and H'(D®) are finitely generated over Z, for alli € Z — {k}.
Then [C®] = [D*] in Ky(A, Q).

Proof. We claim that [C*] and [D°®] have the same image in K(A,, Q) for each height
one prime ideal p of R. The result then follows from Proposition 6.5.

We have H'(A, ®% C*) ~ A, ®, H(C*®) for all i € Z since localisation at p is exact.
The analogous statement also holds for D®. We first consider the case p # (p). Then A,
is a maximal order over the discrete valuation ring R,, and thus is hereditary by [Rei03,
Theorem 18.1]. Hence every finitely generated Ay-module is of finite projective dimension
and thus the claim follows from (i) and Proposition 3.1 in this case. Since (ii) implies
that Ay @x H(C*) = Ay @x H'(D*) = 0 for i € Z — {k}, the claim for p = (p) follows
from Proposition 3.2 and (i). O

7. THE ABELIAN EIMC AND LOCALISATION AT (p)

Let p be an odd prime and let K be a totally real number field. Let £/K be an abelian
admissible one-dimensional p-adic Lie extension of K. Let § = Gal(£/K) and write
G = H x I' where H is a finite abelian group and I' >~ Z,. Let R = Z,[I']. Let S be a
finite set of places of K containing Syam(L/K) U Se.

Since G is abelian, the reduced norm map nr : K;(Q(G)) — Q(G)* is equal to the
usual determinant map det and is an isomorphism by [CR87, Proposition 45.12]. Let
(s = (s(L/K) = det ' (dg(L£/K)) and let

ws = ws(L/K) = 0(Cs(L/K)) + [C5(L/K)] € Ko(A(9), 2(9)).
It follows easily from its statement (Conjecture 5.4) that the EIMC for £/K is equiv-

alent to the assertion that 0((s(L/K)) = —[C%(L/K)]. Hence we obtain the following
equivalent formulation of the abelian EIMC.

Lemma 7.1. The EIMC for L/K holds if and only if ws vanishes.

Let M(G) denote the unique maximal R-order in Q(G) and note that M(G) is the inte-
gral closure of A(G) in Q(G) (see [Rei03, Theorem 8.6]). The following result states that
the EIMC for £/K holds ‘over the maximal order’. Variants of this result for arbitrary
admissible one-dimensional p-adic Lie extensions are due to Ritter and Weiss [RW04,
Theorem 16], the present authors [JN18, Theorem 4.9], and (in terms of Selmer groups)
Greenberg [Grel4, Proposition 9]; these are all ultimately reformulations of the classical

(non-equivariant) Iwasawa main conjecture and a result on comparison of p-invariants,
both proven by Wiles [Wil90, Theorems 1.3 and 1.4].

Proposition 7.2. The element wg maps to zero under the canonical map

(7.1) Ko(A(9), Q(9)) — Ko(M(G), Q(9))

induced by extension of scalars.
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Proof. Let zg € K(Q(G)) such that d(zs) = —[Ce(L/K)]. By [RW04, Theorem 16]
(whose proof simplifies in the abelian case) we have that

Det(zg)Ly's € Hom*(R,(G), A°(Tk)*),
where A(I'x) := Z;®z, A(I'k) and Z; denotes the integral closure of Z, in Q5. Moreover,
Hom"(R,(G), A°(I'k)*) identifies with 9t(G)* under the isomorphism in diagram (4.3)
as explained in [RW04, Remark H| and Lk ¢ corresponds to ®g(L/K) by definition -
see (5.6). Thus ys := det(zg5)®g" € M(G)*. The desired result now follows once one
observes that d(det™*(ys)) = —wg and that det™ (9(G)*) is equal to the kernel of the

canonical map K;(Q(G)) — Ko(M(G), Q(G)), which is the composition of J and the
map (7.1). O

For a height one prime ideal p of R, let R, be denote localisation of R at p, let
A(G) = R, ®@r A(G), let M, (G) = R, ®r M(G), and let

loc, : Ko(A(G), Q(G)) — Ko(Ap(G), Q(9))
be the canonical map induced by A, (G) ®@ag) —
Corollary 7.3. Let p # (p) be a height one prime ideal of R. Then loc,(wg) = 0.

Proof. For each height one prime ideal p # (p) we have A,(G) = M,(G). Hence the map
loc, factors through the map (7.1) and so the result follows from Proposition 7.2. g

Let Oy : K1(Q(G)) — Ko(Ap)(G), Q(G)) be the canonical map associated to the
height one prime ideal (p) of R. Note that J) = loc(,) o 0. We henceforth abbreviate
Ap)(G) @aig) Xs to (Xs)e).

Proposition 7.4. The following are equivalent.
(i) The EIMC holds for L]/ K.

( ) ws = 0.

(iii) locg)(ws) = 0.

(iv) ) (Cs) = [(Xs) ]

(V) <I>5 generates Fitty ) ((Xs)p))-
(Vl) dg € FlttA< (G )((XS)(p)).

Proof. The equivalence of (i) and (ii) is just Lemma 7.1. The equivalence of (ii) and (iii)
follows from Proposition 6.5 and Corollary 7.3. We have

H (A)(9) ©K(g) CHL/K)) = A (9) ®age) H@'(O;w/m):{ Kol L2270

where the first isomorphism follows from the fact that localisation at (p) is exact, and the
second isomorphism follows from (5.1) and the fact that A,)(G) ®a(g) Zp = 0. Moreover,
Proposition 3.2 then implies that (Xg)(,) is of finite projective dimension over A, (G)
and that we have an equality

[Aw)(G) ®5g) CS(L/K)] = —[(Xs) )] € Ko(A)(G), Q(G)).

It follows easily that (iii) and (iv) are equivalent. In fact, the projective dimension of
(Xs)@) is at most one by [Nic20, Lemma 5.2]. Thus Fitts  g)((Xs)()) is a principal
ideal generated by a nonzerodivisor by Lemma 6.3. By Remark 6.2 and the fact that
dg = det((s), we see that (iv) is equivalent to (v). Analogous reasoning and Proposi-
tion 7.2 show that ®g generates Fitta, g)(Mp)(G) ®a, () (Xs)@p))- Therefore the fact
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that Fitting ideals commute with base change (see for example [Eis95, Corollary 20.5])
and an application of Lemma 6.1 now show that (v) and (vi) are equivalent. O

Remark 7.5. Suppose L/K satisfies the ;1 = 0 hypothesis. Then Xg is finitely generated
as a Zy-module and so (Xg)(,) vanishes. Thus by Proposition 7.4 the EIMC for £/K is
equivalent to the assertion that

(s € ker(9y)) = Ki1(Ap)(9)).

Since &g = det((s) and det : K1(Q(G)) — Q(G)* is an isomorphism, this in turn is
equivalent to the assertion that ®g € Ay,)(G)*. A proof of this last assertion (again
under the p = 0 hypothesis) can be found in [RW02b, §6] or [Kakll, Lemma 1.14] (we
caution that the meaning of S here differs from that in [Kak11]).

8. INVERSE LIMITS OF STICKELBERGER ELEMENTS

Let p be an odd prime and let K be a totally real number field. Let L/K be a finite
abelian CM extension and let G = Gal(L/K). Let S be a finite set of places of K
containing S, U Syam(L/K) U So. Assume that ¢, € L.

Let L, denote the cyclotomic Z,-extension of L. Let § = Gal(Lo/K), which we
write as G = H x I, where I' >~ Z,, and H := Gal(L/K) canonically identifies with
a subgroup of G. Let R = Z,[I']. Let j € G denote complex conjugation (this an
abuse of notation because its image in the quotient group G is also denoted by j) and let
G :=G/(j) = Gal(LL /K). Then j € H and so again A(G") is a free R-order in Q(G").
Moreover, A(G)- := A(G)/(1 + j) is also a free R-order. For any A(G)-module M we
write M+ and M~ for the submodules of M upon which j acts as 1 and —1, respectively,
and consider these as modules over A(GT) and A(G)_, respectively.

Let Xeye : G — Z) denote the p-adic cyclotomic character. Let pyn = pin(Loo) denote
the group of p™th roots of unity in L% and let py~ be the nested union (or direct limit)
of these groups. Let Z,(1) := @n tyn be endowed with the action of G given by Xeye.
For any r > 0 define Z,(r) := Z,(1)*" and Z,(—r) := Homg, (Z,(r), Z,) endowed with
the naturally associated actions. For any A(G)-module M, we define the rth Tate twist
to be M(r) := Zy(r) ®z, M with the natural G-action; hence M (r) is simply M with the
modified G-action g - m = Xcye(9)"g(m) for g € G and m € M. In particular, we have
Qu/Zy(1) = pyee and A(GH)(~1) 2 A(G)_

For every place v of K we denote the decomposition subgroup of G at a chosen prime
Weo above v by G, (everything will only depend on v and not on wy, in the following).
In a cyclotomic Z,-extension only finitely many primes lie above any rational prime, and
hence the index [G : G,_] is finite when v is a finite place of K. Let o, denote the
Frobenius automorphism at we.

For n > 0 let G,, = Gal(L,,/K), where L,, is the nth layer of L,,. Denote the canonical
projection map A(G) — Z,[G,] by aug,. We let T be the multiplicatively closed subset
of A(G) comprising all x € A(G) such that aug, () is a nonzerodivisor in Z,[G,,] for all
n > 0. Then aug,, extends uniquely to a Q,-algebra morphism aug,, : T'A(G) — Q,[G.].
Similar observations hold for the projection map augp : A(I'x) — Z,. For an irreducible
Qg-valued character x of Gy, let e,(x) denote the associated primitive idempotent of
Q5[Gy]. Then for each n > 0 and each x € T~'A(G) we have an equality

(8.1) aug, () = Y augr, (jy())en(x),
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where the sum runs over all irreducible Q-valued characters x of G,. This is essen-
tially a consequence of the facts that augp (j(7y)) = 1 and ~, acts trivially upon V,.
(See [Nicl0, Theorem 6.4] and its proof for an even more general result.) Note that in
particular &5 € T-TA(G).

For any r € Z, let t,. denote the Q-algebra automorphism of T!'A(G) induced by
g = Xege(g)g for g € G. This restricts to an Zpy-algebra automorphism of A(G) and
for r = 1 induces an isomorphism A(GT)(—1) = A(G)_. Let x — ¥ denote the anti-
involution on T~'A(G) induced by g — g~ for g € G.

Let T be a finite set of places of K such that SNT = (). We define g7 € T7'A(G) by

(8.2) Uor =VUsr(Lo/K) = t;yc(cbg) Tloer &os

where &, := 1 — Xeye(Ow., ) 0w, . The following result for r = 0 is essential for the proof of
Theorem 1.1. The case r < 0 will be needed in §12.

Proposition 8.1. Assume that ¢, € L. For every integer r < 0 we have

tZyc(‘;[lziT) = @QS,T(LH/Kﬂ 7”).

Proof. Variants of this result are certainly well known. The case at hand is stated in
[GP15, Lemma 5.14 (2)], but it relies on [Pop09, Proposition 4.1] where the case r < 0
is left to the reader. We include the short argument for convenience as it provides the
crucial link between complex and p-adic Artin L-functions.
We have to show that the image of tzyc(\llﬁT) under the projection map aug,, is equal
to Ogr(L,/K,r) for each n > 0. In fact, it suffices to show this for sufficiently large n.
It is straightforward to check that ¢, (#) = 1 — x4 (0w., )0, . Hence since oy, acts

by N(v) on p-power roots of unity, for each v € T" and n > 0 we have
(8.3) aug, (toy(67)) =1 = N(v)' oy} = 6y (La/ K, 1),

where w, is the place of L,, below w., and d¢,}(L,/K,r) is defined in (2.1).

Since a sufficiently large p-power of I'y = Gal(Lo/L) < G is contained in I', there
exists m > 0 such that for all n > m, we have a decomposition G,, ~ H x I'/T', . Now
fix n > m. Then the Q;—valued irreducible characters of (G,, are precisely those of the
form y ® p, where x and p are irreducible characters of H and I'/I', , respectively. We
denote the associated primitive idempotent of Q;[Gn] by e,(x ® p) and compute

aug, (10, (Vi) = or(Ln/K,7) - aug, (t) (9F))
= 0r(La/K,7) - aug, ((tey! (5))7)
= Or(La/K,r) - ) augp, (Grep(ted (9s))) en(X © )

XsP

G wl-r S(Ulir’}/[( — ].)
= op(L,/K,7)- aug ( Xw 7 ®p, en(X ® P)
XZW FK wal—r®p(u17T’}/K - 1)

= Or(Lu/K,1) Y Lps(r xw'™ @ plea(X @ p)

XspP

= 0p(La/K,r)- ) u(Ls(r, (X ® p)))ea(X © p)

XsP

= @&T(Ln/K, 7”).
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Here the sums run over all irreducible Q¢-valued characters p of I'/T'z,, and x of H with

x odd if r is even and y even otherwise. The first equality is a consequence of (8.2) and
(8.3). The second is clear and the third is (8.1) with x = (t1;7(®g))#. The fourth equality

is implied by [JN19, Lemma 6.1], (5.5) and (5.6). (Noteythat u = K(VK) = Xeye(y) if
v maps to g under the canonical isomorphism I" = I'k.) The fifth and sixth equalities
follow from (5.3) and (5.4), respectively. (Note that when the characters in question are
linear, the interpolation property (5.4) also holds for » = 0.) The last equality follows

from the definition of ©g7(L,/K,T). O

9. THE PROOF OF THEOREM 1.1

9.1. A reduction step. The following lemma will allow us to perform an important
reduction step.

Lemma 9.1. Let p be an odd prime and let K be a totally real number field. Let L]K
be an abelian admissible one-dimensional p-adic Lie extension of K. There exists a finite
abelian CM extension L/K such that (1) ¢, € L, (ii) LN Ky = K and (iii) £L C L%,
where Lo, is the cyclotomic Z,-extension of L and LT, is its mazimal totally real subfield.

Proof. Let G = Gal(L/K), let H = Gal(L/K) and let I'x = Gal(K,/K). As in §5.1,
we obtain a semidirect product G = H X I' where I' < G and I' ~ ' ~ Z,,. Since § is
abelian, the semidirect product is in fact direct. Let F' be the subfield of L fixed by T'.
Then Fp, = £ and FN Ky = K. Now let L = F((,). Then L/K is a finite abelian CM
extension and L satisfies properties (i), (ii) and (iii). We note that the choice of I and
hence of L is non-canonical. O

9.2. Minus p-parts of ray class groups in cyclotomic Z,-extensions. Let p be an
odd prime and let K be a totally real number field. Let L/K be a finite abelian CM
extension. Let T be a finite set of finite places of K. For n > 0, let L,, denote the nth
layer of the cyclotomic Z,-extension Lq, of L and let A} = (Z,®zcl] )~ (see §2.5). The
following result is [GP15, Lemma 2.9]; we include the short proof for the convenience of
the reader.

Lemma 9.2. The canonical maps A%n — A%ﬂﬂ are injective for all n > 0.

Proof. In the case T' = () this is [Was97, Proposition 13.26]. The general case follows
from the case T = ) by a snake lemma argument applied to the exact sequence (2.2)
after taking ‘minus p-parts’ (this is an exact functor since p is odd). U

9.3. An exact sequence of Iwasawa modules. Let A] = hgn A7 where the tran-

sition maps are the canonical ones. If T' is empty we further abbreviate Agw to Ar_.. We
henceforth assume the notation of §8.

Lemma 9.3. Assume that (, € L. Let T be a finite set of finite places of K containing
primes of at least two different residue characteristics. Then we have an exact sequence
of A(G)_-modules

(9.1) 0 Xs,(~1) — Hom(A]_,Q,/Z,) — P (mdgwwzp(—ny — Z,(—1) = 0,

veT

where each term is finitely generated and torsion over R. Moreover, the last two non-
trivial terms are finitely generated over Z,.



24 HENRI JOHNSTON AND ANDREAS NICKEL

Proof. The hypothesis on T' ensures that Efn is torsionfree for every n > 0 (see Re-
mark 2.1). Thus taking p-minus part of sequence (2.2) for each layer L, yields exact
sequences

0 — ppee (L) — (Zp @z (O, /M] V) — Al — A, — 0,

where fi,00(Ly,,) denotes the group of all p-power roots of unity in L,. Since ¢, € L by
assumption, we have (yn € fip(Ly,) for all n > 0. Thus taking direct limits yields

0 — Qy/Zy(1) — @B (indd,_Qy/2,(1)) — AL — Ar. —0,

veT

and then taking Pontryagin duals gives a new exact sequence

0 — Hom(A;,Q,/Z,) — Hom(A}_,Q,/Z,) - D (indg%o Z,,(—1)) — Z,(~1) — 0.

veT

But by Kummer duality [NSW08, Theorem 11.4.3] there is a canonical isomorphism
of A(G)--modules Xg (1) = Hom(A;_,Q,/Z,), and thus we obtain (9.1). Since the
decomposition groups G, have finite index in G, each term indgwoo Zy(—1) is finitely
generated over Z,. Therefore the last two non-trivial terms of (9.1) are finitely generated
as Zy-modules and thus are torsion and finitely generated over R. Moreover, Xg, (—1) is
also torsion and finitely generated over R (see §5.2) and therefore the same must be true

of Hom(A] ,Q,/Z,). O

9.4. A consequence of the strong Brumer—Stark conjecture. The following result
crucially depends on the strong Brumer—Stark conjecture.

Proposition 9.4. Assume that (, € L. Let S and T be finite sets of places of K such
that SpU Sram(L/K)USyx €S, SNT =0, and T contains primes of at least two different
residue characteristics. Then

U7 € Fittag) (Hom(A] ,Q,/Zp)).

Proof. By Lemma 9.2, the transition maps in A7 = limy A7 are injective and so those
in Hom(A47 _,Q,/Z,) = T&nn(Azn)v are surjective. By Lemma 9.3, Hom(A] _,Q,/Z,) is
finitely generated and torsion over R. Therefore by Theorem 6.4 we have

(9.2) FittA(g)i (HOIH(AEOo s Qp/Zp)) = Y&nnFittZP[Gn}f ((A%:n)v)

Note that, in particular, the assumptions ensure that Hyp(L,/K,S,T) holds for every
n > 0 (see Remark 2.1). Hence by the p-part of the strong Brumer—Stark conjecture
(Theorem 2.3) we have

0% (Ln/K)* € Fittz, .1 (A7 )Y)

for every n > 0. Thus the desired result now follows from Proposition 8.1 and (9.2). O

9.5. The proof of Theorem 1.1. We now have all the pieces needed to prove our main
result.

Theorem 9.5 (Theorem 1.1). Let p be an odd prime and let K be a totally real number
field. Let L/K be an abelian admissible one-dimensional p-adic Lie extension. Then the
EIMC with uniqueness holds for L/ K.
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Proof. Let L/K be as in Lemma 9.1. We first prove the EIMC for LT /K. Let G =
Gal(Ly/K). Then G = H xT" where H = Gal(L/K) and I' = Gal(L/L). Moreover,
Gt = Gal(LL/K) = H" x I where H" = Gal(L} /Ky) and ' = Gal(L} /L") via
restriction. Let R = Z,[I'].

Let S be a finite set of places of K containing S, U Syam(L/K)US«. By Proposition 7.4
the EIMC for L} /K is equivalent to the assertion that

(9.3) Qg € FittA(p>(g+)((XS)(p))~
As the decomposition groups G, have finite index in G, [NSWO08, Corollary 11.3.6(1)]
shows that the canonical projection Xy — Xg induces an 1somorphlsm (Xs)p) = (Xs,)

of Ay (G)-modules. Moreover, since t;. induces an isomorphism A ) (G7)(— ) Ap) ( ),

the containment (9.3) is equivalent to the assertion that
(9.4) \I/ = tl ((I)S) - FittA(p)(g)_ (X5p<_1)(p))'

cyc
Let T be a second finite set of places of K containing primes of at least two different
residue characteristics and such that SNT = (). Then by Proposition 9.4 we have

(9.5) Ut € Fittag) (Hom(A] _,Q,/Zy)).

Now consider the exact sequence (9.1) of Lemma 9.3. Since the last two non-trivial
terms are finitely generated as Z,-modules, they vanish after localisation at (p). Hence
there is an isomorphism

(9.6) Xs, (1)) = Hom(AL_, Qp/Zy) )
of A)(G)--modules. Therefore (9.5) and (9.6) together imply that
(9.7) Vst € FittA(p>(g)_(XSP(—l)(p))-

Recall from (8.2) that Wgp :=ti,.(®s) - [[,cr & Since the Euler factors £, become units
in Ay (G) for each v € T (in fact, &, generates the Fitting ideal of the A(G)-module
indgwm Z,(—1), which is finitely generated as a Z,-module), it follows from (9.7) that
(9.4) holds. Therefore the EIMC holds for LT /K. Thus the EIMC also holds for £/K

by Lemma 5.10. Moreover, uniqueness holds by Remark 5.8. U

10. IWASAWA ALGEBRAS AND COMMUTATOR SUBGROUPS

The following theorem is a restatement of a special case of [JN13, Proposition 4.5].
We include the proof here for the convenience of the reader and take the opportunity to
correct some minor oversights in the proof of loc. cit.

Theorem 10.1. Let p be a prime, let G = H x I' be an admissible one-dimensional
p-adic Lie group and let F'/Q, be a finite extension with ring of integers O. Then the
commutator subgroup G' of G is finite. Moreover, A°(G) is a direct product of matriz
rings over (complete local) commutative rings if and only if p 1 |G'|.

Proof. We adopt the setup and notation of §4.1. We identify R with O[T] and abbreviate
A®(G) to A. Let p and B denote the maximal ideals of O and R, respectively. Then B
is generated by p and T. Let k = R/ = O/p be the residue field, which is finite and
of characteristic p. Let Cpn denote the cyclic group of order p". Since 47" = 14T =
1 mod ‘B, we have

pt—1

(10.1) A= A/PA = @k k[H % Cpn] = k @pg A.
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Since G/H = T is abelian, G’ is actually a subgroup of H and thus is finite. Moreover,
G’ identifies with the commutator subgroup of H x Cpn.

We refer the reader to [AG60] for background on separability and recall that a ring is
said to be an Azumaya algebra if it is separable over its centre. We shall show that the
following assertions are equivalent.

(i) Ais a direct product of matrix rings over (complete local) commutative rings;
(ii) A is a direct product of matrix rings over commutative rings;
(iii) A is an Azumaya algebra;
(iv) A is an Azumaya algebra;
(v) p11g'.

As any matrix ring over a commutative ring is an Azumaya algebra, (i) = (iii) and
(ii) = (iv). In fact, as remarked after [DJ83, Corollary, p. 390] we have (ii) < (iv). By
[DJ83, Corollary p. 389] we have (iv) < (v).

We now show (iii) < (iv). By [Lam01, Example 23.3] ((A) is semiperfect and thus a
product of local rings by [Lam01, Theorem 23.11], say ((A) = @,_, R;, where each R;
contains R. By [CR81, Proposition 6.5 (ii)] each R; is in fact a complete local ring. Let
B, be the maximal ideal of R; and k; := R;/*P3; be the residue field. Note that we have

(102 () = ) ok = ) Ry k= D RSBR,

In order to justify the first equality, we observe that it is a straightforward consequence

of the decomposition (4.1) that the centre ((A) is a free R-module of rank ¢(G/I'y),

where ¢(A) denotes the number of conjugacy classes of a group A; a basis is given by the

class sums. Similarly, it follows from (10.1) that ((A) is a k-vector space of dimension

c(HxCyn) = c(G/Ty). Hence the obvious inclusion ((A)®gk C ((A) must be an equality.
Moreover, we also have

(10.3) A @y ki = A®g, ki = (AQr k) Qriopr) (ki ©r k) = A®x) ki.

By [AG60, Theorem 4.7] A is Azumaya if and only if A ®(a) k; is separable over k; for
each i. Similarly, by (10.2) and loc. cit. A is Azumaya if and only if A®< k; is separable
over k; for each i. Therefore the claim now follows from (10.3).

In summary, we have shown that (ii) < (iii) < (iv) < (v) and (i) = (iii). Thus it
remains to show (iii) = (i). Suppose (iii) holds. Since BR; C PB;, the canonical projection
R; — k; factors through R; — R;/BR; = R; ®g k. Hence we have the corresponding
homomorphisms of Brauer groups

Now Br(R;) — Br(k;) is injective by [AG60, Corollary 6.2] and hence Br(R;) —
Br(R; /B R;) must also be injective. This yields an embedding

= @ Br(R) — P Br(R:i ®r k) = Br(¢(A)).
i=1 i=1
Since A is Azumaya, it defines a class [A] € Br(¢(A)) which is mapped to [A] via this
embedding. In particular, (iv) holds and we have already seen that this implies (ii).
Hence [A] is trivial and thus so is [A]. Let A; be the component of A corresponding to R;.
Then [A;] € Br(R;) is trivial and so by [AG60, Proposition 5.3] A; is isomorphic to an
R;-algebra of the form Hompg, (P;, P;) where P; is a finitely generated projective faithful
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R;-module. Since R; is a local ring, P, must be free and so A; must be isomorphic to a
matrix ring over its centre R;. Thus (i) holds. O

Corollary 10.2. Let p be a prime and let G be an admissible one-dimensional p-adic Lie
group such that p 1 |G'|. Let F/Q, be a finite extension with ring of integers O. Then
O (G) is a direct product of matrix rings over fields and there is a commutative diagram

0 —= K1 (A9(G)) —— K1(QF(G)) —2— Ky (A9(G), QF(G)) —0

with exact rows.

Proof. Apart from the injectivity of ¢, the existence of the top row and its exactness is
(4.2). The exactness of the bottom row is tautological. Since A°(G) is a direct product
of matrix rings over commutative local rings, [CR87, Proposition 45.12] and a Morita
equivalence argument show that the left vertical map is an isomorphism. Moreover, an
extension of scalars argument shows that Q¥ (G) is direct product of matrix rings over
fields, and so the middle vertical map is also an isomorphism. The left square commutes
since the reduced norm / determinant map is compatible with extensions of scalars.
The left and middle vertical isomorphisms induce the right vertical isomorphism, and
so the right square commutes. Finally, commutativity of the diagram shows that ¢ is
injective. U

11. FURTHER ALGEBRAIC RESULTS AND THE PROOF OF COROLLARY 1.2

In this section, we begin by proving purely algebraic results on the vanishing of
SK;1(Q(G)) and on the injectivity of certain products of maps over subquotients of G. By
combining these results with the functorial properties of the EIMC, we then show that
Theorem 1.1 implies Corollary 1.2. Some results in this section are stated for all primes
p and others are only stated for odd primes p; those in the latter case ultimately rely on
[RWO05] where it is a standing hypothesis that p is odd.

11.1. F-g-elementary groups. Let ¢ be a prime. A finite group is said to be ¢g-hyper-
elementary if it is of the form C,, x @), with ) a ¢g-group and C,, a cyclic group of order n
such that ¢ ¥ n. Let F' be a field of characteristic 0. A g-hyperelementary group C,, X Q
is called F-g-elementary if

Im(Q — Aut(C,) = (Z/nZ)*) C Gal(F(C)/F).

An F-elementary group is one that is F-g-elementary for some prime ¢. A finite group
is said to be g-elementary if it is of the form C,, x @ with ¢{n and @ a g-group.

Now let F//Q, be a finite extension and let G be an admissible one-dimensional p-adic
Lie group. Let I'y ~ Z, be an open central subgroup of G. Then G is said to be:

F-g-elementary if there is a choice of I'y such that G/I'y is F-g-elementary;
F-elementary if it is F-g-elementary for some prime g;

g-elementary if there is a choice of 'y such that G/T'y is g-elementary;
elementary if it is g-elementary for some prime q.

Lemma 11.1. In the case ' = Q, the definition of F-q-elementary given above is equiv-
alent to the corresponding definitions of [RWO05, §2] (p = q) and [RWO05, §3] (p # q).
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Proof. Let G be an admissible one-dimensional p-adic Lie group. It is clear that if G
satisfies the definitions of Ritter and Weiss given in [RWO05, §2, §3], then it satisfies the
definition given above. The converse is given by [RW05, Lemma 4] in the case p # ¢ and
by the following calculation when p = ¢. Suppose more generally that F'/Q, is a finite
extension and that we have a short exact sequence

1—Tyg—G—C,xQ —1,

where C,, X Q) is F-p-elementary and I'y >~ Z, is an open central subgroup of G. Let s € G
be a pre-image of a generator of C,. Since n and p are coprime, we may multiply s by
a suitable element in I'y to obtain an element of order n. Thus we can and do assume
without loss of generality that s itself has order n. Let P C G be the pre-image of Q).
Then P is an open pro-p subgroup of G and G ~ C, x P, where C,, is generated by s.
Since I’y is central in G, the action of P on C,, factors through P — @ — Aut(C,,) and
thus has image in Gal(F(¢,)/F). O

11.2. The kernel of the reduced norm map. Let p be a prime and let G be an
admissible one-dimensional p-adic Lie group. Let F'/Q, be a finite extension. Define

SK1(Q"(G)) = ker(nr : K1(Q"(G)) — ¢(Q7(9))).

Proposition 11.2. Let p be an odd prime and let G be an admissible one-dimensional
p-adic Lie group. If SK1(Q(H)) = 0 for all open Q,-p-elementary subgroups H of G then
SK1(Q(G)) =0

Proof. By [RW05, Corollary on p. 167] we have that SK;(Q(G)) = 0 if SK1(Q(H))
vanishes for all open Q,-elementary subgroups H of G. If ¢ is a prime distinct from p and
H is an open Q,-g-elementary subgroup of G then SK;(Q(H)) = 0 by a result of Lau
[Laul2, Theorem 2]. The case p = ¢ holds by hypothesis. O

Corollary 11.3. If p is an odd prime and G is an admissible one-dimensional p-adic Lie
group with an abelian Sylow p-subgroup then SK;(Q(G)) = 0.

Proof. By Proposition 11.2 it suffices to show that SK;(Q(H)) = 0 for all open Q,-p-ele-
mentary subgroups H of G. Let H be such a subgroup. Then by Lemma 11.1 H = (s) xU
where (s) is a finite cyclic subgroup of order prime to p and U is an open pro-p subgroup.
Moreover, U must be abelian by the hypothesis on G and so the commutator subgroup
H' of H is necessarily a subgroup of (s). Hence p t |H'| and so the reduced norm map
nr : K1(Q(H)) — ¢(Q(H))™ is an isomorphism by Corollary 10.2 (with F' = Q,). In
particular, SK;(Q(H)) = 0. O

Remark 11.4. As noted in [RW04, Remark E] (see also [Burlb, Remark 3.5]), a conjecture
of Suslin implies that in fact SK;(Q(G)) always vanishes.

11.3. Products of maps over subquotients of G. For F//Q, a finite extension with
ring of integers O, we abuse notation and let

nr: Ky (A9(=)) — ¢(Q"(-))*
denote the composition of the canonical map K;(A°(-)) — K;(QF(—)) and the reduced

norm map nr : K1(QF(—)) — ¢(QF(—))*. The purpose of this subsection is to prove the
following result.

Theorem 11.5. Let p be an odd prime and let G be an admissible one-dimensional p-adic
Lie group and let I'g >~ Z,, be an open central subgroup of G. Let €, denote the collection
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of all p-elementary subquotients of G of the form U/N, where Ty <U < G and N is a
finite normal subgroup of U. Then the product of maps

C(Q(G))" /ur(K4(A(G))) 11, [T <o) /ur(Ky(A(H)))
HEE,

is injective. If we further assume that SK1(Q(G)) = 0, then the product of maps
Ko(A(G),(G)) H™% T Ko(A(H). Q(H))

HEE,

18 also injective.

Remark 11.6. In Theorem 11.5, there are only finitely many choices for U since I'y is open
in G and only finitely many choices for N since N < H, where H is the finite normal
subgroup of G consisting of all elements of finite order (see §4.1). Therefore &, is finite.
Note that in the special case G = I'y x H, the collection &, consists of all groups of the
form I'y x E where E ranges over all p-elementary subquotients of H.

We shall first prove several auxiliary and intermediate results which may be of interest
in their own right.

Lemma 11.7. Let p be a prime and let G be an admissible one-dimensional p-adic Lie
group. Let F/Q, be a finite extension with ring of integers O. Then there exists a
commutative diagram

Ky(A9(G)) —= K1 (Q7(9)) Ky (A9(G), Q(G)) ——=0

T |

C(QF(9))* — ((Q"(G))" /ur(K1(A°(G)) —1
with exact rows. Moreover, if SK1(QF(G)) = 0 then the right vertical map is injective.

7]

Proof. The triangle commutes by definition. The top row is (4.2) and the existence of
the right vertical map follows from the exactness of this row. The second claim follows
from the snake lemma. U

Lemma 11.8. Let p be a prime and let G be an admissible one-dimensional p-adic Lie
group. Let F'/Q, be a finite extension that is at most tamely ramified and let O be the
ring of integers of F'. Then the canonical map

((Q(9)) /nr(K1(A(G))) — ¢(Q7(G)) /ur(K1(A9(G)))
is injective. If we further assume that SK1(Q(G)) = 0, then the extension of scalars map
Ko(A(9), Q(9)) — Ko(A9(G), Q7(9))
1s also injective.

Proof. By enlarging F' if necessary, we can and do assume that F//Q, is Galois. The first
claim follows from the equalities

¢(Q(9))* Nur(K1(A9(G))) = nr(K1(A9(G)) ) = nr(K1(A(G))),

where the last equality is [IV12, Theorem 2.12]. (We point out that the ‘notation as
above’ in the statement of loc. cit. refers to [IV12, Theorem 2.11] rather than the text
between these two results; the simplifying assumptions are to be understood as ‘without
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loss of generality’. Indeed the proof of [IV12, Theorem 2.12] remains valid unchanged for
finite tamely ramified extensions of Q,.) We have a commutative diagram

Ko(A(G), Q(9)) ¢(Q(G))" /ur (K1 (A(G)))

J |

Ko(A9(G), Q7(G)) — ¢(Q7(9)) /nx(K1(A9(G))),

where the existence of the horizontal maps follows from Lemma 11.7. If SK;(Q(G)) =0
then the top horizontal map is injective by Lemma 11.7, and so the second claim now
follows from the commutativity of the diagram. O

Lemma 11.9. Let p be a prime and let G be an admissible one-dimensional p-adic Lie
group. Let F'/Q, be a finite extension with ring of integers O. Then the canonical map

C(Q(G))* [C(AG)* — ¢(Q7(9))* /¢(A°(G)*
18 1njective.
Proof. Write G = H x I" where H is finite and I' ~ Z,,. Let I'y be an open subgroup of I
that is central in G. Let R = Z,[['y]. Since ((A(G)) and ((A®(G)) are both R-orders, all of

their elements are integral over R by [Rei03, Theorem 8.6]. Thus ((A®(G))*N¢(A(G)) =
C(A(G))* by [Swa83, Lemma 9.7], for example. Hence we have

CIA(G)* € C(Q(9))* NC(AT(G)* C C(A(G)) NC(A®(9))* = C(AG)™.
Therefore ¢(Q(G))* NC(AP(G))* = ((A(G))*, which gives the desired result. O

In the results that follow, the quotient and restriction maps on certain quotients of
C(QF(G))* are induced by those defined in §4.4.

Proposition 11.10. Let p be a prime and let G = H x A where H is an admissible
one-dimensional p-adic Lie group such that p 1 |H'| and A is a finite group with p 1 |A|.
Let C(A) denote the collection of cyclic subquotients of A. Then the products of maps

C(Q(6)) J¢(A(g))* Hawtore, H C(Q(H x C))* JC(A(H x C))%,

cec(A

((Q(G))* /(K (A (G))) L2, H C(QH x €))" /mr(Ky (A(H x C))),

cec(A)
and
[Tquotores
Ko(A(G), Q(G) == ][ Ko(A(H xC),Q(H x C))
cec(A)
are all injective.

Proof. The hypotheses imply that p t |G’|. Hence Corollary 10.2 implies that injectivity
of the second and third displayed maps follows from that of the first displayed map.

Set d := |A|. Let F' = Q,((s) and let O be the ring of integers of F'. Then F/Q, is a
finite unramified extension over which every representation of every subgroup of A can
be realised. Moreover, there is a canonical decomposition ((O[A]) = [, O, where the
sum runs over all 1 € Irrge(A). This decomposition induces an isomorphism

(11.1) QRGN /@GN = ] Q" () /C(A®(H))™.

1[1€Irr@lc’ (A)
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Analogous observations hold for the quotients (QF (H x C))*/¢(A°(H x C))* for each
C € C(A). Moreover, we have a commutative diagram

Q@) JCAG))* 1 T e C(QUH x C)) JC(A(H x C))*
C(QF(G))* [C(AO(G))* LT oy C(QF(H x C))* JC(AO (M x €))%,

where the products run over all C' € C(A) and the vertical extension of scalars maps are
injective by Lemma 11.9. Thus it suffices to show that the bottom horizontal map is
injective; we denote this map by .

Now let f be an arbitrary element in ((QF(G))*/¢(A®(G))*. Using (11.1) we write
f= (fw)welrr@g(A) with f, € C(QF (H))*/C(A®(H))*. Using the definition of ¢, we write
!(f) as (fe)cee(a)- Moreover, for each C' € C(A) we write fo = (fC,)\))\eIerg(C) with
for € C(QF(H))*/C(AC(H))*. If C = U/N for a subgroup U of A and a normal
subgroup N of U, then explicitly we have

f (¥, 1ndU1nﬂ A)

’

X = HwEIerc

where (—, —) denotes the inner product of characters of A. (To see this, one can either
use the definitions of the quotient and restriction maps given in §4.4 or use an obvious
variant of [Bre04, Lemma 2.4].)

Suppose that f € ker(¢). Then for each ¢ € C(A), A € Irrge(C) we have that
fox =1¢€ ¢(QF(H))*/C(A°(H))*. Fix 1 € Irrge(A). By Brauer’s induction theorem
[CR81, Theorem 15.9] we may write ¢ as a finite sum ¢ = > zjindﬁjinﬂgz A; where
C; = U;j/Nj is a cyclic subquotient of A, A; € Irrge (C;) and z; € Z. We compute

/ A
= @' ) (¥ Z Z]HldU 1nﬂ )\ i)
fw - Hw/EIrI‘@c A) f Hw/elrr@c A) fw,

Zj
<1/1/7md§~1nﬁ0'/\j> . ‘
- Hj (Hw’elerg)(A) f'lp' ! ’ = Hj fCJj,)\j = Hj 1% = 1.

Thus f is trivial, as desired. O

Proposition 11.11. Let p be an odd prime and let G be an admissible one-dimensional
p-adic Lie group. Let I'y ~ Z, be an open central subgroup of G, let G = G/T'y and let
m: G — G denote the canonical projection. Let F/Q, be a finite extension with ring of
integers O. Let

Er(G) ={m Y (E) | E is an F-elementary subgroup of G'}.
Then both products of maps

C(QF (9))* /nr(Ky(A%(G))) L I <@ () /me(£:(A°(3)))

HeER(G)
and
Ko(A9(0), 07()) 15 TT Ko(A(31), OF (#)
HeER(G)
are injective.
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Proof. For an open subgroup U of G, we denote by Rg(U) the ring of all characters of finite
dimensional F-representations of U with open kernel. We view Ry as a Frobenius functor
of the open subgroups of G in the sense of [CR87, §38A] (note that though the definitions
of loc. cit. are only stated for finite groups, they easily extend to the present setting).
By [RW05, Lemma 7] the groups K;(A(—)) and K;(Q(—)) are Frobenius modules over
the Frobenius functor U +— Rg,(U) (note that the result for K;(Q(—)) is not explicitly
stated, but the same proof works, and it is actually used in the subsequent corollary).
The same argument shows that K;(A°(—)) and K;(QF(—)) are Frobenius modules over
the Frobenius functor U« +— Rp(U). The canonical map K;(A°(=)) — K (QF(-)) is
a morphism of Frobenius modules and thus its cokernel Ky(A®(—), QF(—)) is also a
Frobenius module over the Frobenius functor U — Rp(U).
Now let I' = G/H where H is as in §4.1. By [RW05, Lemma 7]

Det : K1(A(=)) — Homy,, (R,(—), Q°(T)*)

is a morphism of Frobenius modules and the same argument works with K;(A(—)) and
Gq, replaced by K;(A®(—)) and Gp, respectively. Together with (4.3), this shows that
r: K (A9(=)) — ¢(QF(—))* is also a morphism of Frobenius modules. Hence the
cokernel ¢(QF(—))*/nr(K;(A®(-))) is a Frobenius module over the Frobenius functor
We now proceed as in the proof of [RW05, Corollary, p. 167]. Let 15 and 1 denote the
trivial characters of G and G, respectively. An application of the Witt—Bermann induction
theorem [CR81, Theorem 21.6] to the finite group G shows that there are F-elementary
subgroups H; < G and \; € R@g(Hi) such that 1g =), indgl)\i. Let H; < G denote the
full preimage of H; and let &; = inﬂgz Ai. Then lifting gives 1g = ), ind%ifi (finite sum).
Now let z be either in ¢((QF(G))* /nr(K1(A°(G))) or in Ko(A°(G), QF(G)) and denote
the trivial element of both of these groups by 0. Suppose that x € ker(]], res,_l ). Then
by the defining properties of Frobenius modules over Frobenius functors we have

r=1g -x = Zl(md?g_[l&) r=y, indqg{i (& - I"GSH x) =0.
Hence the result now follows by the trivial observation that H; € £¢(G) for each i. [

Corollary 11.12. Let p be an odd prime and let G be an admissible one-dimensional
p-adic Lie group. Let I'g >~ 7Z, be an open central subgroup of G, let G = G/T'y and let
E(G) ={n"Y(E) | E is an elementary subgroup of G}, where 7 : G — G is the canonical
projection. Then the product of maps

((Q(G)) (K (A(G))) L=y H C(Q(H))™ /ur(K1(A(H)))
HeE(G
is injective. If we further assume that SKl(Q(Q)) =0, then the product of maps
Ko(A@), 0(0) 15 TT Ko(A(H), Q)
HEE(G)

1s also injective.

Proof. Write G = H x T where H is finite and I ~ Z,. Write |H| = p'k for integers ¢ and
k such that ¢ > 0 and p { k. Then F := Q,((yx) is a finite tamely ramified extension of
Q,. We now repeat an argument given in the proof of [GRW99, Proposition 9] to show
that every F-elementary subgroup of any finite quotient of G is in fact elementary. Let ¢
be a prime and let ), ¥ ) be an F-g-elementary finite quotient of G. Write n = p*m for
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integers s and m such that s > 0 and p t m. Note that m must divide k. Since both ¢,
and (,, lie in F, the Galois group Gal(F((,)/F) has p-power order. Thus if p # ¢ then
any homomorphism @ — Gal(F(¢,)/F) must be trivial. If p = ¢ then s = 0 and so the
extension F'((,)/F is trivial, giving the same result.

Now Proposition 11.11 and Lemma 11.8 imply the first claim. The second claim follows
from Lemma 11.7. U

Proof of Theorem 11.5. By Corollary 11.12 we can and do replace G by an elementary
subgroup H; containing I'y. We need only consider the case that H; is g-elementary for
some prime g # p. By Lemma 11.1 we have H; ~T' x C' x @), where I' >~ Z,,, C' is finite
cyclic of order coprime to ¢, and @) is a finite ¢-group. Moreover, we can and do choose
I' such that 'y < I'. Hence we may apply Proposition 11.10 with G = Hy, H =T x C
and A = ). It only remains to observe that for all cyclic subquotients H of A, the finite
groups C' x H are cyclic and hence the groups H x H =T x C' x H are p-elementary (in
fact, they are (-elementary for every prime /). O

11.4. Application to the EIMC. We give an easy reformulation of the EIMC without
its uniqueness statement.

Lemma 11.13. Let p be an odd prime and let L/K be an admissible one-dimensional
p-adic Lie extension of a totally real number field K. Let G = Gal(L/K) and let S be a
finite set of places of K containing Syam(L/K) U So. Choose any (s € K1(Q(G)) such
that 0(Cs) = —[Ce(L/K)]. Then the EIMC holds for L]/K if and only if

nr((s) = ®5 mod nr(K;(A(G))).
Proof. This is an easy consequence of Lemma 11.7 in the case ' = Q,,. O

We are now ready to prove the main result of this section, a special case of which will
allow us to deduce Corollary 1.2 from Theorem 1.1.

Theorem 11.14. Let p be an odd prime and let L/K be an admissible one-dimensional
p-adic Lie extension of a totally real number field K. Let I, be the collection of all
intermediate admissible extensions with p-elementary Galois group. Let G = Gal(L/K)
and let F, be the collection of all intermediate extensions defined by the collection &, of
subquotients of G defined in Theorem 11.5. The following statements are equivalent.

(i) The EIMC holds for L]/ K.
(ii) The EIMC holds for all subextensions in Z,.
(i) The EIMC holds for all subextensions in F,.

Remark 11.15. Note that F, C Z,, and Z, is infinite, but F, is finite (see Remark 11.6).

Proof of Theorem 11.14. Lemma 5.10 shows that (i) = (ii). Since F, C Z, it follows
trivially that (ii) = (iii). Together, Propositions 5.2 and 5.3, Lemma 11.7 in the case
F =Q,, Lemma 11.13 and Theorem 11.5 show that (iii) = (i). O

Remark 11.16. If the extension L£/K satisfies the p = 0 hypothesis, then [RW05, Theo-
rem A] shows that the equivalence of statements (i) and (ii) in Theorem 11.14 recovers
[RW05, Theorem C] (which itself assumes the p = 0 hypothesis).

Corollary 11.17 (Corollary 1.2). Let p be an odd prime and let K be a totally real
number field. Let L/K be an admissible one-dimensional p-adic Lie extension such that
Gal(L/K) has an abelian Sylow p-subgroup. Then the EIMC with uniqueness holds for
L/K.
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Proof. Let G = Gal(L/K). Since G has an abelian Sylow p-subgroup, every p-elementary
subquotient of G is abelian. Hence the EIMC for £/K holds by Theorem 1.1 and the
equivalence of statements (i) and (ii) in Theorem 11.14. Moreover, SK;(Q(G)) = 0 by
Corollary 11.3 and so we also have uniqueness (see Remark 5.8). U

Remark 11.18. One may ask whether it is possible to deduce the EIMC for further non-
abelian extensions by considering ‘hybrid’ cases as in [JN18]. This is in fact not the
case. To see this, assume that the Iwasawa algebra A(G) is ‘N-hybrid’ for a finite normal
subgroup N of G in the sense of [JN18, Definition 3.8], that is, (i) p does not divide [N | and
(ii) A(G)(1—ey) is a maximal R-order, where ey is the central idempotent [N|~' 3"\ n.
Then (i) implies that each Sylow p-subgroup of G is mapped isomorphically onto a Sylow
p-subgroup of G/N under the canonical quotient map G — G/N. Thus if G/N has an
abelian Sylow p-subgroup then so does G.

12. THE ETNC AND THE COATES—SINNOTT CONJECTURE

12.1. Further results on Fitting ideals. We give two further results on Fitting ideals
that we shall use in §12.3.

Lemma 12.1. Let p be a prime, let G be a finite abelian group, and let x — x# denote
the involution on Z,|G] induced by g — g~ for g € G. Let e € Z,|G] be an idempotent
such that e = e . Let

00— M—C—C"—M-—70

be an exact sequence of finite eZ,|G)-modules and assume that C' and C' are of finite
projective dimension. Then we have an equality

Fittez, (o) (M")* - Fittes, (01(C") = Fittez, g (C) - Fitteg, o (M)

Proof. This is a straightforward consequence of [BG03, Lemma 5]. See also [Nic10, Propo-
sition 5.3]. O

Let p be a prime and let G be an admissible one-dimensional p-adic Lie group. Let
Iy be an open subgroup of I' that is central in G and let R = Z,[I'¢]. Then A(G) is an
R-order in the separable Quot(R)-algebra Q(G). Now let e be any central idempotent
element of A(G) and define A := eA(G) and Q := eQ(G). For each (left) A-module
M we set E'(M) := Extp(M, R), which has a canonical right A-module structure. Let
x — 2% denote the anti-involution on A(G) induced by g — ¢g~! for g € G. Set A# :=
{M | X € A} = e A(G) and likewise Q% = e#Q(G). Then E*(M) is a left A#-module,
as \* € A# acts on f € EY(M) by \*f = f\. For each C* € DP*(A) we write (C*)*
for the dual complex RHomp(C*®, R) in DP*I(A#). Since Hompg(—, R) is exact on finitely
generated projective A-modules, this induces a homomorphism of abelian groups

(=) : Ko(A, Q) — Ko(A*, OF).

Lemma 12.2. If G is abelian then A is commutative and the following statements hold.

(i) Let M be a finitely generated A-module that is of projective dimension at most
one and that is also R-torsion. Then EY(M) is a finitely generated A% -module
of projective dimension at most one and is R-torsion. Moreover, we have

Fittys(E'(M)) = Fitty (M)*.

(ii) For each C* € DX (A) we have

tor

Fitty#((C*)*[—1]) = Fitty(C*)¥.
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Proof. By Lemma 6.3 we may choose a quadratic presentation of M as in (6.6). We apply
the functor Homg(—, R) to this sequence. Since M is R-torsion and A is a projective
R-module, we have Homgz(M, R) = E*(A) = 0. We identify Homp(A, R) and A* so that

we obtain an exact sequence

0 — (M) 5 (A#)" — BY(M) — 0,
where the second map is obtained from h by applying the involution # to its transpose.
This proves (i). Let z € K;(Q) be arbitrary. We will show that d(z)* = —9(z7#).
Since the connecting homomorphism 0 in (6.1) is surjective, this implies (ii). Each
r € K(Q) can we written as the class of hg™!, where both h and g are matrices in
M,(A)NGL,(Q) for some n. Since (—)"# is multiplicative and (—)* is a homomorphism,
we may therefore assume that x is represented by h. The A-module M := cok(h) is of
projective dimension at most one and R-torsion. Hence (ii) follows from (i) once we
observe that M* ~ E'(M)[—1] in D(A¥). O

12.2. The ETNC at negative integers. The equivariant Tamagawa number conjec-
ture (ETNC) has been formulated by Burns and Flach [BF01] in vast generality. We
will only consider the case of Tate motives. Let L/K be a finite Galois extension
of number fields, let G = Gal(L/K) and let r € Z. We regard h°(Spec(L))(r) as
a motive defined over K and with coeflicients in the semisimple algebra Q[G]. The
ETNC for the pair (h°(Spec(L))(r), Z|G]) simply asserts that a certain canonical element
TQ(L/K,Z[G],r) € Ko(Z]|G],R[G]) vanishes.

Now we assume that L/K is a CM extension and let j € G denote complex conjugation.
For each r € Z we define a central idempotent e, := @ in Z[3][G]. The ETNC for

the pair (h(Spec(L))(r), e,Z[1][G]) then likewise asserts that a certain canonical element
TQ(L/K, e, Z[3][G],r) in Ko(e,Z[35]|G], R[G]) vanishes. This corresponds to the plus or
minus part of the ETNC (away from 2) if r is odd or even, respectively.

If r is a negative integer, then a result of Siegel [Sie70] implies that TQ(L/ K, e, Z[%][G], )

actually belongs to the subgroup
Ko(e, Z[3][G), Q) = D Ko(e,Z,[G], Q,[G)),

podd

We say that the p-part of the ETNC for the pair (h°(Spec(L))(r), e,Z[3][G]) holds if its
image in Ky(e,Z,|G], Q,[G]) vanishes.

Theorem 12.3. Let p be an odd prime. Let L/K be a finite Galois CM extension of
number fields and let G = Gal(L/K). Then the following hold for every negative integer .

(i) The element TQ(L/K, e, Z[35][G], r) belongs to Ko(e,Z[3][G], Q[G])tors-
(i) Assume that if p divides |G| then L((,)L /K satisfies the i = 0 hypothesis. Then
the p-part of the ETNC for the pair (h°(Spec(L))(r), e,Z[3][G]) holds.

Proof. Part (ii) has been shown by Burns [Burl5, Corollary 2.10]. If the extension
L({,)L /K satisfies the p = 0 hypothesis (whether or not p divides |G|) there is an
independent proof due to the second author [Nic13, Corollary 5.11]. By a general induc-
tion argument [Nicll, Proposition 6.1 (iii)] (ii) implies (i) (if 7 is odd see also [Nicll,
Corollary 6.2]). O

In the case that G has an abelian Sylow p-subgroup, we now remove the p = 0 hy-
pothesis from Theorem 12.3 (ii) and thus obtain Theorem 1.3 from the introduction.
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We first introduce some more notation. If v is a finite place of K, we denote the
residue field of K at v by K (v). If R is either K(v) or Ok g for a finite set S of places
of K that contains S, and F is an étale (pro-)sheaf on Spec(R), then we abbreviate the
complex RT'¢(Spec(R), F) and in each degree i the cohomology group H, (Spec(R),F)
to RT'(R,F) and H'(R, F), respectively.

Theorem 12.4 (Theorem 1.3). Let p be an odd prime. Let L/K be a finite Galois
CM extension of number fields and let G = Gal(L/K). Suppose that G has an abelian
Sylow p-subgroup. Then for each negative integer r the p-part of the ETNC' for the pair

(h°(Spec(L))(r), e, Z[3][G]) holds.

Proof. Let S and T be two finite non-empty sets of places of K such that S contains
Sp U Sram(L/K) U Se and SNT = (. We define a complex of e,Z,[G]-modules

RT7(Oks, e, Z,|GI#(1 — 1)) :=
CODG(RF<OK,S7 e, Zp|GI# (1 — 1)) — @RF(K(U)7 erZ, |Gl (1 — 7“))) 1.

veT
By [Nic13, Theorem 5.10] this complex is acyclic outside degree 2 and the only non-
vanishing cohomology group, which we denote by H2(Ok s, e.Z,|G]#(1 — r)), is coho-
mologically trivial. Moreover, the ETNC for the pair (h%(Spec(L))(r), e,Z[3][G]) holds
if and only if ©gr(r) is a generator of the (non-commutative) Fitting invariant of this
e, Z,|G]-module.

We now can either work with non-commutative Fitting invariants or we can apply
[GRW99, Proposition 9] in combination with Theorem 12.3 (i) to reduce to abelian ex-
tensions. We choose the latter option so that the result follows from Theorem 12.5
below. O

12.3. The strong Coates—Sinnott conjecture. The following result is a strengthening
of the ‘strong Coates—Sinnott conjecture’ [Nic13, Conjecture 5.1] in the case of abelian
CM extensions.

Theorem 12.5. Let p be an odd prime. Let L/K be a finite abelian CM extension of
number fields and let G = Gal(L/K). Let S and T be two finite non-empty sets of places
of K such that S contains Sy, U Spam(L/K) U Se and SNT = 0. Then for each negative
integer v we have

Fitterzp[g](H%(OK’S, eTZp[G]#(l —1))) = Osr(r)e.Z,[G].

Proof. We first observe that it suffices to show that ©gr(r) is contained in the Fitting
ideal by [Nicl3, Theorem 5.10]. Hence we can and do assume that {, € L by [Nicl3,
Proposition 5.5]. Let L, and K be the cyclotomic Z,-extensions of L and K, respec-
tively. Let G := Gal(Lo/K). Then G = H x I where H = Gal(Lo/K) and I' =~ Z,,.
Moreover, we have that A(G) = R[H| where R := Z,[I'].

For each integer n, we now define a complex of e, A(G)-modules

(12'1) RFT(OK,S, enA(g)#(l — n)) —
cone(RF(OKS, enM(G)F (1 —n)) — @RF(K(U), en MG (1 — n))> —1].

In the case n = 0 this complex has been studied by Burns [Bur20, §5.3.1]. It is
acyclic outside degree 2 and the second cohomology module is of projective dimen-
sion at most one by [Bur20, Proposition 5.5]. We claim that for v € T' the complexes



AN UNCONDITIONAL PROOF OF THE ABELIAN EIMC AND APPLICATIONS 37
RIU(K (v), e,A(G)#(1—n))) are acyclic outside degree 1 and we have e,, A(G)-isomorphisms
HY(K(v), e, AMG)#(1 —n)) ~ enindgwoo Zp(1 —mn).

Since L., contains all p-power roots of unity, taking cohomology commutes with Tate
twists, so it suffices to show this for n = 0. By Shapiro’s lemma, we have isomorphisms

HI(K (v), eaZ, [GI#(1)) =~ e,indg, H(L(w), Z,(1)

for all i € Z, where w denotes a place of L above v. It is well known that, since L(w) is
a finite field of characteristic not equal to p, the group H'(L(w),Z,(1)) vanishes unless
i =1 and that H'(L(w), Z,(1)) identifies with Z, ®z L(w)*. The claim follows by taking
inverse limits along the cyclotomic Z,-extension of L.

We have exact sequences of A(G,,_)-modules

0 — A(Gu..) — AGu..) — Z,(1 —n) — 0,

where the injection is right multiplication by 1 — Xcyc(0w., )" 1o, . Therefore we have

(12.2) Fitte,a(0) (H' (K (v), eaMG)* (1 = n))) = oy (€] )enA(G).
Recall that (C*)* denotes the complex RHompg(C®, R). By (5.2) and Artin—Verdier du-
ality (see [Nek06, Theorem 8.5.6] or [L.S13, Theorem 4.5.1]) we have an isomorphism
RT(Ok.s,e1M(G)") = (C§(Loo/ K))*[-3].
Hence
Fitte,0) (BT (Ox s 1AG)F)[1]) = Fitt ) (C(Loo/ )Y = D1 A(G),

where the two equalities follow from Lemma 12.2 and Theorem 1.1, respectively. Taking
the (1 — n)-fold Tate twist, we obtain

(12.3) Fitte, o) (RT(Ok.5, e, A(G)F (1 — n))[1]) = t2(DF)enA(G).

cyc

It follows from (6.2), (12.3), (12.2) and (12.3) that we have
(124)  Fitte, a0 (H7(Ox.s,eaMG)F(1 = 1)) = 2 1(®F) [ [ te (& )en(G)

veT
= cyc(W?S%T)enA(g)

We now specialise to the case n = r. By [FKO06, Proposition 1.6.5] we have canonical
isomorphisms in D(Z,[G]) of the form

2,[C] &% g) BT (Oxs, A(G(1 — 1) = BT (Oxcs, Z,[GT (1 - 1),
and
2,]G) &K g RI(K (v), A(G)*(1 — 1)) ~ BT (K (v), Z,[GI*(1 — 1),
for each v € T. Hence we have a canonical isomorphism in D(e,Z,[G]) of the form
e Zp[G) @ pg) RU1(Ok s, 6,M(G) (1 — 7)) ~ RL1(Ok. s, 6,2 [G]# (1 — 1)).

However, both complexes in this formula are acyclic outside degree 2 so that we actually
have an isomorphism of e,Z,[G]-modules

H3(Ok.s, - AMG)* (1 — 7)), ~ Hi(Ok s, e,Z,|GI* (1 — 1)),

where I';, := Gal(Lw/L). Let aug : A(G) — Z,[G] be the canonical projection map.
Then (12.4) and the fact that Fitting ideals commute with base change (see for ex-
ample [Eis95, Corollary 20.5]) imply that aug(t Cyc(\IJﬁT)) generates the Fitting ideal of
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H2(Ok s, e,Z,[G]#(1—7)). By Proposition 8.1 we have aug(t/,.(¥% 1)) = ©s7(r), which

cyc

completes the proof. O

Now let L/K be an arbitrary finite abelian extension of number fields and let G =
Gal(L/K). For each integer r, we define an idempotent in Z[1][G] by

2

o = [Toes. EEDY i K s totally real;
" 0 otherwise,

where j, is the generator of the decomposition group G, for each v € S,,. Note that this
is compatible with the above definition of e, in the case of CM extensions.
We obtain the following refinement of Theorem 1.5.

Corollary 12.6. Let L/K be a finite abelian extension of number fields and let G =
Gal(L/K). Then for every finite set S of places of K containing Syam(L/K) U Sy we
have

(125) AHHZ[%][G](Z[%] ®Z KI—QT(OL)tOrS)GS(T> = e,,FlttZ[%”G}(Z[%] ®Z K_QT(OL,S))
In particular, the Coates—Sinnott conjecture 1.4 holds away from 2, that is,

Anngpye)(Zl5] @z K122 (0L )eors)Os(r) € Anngyyey(Z[3] @z K-2:(OL,s))-

Proof. Fix an odd prime p. In order to verify the p-part of (12.5), we can and do assume
that S, C S as the Euler factors at v € S, are units in Z,[G] by [GP15, Lemma 6.13].
Moreover, since the p-adic Chern class maps (1.2) are isomorphisms by the norm residue
isomorphism theorem [Wei09], we may work with the étale cohomological version of (12.5)
as in [GP15, §6] (where the corresponding claim is denoted by C'S(L/K, S,p,1—7)). By
[GP15, Lemma 6.14] we can and do assume that K is totally real. Likewise, by [GP15,
Lemmas 6.15 and 6.16] we can and do assume that L is a CM extension of K. We have
an exact sequence of finite e,Z,[G]-modules (this follows easily from the definitions; see
[Nic13, (21)])

0 — H'(Ok.s, e Z,[G)* (1 — 1)) — GB HY(K(v),e,Z,[G)* (1 — 1))

— H2(Oks, ,Z,[G)* (1 — 1)) — H*(Og.s, e, Z,[G]#*(1 — 7)) — 0.

The middle two terms are finite cohomologically trivial G-modules and their Fitting
ideals are generated by dr(r) and ©gr(r) by [Nicl3, Lemma 5.4] and Theorem 12.5,
respectively. Since H'(Ok s, e,Z,[G]#(1 — r)) is finite cyclic, we have that

Fitte,z,ic)(H' (Ok.s, . Zp[G]* (1 — r))¥)#
= AnneTZp[G](Hl((’)KS, eTZp[G]#(l —r)))#
= erAnan[G](Hl (OL,Sa Zp(l - T))tors);

where we have used Shapiro’s lemma for the last equality. The result now follows from
Lemma 12.1. Ul

APPENDIX A. INDEPENDENCE OF THE CHOICE OF COMPLEX

The main goal of this appendix is to prove a purely algebraic result (Theorem A.8)
that justifies the claim in the introduction that the precise choice of complex used in the
EIMC does not matter, provided that it is perfect and has the prescribed cohomology.
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We need several preliminary results. Let p be a prime and let G be an admissible one-
dimensional p-adic Lie group. Choose a central open subgroup I'y < G such that I'y ~ Z,
and let R = Z,[I'¢]. For a height one prime ideal p of R, let R, be the localisation of R
at p and let Ay (G) = R, ®r A(G).

Lemma A.1. For each height one prime ideal p of R we have a commutative diagram

Inp(9)

K1(Ay(G)) — K1(Q(9)) Ko(A(9), Q(9)) 0

T g
((Q(9))* —=((Q(9))" /ur(K1(Ap(G)) —1
with exact rows. Moreover, if SK1(Q(G)) = 0 then B, is injective.

Proof. The existence and exactness of the top row follow from the long exact sequence
of K-theory (3.1) and the surjectivity of d,,(g) [Nic20, Corollary 2.14]. The triangle
commutes by definition. The existence of 3, follows from the exactness of the top row.
The second claim follows from the snake lemma. U

Lemma A.2. We have the following commutative diagram

Ki(A(9)) —= K1(Q(G)) = Ko(A(G), Q(G)) — @B, Ko(A4(9), Q(9))

\ nrl Cvl Hp /Bpl
¢((9)* ¢((9)*
€(Q(G))* nr(K1 (A(G)) Hp nr(K1(Ap(9)))’
where the direct sum and product are over all height one prime ideals of R (note that the
rows are not exact). Moreover, if SK1(Q(G)) =0 then a and [, 5, are injective.

Proof. This follows from Lemmas 11.7 and A.1. U

Let M(G) denote a maximal R-order such that A(G) € M(G) C Q(G). Note that
M(G) must exist by [Rei03, Corollary 10.4], though need not be unique. However,
[Rei03, Theorem 8.6] implies that ((M(G)) is the integral closure of ((A(G)) in ((Q(G))
and thus is unique. For a height one prime ideal p of R, let M,(G) = R, ®r M(G).

Lemma A.3. We have

(SM(G)* = ((M(G))",
p

where the intersection ranges over all height one prime ideals p of R.

Proof. Since ((M(G)) is a maximal R-order in ((Q(G)) it is reflexive by [Rei03, Theo-
rem 11.4]. Hence we have that [, ((M,(G)) = ((M(G)) by [NSWO08, Lemma 5.1.2(iii)].
Moreover, if 2 € (), ((M,(G))* then alsoz™" € ), ((M,(G))*, and hence x € ((M(G))*".
This gives one inclusion and the reverse inclusion is clear. O
Theorem A.4 (Ritter—Weiss). We have

(K (A (9))) N EM(G))" € nr(K1(A(G)))-

Proof. This can be deduced from [RW05, Theorem BJ as follows. Denote the integral
closure of Z, in Qg, by Zg. Then ((M(G))* corresponds to Hom*GQp (Rp(9), (Zg®z,A(1))*)

under the identification in diagram (4.3) by [RW04, Remark H]. We may replace A,)(G)
by its p-adic completion in the statement of the theorem as this can only enlarge the
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left hand side of the inclusion. Moreover, the image of Det is always contained in the
HOM*-group used in [RW05] (see [RW05, §1]). O

Corollary A.5. The canonical map

¢(Q(G))" C(Q(G))"
wia@)  Uimmen

15 injective, where the direct product is taken over all height one prime ideals of R.

Proof. 1t follows from [Rei03, Theorem 10.1] that nr(K;(A,(G))) € ((M,(G))* for every
height one ideal p of R. Thus it suffices to show that

nr(K (A N () C(M,(9)* C nr(K(A(G))).
p#(p)
The desired result now follows from Lemma A.3 and Theorem A .4. O

Corollary A.6. If SKl(Q(Q)) = 0 then the canonical map
Ko(A(G) ) — QB Ko(A (G))

15 injective, where the direct sum is taken over all height one prime ideals of R.
Proof. This follows immediately from Corollary A.5 and Lemma A.2. O

Remark A.7. In the case SK;(Q(G)) = 0, Corollary A.6 implies [RW02b, Proposition 4],
which says that the class of any module of finite cardinality is trivial in K¢(A(G), Q(G)).
This is because such modules vanish after localisation at height one prime ideals of R.

An immediate consequence of the following purely algebraic result is that the choice
of complex used in the EIMC (Conjecture 5.4) does not matter, as long as it is perfect
and has the cohomology specified in (5.1).

Theorem A.8. Let G be an admissible one-dimensional p-adic Lie group and let
® € ((Q(G))*. Let k € Z. Let C*,D* € DX (A(G)) such that

tor
(i) H(C*) ~ H'(D*) as A-modules for all i € Z;
(ii) HY(C®) and H'(D®) are finitely generated over Z, for all i € Z — {k}; and
(iii) there exists x € K1(Q(G)) such that O(x) = [C*] and nr(z) = .
Then there ezists y € K1(Q(G)) such that d(y) = [D*] and nr(y) = ®.

Proof. By (ii) we have Ay, (G)®@ag) H(C®) = Ap)(G) (g )H"(D‘) =0foralli € Z—{k}.
Thus by (i), Proposition 3.2 and the fact that localization is an exact functor, we have

(A (G) @56y C°1 = (—1)"[A)(G) ®nq) H*(C*)]
= (—D"A)(G) @) H*(D*)] = [Aw)(G) ®(g) D*]

in Ko(Ap(G), Q(G)). Now fix a height one prime ideal p # (p) of R. Then every finitely
generated A,(G)-module has projective dimension at most one by [Nic20, Corollary 3.5].
(Alternatively, note that A,(G) is a maximal order over the discrete valuation ring R,,
and thus is hereditary by [Rei03, Theorem 18.1].) Hence (i) and Proposition 3.1 imply
that
[A(9) ®g) C°) = [M4(9) ®lig) D] in Ko(A4(G), Q(9)).

Now recall the commutative diagram of Lemma A.2. By Corollary A.5 and an easy
diagram chase in the right commutative square, we have «([C*]) = «a([D*®]). Choose
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any yo € K1(Q(G)) such that d(yo) = [D°®]. Then by (iii) and an easy diagram chase
in the left commutative square, we have nr(zy,') € nr(K;(A(G))). In other words,
there exists z € K;(A(G)) such that nr(z) = nr(zy,'). Now set y := you(z). Since
L(K1(A(G))) = ker(0) we have d(y) = d(yo) = [D°®] and nr(y) = nr(z) = . O

Corollary A.9. Let G be an admissible one-dimensional p-adic Lie group such that
SK1(Q(G)) =0. Let k € Z. Let C*, D* € DX (A(G)) such that

tor
(i) H(C®) ~ HY(D*) as A-modules for all i € Z; and
(ii) HY(C*®) and H'(D®) are finitely generated over Z, for alli € Z — {k}.
Then [C*] = [D*] in Ko(A(G), Q(9)).
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