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The behaviour of parallel programs with replicated of the machine. While processing different data they obey
processes is modelled by continuous time Markov chains.the same stochastic rule.

For high-level model description, we use stochastic For the specification of Markovian models different forma-

automata networks. We are particularly interested in |isms can be employed. High-level description techniques
models of parallel programs which exhibit symmetries. include queueing networks [13] and stochastic Petri nets
Exact lumpability is exploited for reducing the model's state [1]. Tools exist which support comfortable model design

space, thus making complex models of large real systemshrough graphical or textual user interfaces [17, 7, 9, 15].
computationally tractable. Complexity analysis of a new They perform the translation of the high-level description

reduction algorithm shows that the method can be applied into the underlying Markov chain, its solution and the

efficiently in practice. computation of performance measures. In this paper we use
Keywords:  Parallel Programming, Markov Models, stochastic automata networks (SANs) for model description
Lumpability, State Space Reduction and we restrict ourselves to the discussion of models with
continuous time scale. An in-depth description of the SAN
1. Introduction formalism can be found in [4] and [3] (the latter focuses

on discrete time scale SAN models).

When developing solutions for real application problems on Section 2 includes a brief survey of state-of-the-art tech-
modern parallel machines, the programmer is faced with a niques for structured model description. In the following
large number of questions. Many degrees of freedom existtwo Sections, a novel approach to the reduction of the
during the design of a suitable parallel algorithm and during state space of SAN models is presented_ It is based
its subsequent implementation for a class of machines. Theon the concept of Markov chain lumpability and can be
writing of parallel programs is a very cumbersome and conveniently applied to SAN models of parallel programs
time-consuming process since environments for parallel with replicated processes. An algorithm for the efficient
software engineering have not yet reached a satisfying computation of the matrices describing the reduced SAN
degree of maturity. It is usually prohibitive for the model is discussed in Section 5.

programmer to code several possible alternatives in order

to decide which one performs best. Among existing o Survey of Techniques for

implementation alternatives the most promising has to be .

chosen. This choice can be greatly supported by the use ofStrUCtured Model Description

models for predicting the behaviour of a parallel program. There is a large number of approaches which fall into the
Markov models have been widely used to study per- structured model description category. In [14], Plateau
formance issues in computer systems. They provide ashowed how interdependent stochastic automata can be
framework for describing stochastic behaviour while being combined to a joined model. Tensor algebra is used to
amenable to analytic solution. The most eminent problem obtain the structure of the combined generator matrix. It is
in Markovian modelling is the state space explosion which shown that an iterative solution technique (power method)
often makes large models intractable. State spaces arecan be applied to solve the combined model, without
often so large that they cannot be stored in the memory of explicitly generating the joined generator matrix. A similar
available computers, and the solution of a Markov chain approach is described by Donatelli [11] for superimposed
with a very large state space can consume an excessivestochastic automata, a special class of stochastic Petri nets.
amount of computation time. In this paper, we discuss Balbo et al. described a technique in which queueing
an approach to overcoming this problem in the context of networks and GSPNs are combined for solving complex
modern parallel systems containing a number of similar models [2]. A similar approach is followed by Buchholz
components. This is motivated by the fact that many [6] in the hierarchical multi-paradigm modelling approach.
parallel programs consist of one or more sets of similar The joined model consists of a number of low level
processes. Several processes of such replication-type parmodels which can be specified by multi-class queueing
allel programs are running in parallel on different nodes networks or coloured stochastic Petri nets, and a high
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Figure 1: Structured Model Description: Common Features

level model which describes the flow of entities (customers combined. Using coloured GSPNs, submodels cannot be
or tokens) between the low level models. Buchholz identified quite as easily: They can be seen as identical
also uses tensor algebra to obtain the combined generatosubnets of a GSPN model, where the interaction is given
matrix. He shows that beside the power method, other by the arcs and places between them. To build the coloured
iterative solution techniques (Jacobi and Gauss-Seidel) canGSPN, these identical subnets are folded together, and the-
be applied based on the submodel generator matrices. In aeafter only distinguishable by colour domains associated
recent paper, this technique is extended to the exploitationwith them. Stochastic activity network components can
of symmetries in order to reduce the cardinality of the state be combined using two operations: There is the replicate
space [5]. Symmetry exploitation is also the basic idea operation to generate instances of one component, where
which led to the use of coloured Petri nets for the purpose a subset of distinguished places is not replicated, i.e. is
of performance evaluation [8]. A similar technique has common to all: instances, and there is the join operation,
been described for another class of stochastic Petri nets -to join two components by merging two subsets of places,
stochastic activity networks — by Sanders et al. [16]. Here one in each component.

also, the exploitation of symmetries allows to solve the rqr compined stochastic automata and the hierarchical
model efficiently. multi-paradigm modelling approach, the generator matrix
The common features of different structured model de- of the joined model is given as an expression, in which
scription techniques are pointed out by the table in Figl. the matrices describing the behaviour of the components
The first column states the technique which is used for are combined by tensor operations. Knowledge about the
submodel specification. The second column is divided structure of the joined generator matrix is sufficient in
into two subcolumns: The technique for combining the order to apply iterative solution techniques for obtaining the
submodels is given, and special features which are usedsteady-state solution of the model, i.e. the joined generator
during the combination process are mentioned. Propertiesmatrix does not have to be created explicitly. Since the
of the resulting joined model and of its solution method joined generator is often a very large sparse matrix, this
are listed in the third column. helps to save a lot of storage space. A second important
It is common to all approaches that submodels are first advaptage may be seen by the fact that this kind of iterative
specified individually, and then combined in order to Solution technique, based on the components’ generator
obtain the joined model. Different mechanisms are used Matrices, is amenable to parallel processing.

to specify the way in which the combination takes place. For the hierarchical multi-paradigm modelling approach,
For stochastic automata, the combination is determined bycoloured GSPNs and stochastic activity networks, it has
the interdependences which exist between the componentsbeen shown how the exploitation of model symmetries may
In the hierarchical multi-paradigm modelling approach, reduce the cardinality of the state space dramatically. In
the high-level model specifies how low-level models are the former, symmetries may be present due to a number
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Figure 2: SAN of two independent processes

Figure 3: Reduced SAN
of identical low-level models, or to the identical beha-
viour of different entity classes [5]. Entities are either Where the operato; denotes the tensor sum. For the
customers (in queueing network submodels) or tokens (in definition of tensor operations the reader is referred to the
GSPN submodels). In coloured GSPNSs, it is also the APpendix and to [10].
identical behaviour of different token classes which enables For the computation of the steady-state probability vector
reduction. Here symmetries are recognized by permuting 7, the linear system of equations = 0 has to be
these token classes. Using stochastic activity networks,solved. This is usually done using iterative solution
symmetries are present wherever the replicate operation istechniques. It is not necessary to construct the matrix
used. Symmetries lead to the partition of the state space@ explicitly. Instead, iteration can be performed on the
into classes of equivalent states, and it suffices to choosetensor description of) [4].
one state from each equivalence class — usually determined_et us now assume that there is a larger numbeof
by lexicographical ordering — to represent this class. The such similar independent processes. While the generator
steady-state probability of the representative state in the() of the overall model can still be described in a compact
reduced joined model is equal to the sum of the steady- manner byQ = @gIIQ(i), the number of states is now
state probabilities in its equivalence class in the original 37. Already for modest values of, this leads to an

model. overall model with a very large state space. However,
due to the symmetry of the SAN we can identify sets
3. Component Replication and State of equivalent states which have the same steady-state

probability. The idea of symmetry exploitation is to
combine similar submodels and to replace them by a
reduced model. During the construction of the reduced
model, only one state is chosen as a representative for each
set of equivalent states. For example, in the case 2,
states (0, 1) and (1, 0) constitute a pair of equivalent
states. Fig. 3 shows the reduced model in which this pair
is represented by the single state (0, 1). The pairs (0, 2),
(2, 0) and (1, 2), (2, 1) are treated similarly such that the
reduced model has only states instead df? = 9.

Space Reduction: An Example

We introduce our own ideas with a very simple example:
Consider an overall model consisting of two submodels
SM; andSM-. The two are similar independent processes
which move through states 0,1 and 2 in a cyclic fashion
as illustrated in Fig. 2.

The state transitions take place after the elapse of a time
which is exponentially distributed with rafe ¢ or 4. The
state transitions are described by the infinitesimal generator

matricesQ(") andQ(?) of SM, andS M, which are given We continue with an extension of the same example in
order to demonstrate how different SAN submodels can

b
Y X A 0 interact. Fig. 4 shows a SAN consisting of 3 submodels.
OV =Q¥=|0 - o S My represents a resource which can be either idle or busy.
p 0 —u SM; and SM» have the same structure as before. They

represent two processes which access the common resource

We are interested in the combined stochastic process ofunder the mutual exclusion discipline. Each of the two

SM; andSM,. This process has x 3 = 9 states, each  processes behaves in a cyclic manner: Having done some

state corresponding to a tup{e;, s2), wheres; denotes work it performs a synchronization in order to obtain the

the state of5M;. It is known [4] that its generator matrix ~ resource, accesses the resource and goes back to work.

@ is given by The transition fromwork to syncis still a purely local

event. It does not depend on the other submodels, nor

Q=0QVYaqQ? does it affect any of the other submodels. The transitions



Figure 4: SAN of two Processes Accessing a Common Resource with Mutual Exclusion

from syncto acc and fromaccto work are labellect; and The generator matrig) of the overall model is then given
e, and force a synchronization with the same transitions by

in SM,. .

The infinitesimal generator matrig of the overall model Q= ,Q)+

can still be constructed from matrices associated with y2 () ( ) (2)) ) ( 1) (2) ))
the submodels and by use of tensor algebra [4]. In our Y= (Q 9\ BQ Qein @ (Qean & iy
example, the matrice@ Qek,Qew W|th i€ {0,1,2}

andk € {1,2} are defined. Matrice§)"’ contain transi-  |n the inner parentheses of this expression, the tensor sum
tions local to.5M;. SinceSM; does not have any local  gperator (not the tensor product) has to be used, because
transitions@,”’ is an identity matrix. either SM; or SM, — but not both — participates in the
) 10 synchronization withS A4;.
1= [0 1] As in the original example, it is again possible to reduce
A A0 the combined state space ®#/; andSM-,. The resulting
Q}li’ _ Q;z) —lo o o SAN, in WhICh.the combined stochaspc process o.f former
0 0 0 S M, andS M, is represented by M2, is shown in Fig. 5.

It leads to an overall model which has oRly 6 = 12 states
instead of2 x 3 x 3 = 18. Itis clear that not all of these
states are actually reachable because of the synchronization
constraints. In particular, all states in whisii/; andS M-

are both in statexcc are unreachable.

MatricesQ ) describe the synchronization of submodels
by the evengy, and matnceQew are needed to correct
the diagonal entries of) accordingly. For the event;

we have
Q) = [ 1] QO — [1 0] 4. Lumpability and Symmetry Exploitation
0] “am~ o 0
00 0 In this section we will look at a general SAN framework
1 A7) and give a formal description of the reduction of a number
QP =@ =10 0 ¢ 7
e e 00 0 of similar SAN submodels.
00 0 Suppose we have a SAN consisting of submodels
1) _ (2 _ SMy,...,SM,. Furthermore, let this set of submodels
Qern = Qein = 8 g 8 be the union ofc classes such that all similar submodels

belong to the same class, i.e. a class contains multiple
copies of the same submodel. Let classontain n;
submodels, each having states. We have the relation
(0) _ [0 0] QO = [0 0] ¥_,n; = n, and the number of states of the overall
1o en g 1 model is given bys = II{_;s}

0 Let us now focus our attention to clagsand without loss

of generality assume that the submodels in this class are
denotedSMy,...,SM,,. The combined state spact

of all submodels of clas$ hass' states, where every
state is amn;-tuple with elements from{0,...,s; — 1}.

We consider two states = (z1,...,z,,) andy =
(y1,---,yn,) equivalent ify is a permutation ofz, i.e.

and the matrices for evemt are given by

- oo ©@©

O = Q) = [
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Figure 6: The full structure of the matrix)
if there exists a permutation matri®; of dimensionn; Sy = {(0,0)} U {(0,1),(1,0)} U {(0,2),(2,0)} U

such thaty = zP;. The state spacg; is now partitioned ~ {(1,1)} U {(1,2),(2,1)} U{(2,2)}.

in such a way that all equivalent states are in the same The state spacs; is lumpable with respect to this partition

partition. This partition is clearly an equivalence relation. and the lumped generator matrig for class 1 can be

The construction guarantees that the sum of the transitioncomputed with the help of a projection matrix and a

rates from a given state to all states in another partition is selection matrix/ [12]. It is given by

the same for all states within the same partition. Therefore

the Markov process with state spagis lumpable [12]

with respect to this partition. A reduced model can then be

built which contains only one state per equivalence class. The product)(!) & Q) is a9 x 9 matrix and matrices/
andV have dimension§ x 9 and9 x 6. The full structure

To illustrate this concept, we return to the first example ©f matrix @ is shown in Fig. 6.

(from Fig. 2) where the overall model consists of only Entries X denote negative row sums. By multiplying
one class of submodels, class 1. In this class we have® and the projection matriX’, columns corresponding
two similar submodels each having 3 states, ig.= 2 to equivalent states are added. In the resulting matrix
and s; = 3. The generator matribxQ(!) is associated QV, all rows corresponding to equivalent states are equal.
with each submodel in this class 1. The combined state Therefore, for every equivalence class, only one such row
spaceS; of class 1 is given by the set of tuples = is chosen by the selection matrix.
{(0,0),(0,1),(0,2),(1,0),(1,1),(1,2),(2,0),(2,1),(2,2)}. This reduction technique works also in the presence of
This set is partitioned in the following way: submodel synchronization. Returning to the example of

Q=UQV = U(Q“) & Q“?’) v



Fig. 4, the matrices describing the behaviour of the reduced Therefore the entries af(*) are computed as
model of SM; andSM- can be computed as ) )
Q ((Ola"'aOH,)a(tla"'atn,))

A(12) =l (1) P (2) 174 " | )

C?l (Ql Ql ) = Z H Q(Z)(O]', mj)

Qgiz) =U (Qg;lc) v Qgi)) 1% (m17"'7mnl):Pl(tly~~~,tnl) j=1

)12 = D &2

Qeun = U(Qek” ® Qek”)v’ kedl2) where P;(t1,...,t,,) denotes a permutation of
The reduced overall generator matrix is then given by (t1,- ,tn,). The foIIow‘mg is a description of the

algorithm in pseudo-code:
Q=" Q"+ ) row=1
2 (0) A(12) ) A(12) (2) (01',...,07“) = (1,...,1)
El;:l (Qek ® Qekd - Qekn ® Qm;n) (3) while ((01, ey OH,) ;é (52»’ R 52))

4) {col =1
(5) (t1,...,tn,) = (1,...,1)

In general, the structure of matricEsandV depends only  (6) while ((t1,...,tn,) # (5is...,5:))
ons; andn;. Their dimensions ar€? x s!'* ands'* x C' ) {QW(row, col)
whereChi = (”’::5_'1‘1). Lumping equivalent states in = > T Q¥ (0;, m;)
the combined stochastic process of classduces the state o (muma )= Pt ) IS
space of this process frosf* to (n,:-s_,1—1)_ (8) increment_ordered (¢4, ..., t,,))
: 9) col++

5. The Fast Symmetric Lumping Algorithm (10) }

y ping A'g (11) increment_ordered (o1, ..., 0n,))
In this Section we discuss the problem of building the redu- (12) row++
ced model efficiently in practice. We present an algorithm (13) }

for computing the matrices describing the reduced Markov for the complexity analysis of this algorithm we use
chain of submodel class The complexity of the scheme  the following scheme, which indicates the number of

will be analyzed and compared to the complexity of the computation steps needed for the respective line.
algorithm to compute the non-reduced tensor descriptor.

The following is a new algorithm to compute matrices (1) 1
of the type Q) = UQWV = U(@ QW |V on % :ZZ” *
j=1 Sy
the fly”, i.e. directly from the submodel matrig)(’) ) a
without explicitly computing the tensor product inside the () * ”in .
parentheses. Matricés andV do not appear explicitly in ®) O S
the algorithm. The idea is to compute only those rows of () {ni x5 /O3
Q' which will be selected by the left-multiplication with
the selector matrix/. Within each row, the projection (8) oy
of all symmetric states onto each other (usually achieved E%) +} 1
by the right-multiplication with the projection matrik’)
is carried out immediately. In order to be able to do (1) :ZZ

this, for each matrix entry the algorithm keeps track of (12)
the state description of the originator stdta, ..., o0,,) (13) }

and of the target statét;,...,t,,). Incrementing the  Altogether,

state description is done in a special way by the function ni ni i oM
increment_oprdered(), which follgws the ngig’ographical Loy + O (24 2+ € (12+ it nzsé /C:))
ordering but skips those statés;,...,o,,) where the — =1+n;4+2C0 +2n;C7 +(CF) "4 (CFF) 40 O s
conditiono; < ... < oy, is violated. Elements of)(")

. steps are required. Here we have used the information, that
are given by

onthe average;'' /C}'+ permutations have to be considered

o ni for a given target statéts,...,t,,).
QV((01, ., 0n,), (11, -, tn,)) = [T @05, 1)) The non-reduced generator mat(i¥*) can be computed
j=1 by an algorithm which has similar structure but uses the
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Figure 7: Gain of the Reduction for Various Parameter Sets
ordinary incrementation function and on line (7) employs
the expression foIQW((oy,... tn,), (t1, ... tn,)). Its
number of computation steps is given by
T4+n; 4+ 8792+ 2n; + s (1 + ny + ny))

2 2
=14 n; + 2]+ 2n87 + 5?"’ + 08" 4 ngs

The analysis of complexity shows that the computation of
Q" “on the fly” is already cheaper than the computation
of QU). This is a very important result. It states that one
does not have to pay anything in order to benefit from the
reduction of the state space for the subsequent analysis of
the Markov chain.

6. Conclusion

The state space reduction achieved by the lumping of
equivalent states can be massive! The reduction of the
combined state space of similar submodels implies the
reduction of the overall model's state space by the same
factor. In this way, the overall model benefits fully from

the reduction within its classes. Since the sum of the
steady-state probabilities of equivalent states is equal to
the steady-state probability of the representative state in
the reduced model, the technique provides exact results.

The technique presented in this paper makes it possible to
carry out model experiments before making final imple-
mentation decisions for parallel programs with replicated
processes. Modelling helps to avoid expensive program-
ming effort leading to unsuccessful solutions. Even if a

Comparing the dominant terms of both complexities, it model would be intractable using conventional techniques,
can be observed that the construction of the reducedits evaluation can be made feasible by the state space

generator is cheaper than the construction of the non-

reduced generator by at least a factorspf/C7:.

This gain is actually what would be expected. For the
computation of one row of the reduced mat€k), every
entry of matrix Q*) has to be considered (through the
permutations), so within a row we do not expect a gain. But
since onlyC}.i rows instead of;'* have to be computed,
we expected the above gain. For the illustration of the gain
for various parameter sets andn; we refer to Fig. 7.

The algorithm to compute&)(’) = U @ QW |V has
i=1

the same form, only the expression on line (7) has to be
substituted by

Q(i)(row, col) =

> (

(ml,...,mnl):P,(tl,...,tnl)

EQ(”(%my)l(Vk 7t op =my))
j=1

The functionl() used here evaluates to eitHeor 0, depen-
ding on the condition given in the parentheses. Complexity
results for this case are the same as above.

Further optimizations are possible if the sparsity of the
matrices is taken into account. In particular, the product
on line (7) of the algorithm equals zero if one of the entries
QY (0;,m;) is zero.

reduction technique we have described.
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