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Abstract

This paper deals with a linear quadratic optimal control problem with elliptic PDE
constraints in three-dimensional domains with singularities. It is proved that the
optimal control can be calculated by the finite element method at a rate of O(h?)
provided that the mesh is sufficiently graded. The approximation of this control
is computed from a piecewise constant approximation followed by a postprocess-
ing step. Although the results are similar to the two-dimensional case, the proofs
changed significantly.
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1 Introduction

This paper deals with the numerical solution of the following control-constrained optimal
control problem. Let 2 C R? be a domain with boundary 92, U = L>*(Q) and [a,b] C R.
Denote by Uy = {u € U : a < u(x) < b a.e. in Q} the set of admissible controls. Let
ya € L>®(€2) be the desired state. We consider the optimal control problem

J(@) = min J(u) (1)
J ._1 Su — 2 v 2 2
(w):=SlISu = yallz20) + S llullz2e) (2)

where the operator S associates the state y = Su to the control u as the weak solution of
Ly=u inQ, y=0 onl =090. (3)

The control fulfils pointwise contraints as defined in U,q and the positive real number v
is a fixed regularization parameter.
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We will investigate the second order elliptic differential operator
Ly =V - (AVy) +a-Vy+ apy (4)

with smooth coefficient functions A(z) € R**3) a(z) € R? and ao(z) € R that satisfy the
ellipticity condition

Imy > 0: mlé]* < €M AL Vo e QVEeR?

and the usual condition
ag—%v-azo Vr € Q

ensuring coercivity. Additionally we require A to be symmetric.

The numerical solution of the optimal control problem (1)—(3) is currently typically based
on a linear or bilinear discretization of the state variable leading to the discrete solution
operator Sy,. For later use we define

1 v
Tl = 315w~ yallEacoy + 5 0l (5)

In the first paper on the discretization, [14], the optimal control u is approximated by a
piecewise constant function u, € U, ,?d := Uy N U,q, and this discretization is still in use,
see, e.g., [10]. The discretized optimal control u, = arg min,, cyyad Jp(up) can be computed
from the system

ap = gy (_%Rhﬁh) . Ph=50(Un — ua), Yn = Spln, (6)

with the operator IIj,; projecting into the space U,q of admissible controls and with
an operator Rj, that maps continuous functions into the space U, of piecewise constant
functions. The method is said to approximate the optimal control with order « in the
discretization parameter h if

| — tpr2(q) < ch?,
and it is proved in [21] that the convergence order is o = 1 if the solution is sufficiently

smooth. If the control is approximated by piecewise linear functions this convergence
order rises to a = %, [7,9,11,24-26].

Another approach is, not to discretize the control at all, i. e., the approximate optimal
control is @, = arg min,ey,, J5(u) and can be computed from the system

up = gy <_%ﬁh> . Ph=50(Un — ua), Yn = Spln. (7)

Hinze proved in [17] that the discretization error of the control is bounded by finite element
errors,

12 = @l z2@) < 105" = Sp)yall o) + (57 = S5.50) |2y, (8)
yielding the approximation order o = 2 when the approximations of the state and adjoint

state are computed by piecewise linear functions and if the state and adjoint state are
sufficiently smooth.

Meyer and Rosch were able to show in [23] that the approximation order o = 2 can also
be achieved with the classical method (6) and piecewise constant approximation uy, of the



control. They proved the supercloseness result
HR}LE — l_LhHL2(Q) < ch? (9)

and the error estimate
@ — |2y < ch® (10)

where the final approximation uy, is constructed by introducing the postprocessing step
up = gy (—%ﬁh) (11)

that projects the final adjoint state into the set of admissible controls. The original paper
23] treats the case of convex domains 2 C R? under an assumption on the boundary
of the active set. Apel, Rosch and Winkler generalized this result for non-convex plane
domains in [5]. The article of Rosch and Vexler [27] gives the same result for the Stokes
equation in  C R? under the assumption of full regularity, § € W22(Q2) N WH>=(Q).

In this paper we investigate the three-simensional case in the presence of corner and edge
singularities and show for both methods that o = 2 can be retained although the state and
adjoint state do not have full regularity. The paper does neither target on a comparison
of the two approaches nor on new concepts for the numerical solution of optimal control
problems.

The key to the proofs is the understanding of the influence of singularities caused by
the domain. Regularity results for solutions of elliptic partial differential equations in
non-convex domains are given by many authors in the last 40 years. We cite here the
monographs by Dauge [13], Grisvard [16], Kufner and Séndig [20], Kozlov, Maz’ya and
Rofimann [19]. In Section 2 we recall regularity results for the state equation and some
important results of the theory of optimal control.

The reduced regularity of the solution leads to a lower convergence order if standard
methods on quasi-uniform meshes are used. The construction of adapted shape regular
meshes and proofs of finite element approximation results for these meshes were studied
in the context of boundary value problems in [2,6]. Section 3 starts with the description
of such a discretization. Estimates of the finite element error Su — Spu are given in the
H'(Q)- and L?*(Q2)-norms. The former is cited, the latter is derived here since the proof
has apparently not been published elsewhere. On the basis of this result, the second order
convergence of the approach (7) can then be concluded directly from (8).

We focus in the sequel on the postprocessing approach (6), (11). The proof of the super-
closeness and superconvergence results (9) and (10) for this method is more involved and
fills Sections 4 and 5 of this paper. It is again based on an assumption on the boundary of
the active set, here assumption (37), see page 10. The main parts of the proof are similar
to the derivation in [5,23,27] but they have to be adapted to new prerequisites and show a
considerable amount of new technical details. The numerical results in Section 6 confirm
the expected convergence rates. A final summary is given in Section 7.



2 Regularity

In this section we will recall definitions and regularity results from [29] for the solution of
the elliptic boundary value problem

Ly=f inQ, y=0 onl =09Q, (12)
in domains with conical points and edges.

We assume that the set Q C R® is a bounded polyhedral domain with 2-dimensional
boundary 0f2, 1-dimensional non-intersecting edges M; C 0f2, and corners O;. The set
M =U; M, divides 99 into smooth disjoint connected components, the faces. The set
M is called set of singular points or set of singularities. For a more general definition we
refer to [13].

The regularity of the solution of partial differential equations on such domains can be
expressed with weighted Sobolev spaces. We define

V;’p(Q) ={veD(Q): ||U||V§”’(Q) < oo},

with k € N, p € (1,00), # € R. By using the standard multi-index notation, the norm is
defined by

1/p
”UHV;,p(Q) = (/Q > pPB=ktlaD| peg P da:)

laf<k

with r = r(x) = dist(M, ). We will make use of the fact that
Cl|7”ﬁ’l}|wk,p(g) S ||U||V;,p(9) S CQ|T”6U|W}c,p(Q). (13)

For proving the desired regularity result, we follow here the outline by Séndig in [29] and
we adopt the notation from [4] and [6]. A different approach for proving regularity results
in polyhedral domains can be found in [1] and the references therein. The spaces K*((Q2)
defined in [1] are the same as is this paper since K#(Q) = V/*%(Q),a € R, p=0,1,2,....

Theorem 2.1 Let Q C R? be a polyhedron in with corners O; and edges M;. The weak
solution y of (12) with right-hand side f € LP(Q2) is contained in V;’p(Q):

HvagvP(Q) < [ fllr ()

with [ > max {2 — Ao — %, 2— X j— %} The values A, ; and A.j can be computed from
a transformed problem near the corner or along the edge, see [18] and [29].

Remark 2.2
(1) Let A\, = min{\,;} and A\ = min{\.;}. The above theorem holds for
B>max{2- X -2 2\ -2l =2-2/p—min{}, + 1 A}
For later use we define

1
A = min{\, +

57 Ae}-



Then Theorem 2.1 holds for 3 >1— X if p=2.

(it) There holds A\, > 0 and . > § for many interesting cases, see [6], including the
Dirichlet problem.

(iii) The embedding V;’p(Q) — C(Q) is valid if 0 < 3 < 2 — 3/p because this condition
allows the embedding Vﬁz’p(Q) o VEPP(Q) — W2 PP(Q) — C(Q), see [28]. Thus

the solution y of (12) is continuous if f € LP(Q) with p > A%’ in particular

1YllL=) < ellfllzz@) < ellfllze=()- (14)
() If p>3 andy € V;’p(Q) for some 3, we have
[y llwre @y < ellryllwer@) < C“yHV;’P(Q)
by the Sobolev embedding theorems and by (13).
Let us introduce the adjoint problem
L'p=y—1yg in, p=0 onTl (15)

and denote by S* the solution operator of this problem, thus p = S*(y — yq). Since we
can also write

p=S"(Su—y4) = Pu
with an affine operator P we call the solution p = Pu the associated adjoint state to wu.
From now, we will avoid to refer to p as the adjoint state, in order to prevent confusion with
the exponent p of the spaces. A consequence of Theorem 2.1 and Remark 2.2(iii) is Pu €

L>(Q) N HH(Q) N Vg’p(Q), if p and 8 are such that § > max {2 — X — %, 2— X — %},
because y — yq € L>*(Q2) holds.

Corollary 2.3 Ifu,yq € L>®(2) and § > max{4/3 — A\., 1 — A\, } then there holds
172V (Pu)| ey < 77 Pullypieay < € (1l gy + 19all ey - (16)
Further, if 3 > 1 — X the estimate
|Pulyzagy < ¢ (llull ooy + 190l 1oy (17)
holds. Finally, Pu € W'?(Q) if p<2/(1—=X.) and p < 3/(1 —\,).

Proof. From 3 > § — A\, we obtain 2/(2 — 8 — \.) > 2/(2 = 5 + Ac — A\.) = 3. From
B > 1— A\, we conclude similarly 3/(2—5—X\,) >3/(2—1+ A, —\,) = 3. Hence we can
choose p with 3 < p < min{2/(2 — 5 — A.), 3/(2 — 8 — \,)} such that all the inequalities
p>3,0>2—A—2/pand f > 2 — )\, — 3/p are satisfied. According to Theorem 2.1
we conclude Pu € V; () with the chosen p and (. Now, we can apply Remark 2.2(iv)
which yields

17 Pl 1,000y < cllPullyzr ) < elly = vall oo

We continue the estimate by applying the Sobolev embedding theorem,

1y = all Loy < elly = YallL=@) < elllyllL=) + lvall L)) (18)

The proof is finished by using (14) and the fact that y is a solution of the state equation (3).



For the proof of (17) we do not need the restriction on p. Estimate (17) follows from
Theorem 2.1 and (18) with p=2and §>1— A\

From the embedding V; () < V% (Q) we conclude Pu € V37 (Q) if 8> 2 — A, —2/p
and > 2 — A\, —3/p. Thus we may choose f =11if p < 2/(1 - A.) and p < 3/(1 — \,)
and obtain Pu € V;?(Q) — W'»(Q). O

In order to formulate the necessary and sufficient first-order optimality condition for the
optimal control problem (1), we define the projection

Mg f(z) := max(a, min(b, f(x))). (19)

Lemma 2.4 The optimal control problem (1) has a unique solution u. The variational
inequality

(P+vi, u—1u)20) >0 forallue Uy (20)
15 necessary and sufficient for the optimality of u. This condition can be expressed equiv-
alently by

@ =iy (-3 (21)
Here, p = Pu denotes the corresponding adjoint state.

The proof can be found for instance in [21], the key statement is that problem (1) is a
convex optimization problem.

Remark 2.5 The unique solution u of the optimal control problem (1) solves the following
system of equations

g=2Su,  p=SW-ya)  w=Tuy(-1p). (22)
3 Discretization and superconvergence results

We consider a family of graded triangulations (7})n~o of €. All meshes are admissible
in Ciarlet’s sense [12], in particular shape-regular (isotropic). With h being the global
mesh parameter, ;1 € (0, 1] being the grading parameter, and r being the distance of a
tetrahedron 7" to M,

rr o= ;2; dist(M, x),

we assume that the element size hy := diam T satisfies

cih't < hp < eohm for rp = 0, (23)

clhré_“ < hp < CQhT/}v_‘u for ro > 0.

It has been proved in [6] that the number of elements of such a triangulation is of order h~3
if > % Based on the above triangulation we define spaces of piecewise polynomials

Uh:{UEUZU|T€P0 VTGTh},
U =U,g N Uy,
Vh:{veC(ﬁ):mTEPl VT € Ty, and v, = 0 on F}.



Now we are able to define the discrete version of the state equation (3). The discretized
state yp, = Spu is the solution of

a(yh, Uh) = (U,Uh)L2(Q) Yo, € V), (24)
where a € H'(Q) x H*(Q2) — R is the bilinear form
a(y,v) = (AVy, VU)L2(Q) + (a- Vy + aoy, U)L2(Q)-

Similarly we define the approximated adjoint state pp, = S;(y —yaq) as the unique solution
of

a(vn,pr) = (Y — Ya,vn)  Vou € Vj. (25)
We further define the affine operator P,u = S;(Spu — y4) that maps a given control u to
the approximate adjoint state p, = Pju.

Finally the discrete optimal control problem is given by

Jh(ﬂh) = min Jh(uh), (26)

'u,hEUzd

1 v
In(un) = 5| Shun — yall 720 + §Huh|@2(9)-

Similar to equations (22) the optimal control u, is the weak solution of the system (6).
The variational inequality

(ﬁh + vup, up — ﬂh)L2(Q) >0 forall up, € U, NUygq (27)

is necessary and sufficient for the optimality of u, because the discrete problem is still a
stricly convex optimization problem.

The next two lemmata collect results from the approximation theory of finite elements
which will be used in later theorems.

Lemma 3.1 Let Su be the solution of the boundary value problem (3) and let Spu be the
solution of (24), then

[Su — Shull g gy < ch®[|ull 2o, (28)
1Su — Spull o) < ChQQHUHm(Q) (29)

holds with o = min % — g, 1} and A = min{\, % + Ao}, € > 0 arbitrarily small. Addi-
tionally, there holds

|5 u — S;ZUHL%Q) < ChQaHuHL?(Q)‘ (30)

Proof. The estimate

| Su — ShU”Hl(Q) < c[|Su — IhSUHHl(Q) = ChaHuHL2(Q) (31)



was proved in [6]. With the Aubin-Nitsche trick we double the order for the L?*({2)-error
estimate: Let w € V' be the solution of

a(v,w) = (Su — Spu,v) YveV
and wy, the corresponding finite element solution. By analogy they satisfy
lw = wh[ 1) < ch™[[Su = Spul| 12(q)-

Consequently,

||Su — Shu||iz(m = a(Su — Spu, w)
=a(Su — Spu, w — wy)
< cl[Su = Spull g1 gy llw — wall 1
< ch®|[ul| 20y h (| Su — Shul| 12q)-

Division by |[Su — Syu| 12, vields the assertion of this lemma. The proof of Inequal-
ity (30) is similar. O

Lemma 3.2 Let p > % The norms of the discrete solution operators Sy and S} are
bounded,

1Skl 2= L) < ¢, 1S5 || 2= L) < ¢,
1Sl 2= r200) < ¢, 1S5l 2)—r2(0) < ¢,
1Sl 2@ —m1 (@) < € 1S3l 2@ —m1 () < €
1Sk Lo (@)= L@) < € 1Sl (@)= L) < ¢,

where ¢ 1s, as always, independent of h.

Proof. We concentrate on the proof of [[Sh|| 2y 1@ < ¢ The boundedness of

1Sl 20— 12() @0d ||kl Lo (0 poo () follows then by the embedding theorem L*(€2) —

L?(2). The boundedness of ||y || ;2 1oy comes from the theory of weak solutions. The
L2(2)—Hy ()

respective estimates for Sy follow by analogy.

From Remark 2.2(i)—(iii) and Sobolev embedding theorems we conclude that
||Sf||L°°(Q) < C“SfHVBQ‘Q(Q) < C||f||L2(Q) (32)

with § > 6 > max{l — A, 5 — A,}. Thus S is a bounded operator from L>(Q) into
L*(Q). In order to show ||Syf]|r=@) < || f|lr2q), we choose T, € Ty, to be the element

with the largest norm,
[Sh 1l L@y = 1Shf | 1o 22

and continue the estimate with

||Shf||Loo(T*) < C|T*|_1||Shf||L1(T*)
< AT (1S 1 gy + 1S = S) Fll e )
<c (18l ey + 170 = S Fll i) (33)



It remains to show
TS = Su) fll iy < ellfllzz- (34)

for isotropic graded meshes with y > 1, since then we get with (33) and (32) the desired
result.

The proof of (34) is carried out by using the Rannacher—Frehse technique, cf. [15]. We
define for e := (S — Sy,) f the regularized Dirac function

s |T.| 'sgn(e) in T,
. 0 elsewhere,

and the corresponding regularized Green function ¢" as well as its discrete approximation
gl as the weak solutions of

a(v,g") = (8", v) Vv ey,
a(vn, gy) = (8", vn) Vo, € Vi,
respectively. According to [8] the three-dimensional Green function satisfies for any fixed

Ty < Q
l9(2)] < e — i |7

from which we can conclude [ g(z)dx < ¢|T,|hz after some calculation. This leads to
the estimate

9" (@) = 16", 9 < |77 [ Jgl do < ehz,

19" | oo () < chr)
With this result we obtain

cllg" i < alg", g") = (8", 9") < lg" L@ 16" |11 < chzl,

—1/2 _
19" = gl ey < 9" gy < chi® < ch ™2

because hy, > ch'/*. We conclude by using the Galerkin orthogonality and (31) that

|T*|_1||e||L1(T*) = (5ha 6) = a<€7gh) = a(e7gh - g}}zl) = &(6 - [heagh - g}}zl)
=a(Sf—InSf,q" — g3)
<c|Sf - ]thHHl(Q) lg" - QZHHl(Q)
< ch®|[fll g2y - b2

with a = min{% —¢, 1}. Since A > 3 and p > 3 we have

a—i:min{i(/\—%)—s, 1—%}20

and Equation (34) is indeed valid. O



Corollary 3.3 Let u,yg € L*(Q2) be arbitrary functions. The discretization error can be
estimated by

| Pu— Pyul|2(q) < ch? (HUHH(Q) + HdeLQ(Q)) : (35)
provided that the mesh grading parameter satisfies p < A = min{\,, % + A}
Proof. For proving (35), we use

Pu — Pyu= S"(Su—y4) — S;(Spu —ya) = (S* = S;)(Su — yq) + S5 (S — Sh)u,

The assertion (35) follows with the approximation error estimate (29) and (30) in the
form

157 — SZHL?(Q)HL?(Q) < ch?, 1S — Sh||L2(Q)—>L2(Q) < ch?,
and the boundedness of S and S; as operators from L?(Q) into L*(Q2). O

The construction of the optimal control u by system (22) yields that we can assume
that the restriction @|r is contained in the space V; (T') for many elements 7" and all
[ satisfying the requirements of Theorem 2.1. However, we have to prove the following
lemmata for all finite elements of the triangulation 7},. Therefore we split the domain {2
in two parts,

K = U T, Ky:= U T, [ from Theorem 2.1. (36)

TET,: agV;*(T) TETy: ueV;?(T)

Clearly, the number of elements in K grows for decreasing h. Nevertheless, the condition

Z h3 < c (37)

TCKl

is fulfilled for isotropic and graded meshes when the boundary of the active set has
finite two-dimensional measure. Note that the condition Y ;g h3 < c¢ is sufficient for
|K1| < ch. Another property of such meshes is that the measure of all elements adjacent
to the set M of singularities is small. Let

K= U T (38)

{TGT;L:T‘TZO}

and let n be the number of finite elements in K, that is either a fixed multiple of the
number of points if dim M = 0 or of the accumulated length of all edges divided by h'/#*
if dim M = 1, then clearly

| K| < enh3/m < ch?/m,

For continuous functions f we define the projection R; into the space U}, by
(Rpf)(z) := f(Sy) ifzeT, (39)

where St denotes the centroid of the element T'. In Section 4 we will prove some properties
of operator R;, which allow us to formulate the following lemma.

10



Lemma 3.4 Condition (37) leads to the estimates

1Sht — SRyt r2(0) < ch?(|al| (o) + yallL=)), (40)
| Prtt — Py Ryt 2(0) < Chz(”“HLOO(Q) + [[yall <)) (41)

The proof is given in Section 4 and is the basis for the following supercloseness result.

Theorem 3. 5 Let ﬂh be the solution of (26) on a family of meshes with grading parameter

p<min{), £+ 2, 42} Assume that Ty, fulfils the condition (37). Then the estimate

[ — Ruil 20y < ch? (|[all (o) + lvall =) (42)
holds true.

The proof is given in Section 5. With this preparatory work we can prove the main result
for the optimal control problem.

Theorem 3.6 Let u, y, p and uy, §n, pn be the solutions of (22) and (6), respectwely,
where the family of meshes is graded with parameter p < min{\, % 3 + 2 55 14 )‘“} and
satisfies condition (37). Let Gy, be the postprocessed control constructed by (11). Then the
estimates

15 = Gl 120y < eh® (1] L@y + lall () (43)

15 = Bull 20y < b (Il =0 + llyall o) (44)

18 — il 2y < eh? (|l Lo + |Yall L=y ) (45)
hold true.

This conclusion is identically to the one in [5]. For the sake of completeness we sketch it
here.

Proof. We have

||?7 - thL?(Q) - HSZ—L - Shﬂh”L?(Q)
< (S = Sh)ll 2y + 15k(@ = Rpw)|| 20y + 1Sk (Rr@ — tn)|l 12(0),(46)
10 = Dull 2y = 15" — ya) = Su(Un — va)ll 120
< NS =S = ya)ll 2y + 155 (T = Un)l L2 () (47)
V1@ = nll 2y = V[ Moy (—28) = Moy (—20)|| oy < 15 = Pl 20y (48)

()

The estimate (43) is obtained from (46) by using Lemma 3.1, Lemma 3.4 and Theorem 3.5
combined with Lemma 3.2 and the embedding L>(Q) — L?*(Q2) where necessary. The
estimate (44) can be concluded from (47), Lemma 3.1 and (43). Finally, estimate (45)
follows from (48) and (44). O

11



4 Properties of operator R,

This section contains lemmata with properties of the operator Rj, defined in (39),
(Rpf)(z) := f(S7) ifzeT.
The point St is the centroid of the element 7.
Lemma 4.1 Let T € T}, and let Ry be the projection defined above. Then there holds
ch%\T\l/ﬂﬂwg,g(T) for [ € W»*(T),

= Buf)da] < 3 chal Tl Sy, for £ € WD),
ATV iy for § € 12(T),

Proof. The first inequality follows from the fact that the integral vanishes for all linear
functions w € P(T). Thus we can apply the Deny-Lions lemma which gives the desired
result after transformation from the reference element.

The proof of the second inequality is similar. Let T be the usual three dimensional unit
simplex. For any w € P%(T) there holds

[ (= Rupyaz =71 [(F = fyaz = |T| [ (F = @) = R(f =) do < e|T||f = ] )
Thus we can apply the Deny—Lions lemma which yields

/T(f — Rpf)dz < c[T| infT) Hf - ?I)HLOO(T) < [T ‘]E‘WLOO(T) < C’T‘hﬂf’WLw(T)- (49)

ePY(
Finally, we conclude from || Ry f|| oy < | £l Lo (7 that
L7 = Bupyde SITINS = Baf ey < 2T ey

This is the third inequality. O

In order to prove more properties of operator Rj, we define the L?-projection operator
Qn : L*(Q) — Uy, on each element T by

Quf|, = ‘;‘/Tf(a:) dz.

Since Quw = w for all w € P%(T) we can apply the Deny-Lions lemma which directly
implies the inequality
If - th||L2(T) < ChT|f|H1(T) (50)

for all f € H'(T). Further we can conclude by the Cauchy—Schwarz inequality that

(f — Qnf, U)L?(T) =(f—Quf,v— QhU)L2(T) < Ch%|f|H1(T)‘U|H1(T) (51)

12



for any f,v € HY(T). One can easily check the identity
1
~ Ruf = o [ (F = Ruf)d 52
th hf ‘Tl T(f hf) z ( )

using that Ry f is a piecewise constant function.
For the next results we consider functions f € W'?(Q) with

1 2
p>3, p=2—— p< , p< ; :
1— A 1—-X,

(53)

The first condition is needed to ensure continuity, the second condition is needed in
Corollary 4.3, and the last two conditions ensure that the solution of (12) is in WP(Q),
see Corollary 2.3. Note that these inequalities do not conflict if x4 < min{3 + 3¢, 2 + 22}

273
which is weaker than condition p < min{\, % + %, % + %} assumed in Theorems 3.5 and
3.6.

Lemma 4.2 The inequality

1Qnf = Rufll 2y < ITIV*7Phr| fliinge
holds for all f € WYP(T) with p > 3.
Proof. We have by using (52)

(Quf — Ry f)* dx = € J— Rnfd¢ 2 de =|T|7"| | f— Rufdé :
T v ||T| Jr T

which leads to

1Quf = Buf oy < V78| [ F = Buf da

Starting from estimate (49) we conclude by using the embedding L>(T) < W'»(T') for
p > 3 that

/T(f — Ruf)de<c|T| infT) If - Wl

€PY(
<c|T]| |f|W1,p(T)
< C’T|171/phT|f’W1,p(T)-

which directly leads to the desired inequality. O

Corollary 4.3 Let the mesh be graded with parameter p. Then

1Qnf — Rhf”L?(Ks) < Ch2|f|W17P(KS)

holds for all f € WYP(K,) withp > 3, p > ﬁ
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Proof. The application of the Holder inequality and Lemma 4.2 yields

1Quf = Buf ey = Do 1QuSf — Rhf“i?(T)

TeKs

<CZhT |f|W1p

TeK,
p=2 2
5-6)_2_ P
c(z Ak ) (Z J—. )
TeK, TeK,

p—2

>C\ Ry - Np ‘f|W1»P(KS)

By simple computation we see that the exponent of hr is 4 — 4/p. Further we get with
1—1/p > pas well as hy < ch/* that h4T74/ P < h < ch* and, consequently, the desired
result. 0O

Corollary 4.4 Let the mesh be graded with parameter . Let K, from (38), K, = Q\ K,
fe ‘/'22_’2%([(7") NWYP(K,). Then the estimate

|Qnrf — Rhf||L2 < ch? <’f|v“ (Ky) |f‘W1,p(KS)>

holds for all p satisfying (53).

Proof. The estimate on K is given by Corollary 4.3. For the estimate on K, we use the
definition of Qj, property (52) and Lemma 4.1,

1QnS = Rufllz2gc, = 2= 1QuS = Buf iy

TCK,
2
= > T [ (f = Raf)da
TCK, T
2
< ST [RBITI2 ey -
TCK’I'

Since hy < chr%_“

further

and the equivalence of 75 **|f wes(ry and |f \V22,22 (ry We conclude
—ap

||th Rhf||L2(K < ch* Z |f|v22 < ch’ |f|v 2 (Kr)

TCK;

Hence, we have shown the proposition. O

Lemma 4.5 Let u be the optimal control of problem (1). Then the estimate

(Quit = Bull, vn) 2y < b [onll gy (181l 0) + 17l o)

holds for all v, € Vj, if p < min{\., + 42, 14 2},

W=
N

14



Proof. To show the inequality we split the domain in three parts where @ has different
regularity: K, = K; \ K, K, = Ko\ K, and K, see equations (36) and (38). We have

/Q vn(Quii — Ryi)dz= 3 /T h <|1£| /T (@ — Ryit) d§> do

TeT)
< 3 onllimry [ (@ = Ruw)de
TeT)

where we used that Qnu — Rju is a constant on each T. Next we apply Lemma 4.1 on
each subdomain to the integral. This yields

L on(Quit = B da < 3 owll oy b T1 2l

TCK2,T

+ Z H/UhHL‘X’(T)ChT’T‘ ‘aywl,oo(T)
TCKLT

£ 5 Il eyl Tl
TCK;

Using equations (23) and the Cauchy—Schwarz inequality on the first sum as well as
the estimates hy|T| < chd < chh*r5 * and 7"%72“|71|W1,00(T) < ||r?* 72V || poo () On the
second sum, we finally get

/th(Qhﬂ — Ryu) dz < ||vp| poe 0 <Chz|K2,r|l/2 @22 (k.

2

Vil 5 W+ K il

TCKi,r

Next we use that K, C € is bounded, that the mesh fulfils condition (37) and that u <1
implies |K,| < ch?* < ch?,

/ Uh(Qhﬂ - Rhﬂ> dz

Q

< B|[vnll o o <|E‘V22’€H(Kz,r) + 7272V oo, + HEHLN(KS))
Since @ is the optimal control of (1) it solves system (22). We can substitute u by —%p
in the above norms, because u is either constant or equal to —%p. Finally we extend the
domains of the norms and apply Theorem 2.1 and Corollary 2.3 with = 2 — 2u. Note

that =2 — 2p > max{3 — A., 1 — A,} is equivalent to 4 < min{§ + 3¢, 1 + 2}. Thus
we get

_ _ 1, _ L _
/th(QhU — Ryu) deChQHUhHLOO(Q) <y|p’V22422u(Q) + ;HTQ Q“VpHLoo(Q) + ||u||Loo(Q)>
&
<7h2 %) U %) %)
< 2 lonll gy (1l 2oy + 1l o)

which had to be proven. 0O
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With the help of the L2-projection we are able to prove Lemma 3.4.

Proof. [Lemma 3.4] We start with

1Sht — SpRytil|72(q) = (Suli — SpRyli, Syt — SpRut) 12y

=a(Spu — Sy Ry, Pyu — Py Ryu)

= (@ — Rpu, Pyu — PyRut) 120

= (@ — Qnt, Pyt — PyRyT) 12(0) + (Qntt — Ry, Pyt — Py Ryti) 120 (54)

By definition of P, the functions P,u and P,Rju are the solutions of the discretized
adjoint equation (25), that means

Phﬂ — Pthﬂ = S;;(Shﬂ — yd) — SZ(Sth’l_L — yd) = SZ(Sh’l_L - Sthl_L). (55)
Next we apply estimate (51) to the first term of (54),
> (@ — Qua, Pt — PuRyu) 2y < ¢ Y hip|al s | Pt — Pu Ryt g oy
TGT}L TeTh

< Ch2’ﬂ‘H1(9)|Phﬂ - PthalHl(Q)

because h2 < ch?. Since S} is a bounded operator from L?(€2) into H'(2), see Lemma 3.2,
we achieve with (55)

(ﬂ — Qhﬂ, Pyu — Pthﬁ,)LQ(Q) < Ch2|ﬂ|H1(Q) ||Shﬂ — SthﬂHLQ(Q) (56)

We continue with the second term of (54). We apply Lemma 4.5, Equation (55) and again
Lemma 3.2 and get

(Qntt — Ryti, Pyt — Py Ryt) 2o < ch? (HEHLOO(Q) + ||?Jd||Loo(Q)) [Pt — Po Ryt oo o
<ch? <||ﬁ||Loo(Q) + ||yd||L°°(Q)) [Sht — SpRul| 2o

This estimate gives together with (56) and after division by ||Spu — Sthﬂ||L2(Q) the
desired result (40).

Inequality (41) follows from (40) by using (55) and the fact that Sy is bounded. O

5 Proof of supercloseness of 4, and R,u

We start by citing a lemma from [5].
Lemma 5.1 The inequality
V| Rt — tin 1720y < (RiD — P, U — Rui) 12y (57)

18 valid.
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For the sake of completeness we sketch the proof here.

Proof. The optimality condition (20) is true for all u € U,q. Therefore, we have pointwise
a.e.

(p(z) + vu(z)) - (u(z) —u(x)) >0 Vu € Uyq.
Consider any finite element 7" with center of gravity Sr, apply this formula for x = Sr
and v = uy, integrate over T and accumulate over all T'. We arrive at

(Rhﬁ + vRyu, up, — Rhﬂ)L2(Q) > 0.

Moreover, we can test the optimality condition (27) for 4, with the function R,u and get
(P + vy, Ryt — Up)r2(0) > 0.

We add these two inequalities and obtain an inequality which is equivalent to the for-
mula (57). O

Finally we can use this to prove Theorem 3.5.

Proof. [Theorem 3.5] From Lemma 5.1 we get

v||Ryu — ﬂhHiz(Q) < (Rwp — Pn, Up, — Rha)LQ(Q)
= (Rhﬁ — ]5, Up, — Rhﬂ)LQ(Q) + (ﬁ - Pthﬂ, up — Rh/a)LQ(Q)
+ (PuRpt — Pp, Un — Byt 2 (58)

Next we estimate each of the three terms. To the first we apply Corollary 4.4 and Corol-
lary 2.3,

(th - ﬁ? Up — Rha)LZ(Q) = (Rhﬁ - tha Up — Rhﬂ)LQ(Q) + (th} - pa Up — Rha)LQ(Q)
(Brp — QnD, Un — Rat) 12(q)
[ Bhp — QuDll 2 0 — Batil| r2q)

IN

IN

ch? (’ﬂV;’QM(KT) + |13|W1,p(KS)> Hah - Rhﬁ”p(ﬂ)

IN

eh? (11 e 0y + 1Wall e 0 ) 10 — Bl 2 g (59)

The second term can be estimated with the Cauchy—Schwarz inequality

(0 — BuRyti, U — Rpti) o) < [P — Py Ryl 20|t — Bt 120

and by using Corollary 3.3 and Lemma 3.4,

[Pt — PyRptl| o0y < [P — Pyt 12q) + [[Phtt — PaRptl| o)
< e ([ oy + 19all ) - (60)
The third term is at most zero because p, = Pyu, and Pyu = S;(Spu — y4), and can

simply be omitted,
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(Pthﬂ — Dp, Up — Rha)LQ(Q) = (Pthﬁ — Pyuy, up — Rhﬂ)LQ(Q)

= (Su(Bati — @), Sp(in — R)) , o < 0. (61)
Thus, (58)—(61) yield
V|| Rutt — n 720y < ch® (10l] oy + [19all ooy ) IRRT = il 20

which finishes the proof. O

6 Numerical Results

Consider the optimal control problem that minimizes the functional (2) where u € Uy
and where the state y = Su is the weak solution of the boundary value problem

—Ay+y=u+f inQ, y=0onodN.
The domain 2 can be described in cylindrical coordinates by
Q={(r,p,2):0<r<1,0<p<3r 0<z<1}.

We choose
Usa = {u € U : —0.025 < u(x) <10 in Q}.

With A = A\, =2/3 and o = 5/2 we choose f and y, such that

y(r, ¢, 2) = 2(1 — 2)(r* — r*) sin Ay,
p(r, @, 2) = vz(1 — 2)(r* — r®)sin Ay,

a(r, g, z) = H[a@( — %f})

The result of an example computation is given in Figure 1. The three solid lines show the
L?norms of 4y, — Rptt, @ — ty and @ — 4y, marked with O, + and m, respectively. The
dotted lines show the slope of O(h) = n~'/% and O(h?) = n=2/3. The dashed lines show
the L*-norm of the three errors and are given only for reference. We see clearly that
@ — tp| 2 = O(h) and [[un — Rptl| 12y = O(h?). The error of ||u — Up|| 2y 1s much
smaller than ||t — U || 2.y but not on such an ideal line as the other two.

7 Conclusions

The important results of this paper include Theorem 3.5,

lan — Rul] 2y < ch? (1|l gy + [1¥all ooy ) -

and Theorem 3.6,
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Fig. 1. Errors of the optimal control, A = %, pw=006,a=25 v=0.01

15 = Gl 2y < (1ll gy + 1Wall o) -
15 = Bull g2y < b (1ll ey + 10all ey ) -

17 = in| 2y < ch? (Nl ooy + Nl o )

for appropriatly graded meshes. Although the convergence rate is the same as in the
two dimensional case presented in [5], the proofs became technically more difficult. In
particular, we need the stronger refinement condition p < % + % additionally to the
condition known from the boundary value problem, ;o < A.. One consequence is that
mesh refinement is necessary for all A\, < 4/3. The reason is that only for A\, > 4/3
a solution § € W1°°(Q) is obtained from embedding theorems. For A\, < 4/3 we have
y € W?P(Q) with p < 52 < 3 only, whereas W?P(Q) — W">(Q) holds for p > 3. That
corresponds to [27]. The arguments apply for corner singularities analogously, yielding

the condition p < % + %

The main challenges in the proofs were first the proof of [[Shf| ey < €/l fll 12y (Lem-
ma 3.2) where the rough estimates in [5] had to be replaced by a much more careful
derivation. Second, the properties of the operator R, presented in Section 4 needed a
completely different approach. Here, the authors especially thank Arnd Rosch and Mar-
iano Mateos for valuable discussions and preliminary copies of their yet unpublished
article [22].

The implementation was mostly straightforward. There were only two issues that had to
be taken care of. First, the construction of conforming isotropic graded tetrahedral meshes
is theoretically simple, but non-trivial to implement. We use the algorithm described in [3].
Second, in order to compute the norm of the error [|& — || 2oy one has to numerically
integrate non-differentiable functions with high accuracy. The integrator has to identify
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all tetrahedra where u or w;, kink, split them temporarily and approximate the integrals on
all parts. However, this procedure is only necessary to compute the error norms presented
in Figure 1. It does not belong to the solution strategy investigated here.
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