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L>-error estimates on graded meshes with
application to optimal control

Thomas Apel*  Arnd Résch! Dieter Sirch?

Abstract An L%-error estimate of the finite element approximation of an elliptic
boundary value problem with Dirichlet boundary conditions in domains with corners is
given. To achieve an approximation rate of h?|Inh| the mesh has to be appropriately
graded near corners with an interior angle larger than wp, with wg = 5 for the Poisson
problem. In contrast to previous publications the norm of the function, that has to be
approximated, is separated from the constants in this estimate.

This result is applied to a linear-quadratic optimal control problem with constraints
on the control. Two approaches are considered, one where the control is approximated
by piecewise constant functions and improved by a post-processing step, the other where
the control is not discretized. For both approaches a convergence rate of h?|Inh| in the
maximum norm is shown.

Key Words Linear-quadratic optimal control problems, control constraints, corner
singularities, finite element method, error estimates, superconvergence.

AMS subject classification 49M25, 65N30

1 Introduction

Many results concerning L°°-estimates of the finite element error of linear elliptic bound-
ary value problems were published in the 1970’s (see e.g. [5, 14, 20, 21, 23]). Such an
estimate is a main ingredient of an L*-error estimate for a finite element discretization
of an optimal control problem. But all of the results have in common that they are not
suitable for our setting due to a restriction on quasi-uniform meshes, strong regularity
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assumption on the solution or the domain or missing exact regularity assumptions on
the right-hand side. Therefore we need to extend these results.

Let us first introduce the optimal control problem. We consider

J(u) = min J 1.1
(@) = min J(u), (1.1)
J(u) := F(Su,u), (1.2)

1 v
F(.u) = Ly~ valliagey + 2 el (1.3)

where the associated state y = Swu to the control u is the weak solution of the state
equation
Ly=wu inQ, y=0 onI =09Q. (1.4)

The operator L is defined as
Ly := -V - A(x)Vy + b(z) - Vy + c(z)y (1.5)

where A € C°°(Q,R?*2), b € C°°(Q,R?) and ¢ € C*°(Q). Further the coefficients are
assumed to satisfy the conditions

mol€|?> < ETA(x)e V(& 2) €eR*x Q, mp >0

and

1
c(x)—iv'b(x)zo Vo € Q
ensuring ellipticity and coercivity, respectively. The control variable is constrained by
Ug < u(z) < uy for a.a. x € Q. (1.6)

In this setting yg € C%(Q) with o € (0, 1] is the desired state, u, and wu; are real num-
bers, and the regularization parameter v > 0 is a fixed positive number. Furthermore,
Q) C R? is a bounded polygonal domain and the set of admissible controls is

Uad :={u € L*(Q) 1 ug <u <y ae. in QF.
We further introduce the adjoint problem
L'p=y—y; in, p=0 onTl

where

L*p:= -V - A(x)Vp — b(x) - Vp + ¢(x)p.
We denote by S* the solution operator of this problem, that means we have
p =5y —ya)

Since one can also write
p=S5"(Su—yq) = Pu



with an affine operator P the solution p = Pu is called the associated adjoint state to u.

We discretize the optimal control problem by a finite element method. The state y
and the adjoint state p are approximated by piecewise linear functions. For discretizing
the control mainly two different approaches exist. One method is to use a piecewise
constant approximation for the control with an additional post-processing step. Meyer
and Rosch originally used this in [12]. They derived optimal L?-error estimates on
quasi-uniform meshes in convex domains. They also proved the suboptimal convergence
rate 1 for the error in the L*>°-norm. This is the same result they got in [13] for a
piecewise linear approximation. Apel, Résch and Winkler gave in [1] an L?-estimate
for problems in non-convex domains, where they used the postprocessing technique on
appropriately graded meshes. The other discretization concept was introduced by Hinze
in [6]. In this approach of variational discretization the space of admissible controls
is not discretized. Instead, the first order optimality condition and the discretization
of the state and the adjoint state are used to derive the approximate control. An L?-
error estimate was shown on convex domains with quasi-uniform meshes. Further, the
L*-error was estimated subject to the finite element error.

In this paper here, we will prove that for problem (1.1)—(1.6) the approximation error
in the L>°-Norm behaves in both approaches like O(h?|Inh|). Notice, that this optimal
estimate is new for the discrete approach even in the case of convex domains.

Let us mention, that independent of the choice of the discretization the finite element
error in the state and the adjoint state plays an important role in the error analysis of
the optimal control problem. Therefore we recall some results concerning pointwise error
estimates for elliptic boundary value problems from the literature. Scott proved in [23]
a convergence rate of h?|Inh| for L = —A + 1 and Neumann boundary conditions. This
result is valid if y € W2°(Q) and if the mesh is quasi-uniform. Frehse and Rannacher
considered in [5] the Dirichlet problem for the operator L = —V - AV in domains €2
with 9Q € C*“ and for a discretization with quasi-uniform meshes. For y € W2>(Q)
they got the convergence rate h?|Inhl, for a right-hand side f € L® they proved the
approximation order h%|In h|?. Since we consider a domain with corners, the boundary
is not in C%® and the state y is in general not in W2°°(£2). So these results are not
applicable. In [20] Schatz and Wahlbin derived pointwise estimates for the Poisson
equation in domains with corners. In [21] they specified a refinement rule for the mesh
in order to get the estimate

ly — ynllpe () < ch®™,

where vy is the finite element solution using piecewise linear ansatz functions. The
drawback of this result is the fact, that the error constant is not separated from a
norm of the right-hand side of the boundary value problem. Especially it is not clear,
what regularity has to be assumed for the right-hand side, since Schatz and Wahlbin
only demand a “smooth” right-hand side. We would like to emphasize that in our case
the right-hand side is the unknown control and therefore one cannot assume arbitrary
smoothness. To circumvent this problem, we extend these results and show that the



weak solution of
Ly=f inQ, y=0 onI =09,

for f € C%7(Q), o € (0,1] fulfills the inequality

ly = ynll oo (0) < ch?| k] fllco@)- (1.7)

provided the mesh is appropriately graded. Notice, that the mesh grading is necessary
for angles larger than a critical angle wy < 7. For the Laplace operator one has wy = 7.
For mixed boundary conditions, that we have not considered here, wg is even smaller
than 5. In order to extend the results of this paper to the case of mixed boundary
conditions, one needs a regularity result analogous to Theorem 2.2. Further one has to
ensure, that local estimates of the H'-error given in Lemma 2.12 hold.

The outline of the paper is as follows. In Section 2 we start with giving some results
concerning the regularity of the state equation. However, the main part of this section
is the proof of the error estimate (1.7). In Section 3 we apply this result to the opti-
mal control problem (1.1)—(1.6) and show that the approximation error in the control
behaves for both discretization concepts mentioned above like O(h?|1In h|). The paper is
completed by numerical examples in Section 4.

2 The state equation

In this section, we derive an L*°-error estimate for the finite element discretization of
the state equation

Ly=f in, y=0 on 0N. (2.1)

with right-hand side f € C%?(Q). First, we give some regularity results.

2.1 Regularity

It is well known, that the regularity of the solution of (2.1) is in general limited due
to the corners of the domain 2. Since this behavior is of local nature, we reduce our
considerations for simplicity to one corner with interior angle w > wq located at the
origin. The critical angle wy is introduced below. We denote by

2 2
ri=\/2] + x5

the distance to this corner. In order to describe the regularity of y we define for k& € Ny
and § € R the weighted Sobolev spaces

k, — .
Vit () = {v eD(Q) : Hv”vg,p(m < oo}



where
1/p

lollpsoy = | 32 [ 12 HHelDeop
jal<k ¢

for p < oo and
—k
||UHV;,OC(Q) 1= eSS SUD|q|<k, 20 |rP Jr‘O‘lDO‘v(:E)L

Notice, that the regularity of the solution y of the boundary value problem (2.1) is
characterized by one particular eigenvalue A > % of an operator pencil, which is the
result of an integral transformation, see [18]. For the Laplace operator the eigenvalue A
is explicitly known, A = T. For the more general operator L defined in (1.5) one can
compute A\ by a linear coordinate transformation. We denote by wy the angle for which
A = 2. This means that A < 2 for w > wp. For the Laplace operator one has wy = 7.

For more details we refer to [15, Chap. 5].

Lemma 2.1. The embeddings

VIHQ) = V2A(Q)  for B <, (2.2)
V2R(Q) = L®(Q)  fory <2 (2.3)

hold.

Proof. Since < v the embedding (2.2) follows directly from the definition of the spaces.
For u € Vf’oo(Q) one has 72y € L*(Q). From the fact that v < 2 one obtains
u € L*>°(Q) what proves (2.3). O

Theorem 2.2. Let v > 2— X >0 and o € (0,1). Then the weak solution u of (2.1)
belongs to the space VWQ’OO(Q), and the inequality

1yl 2 () < cllfllcoe @y

1s valid.

Proof. In [10], the weighted Holder spaces N é’a(Q) are introduced with the norm

- [(r’D?y) (z) — (r’ D*y)(a")]
|yl vio oy = SUD pB=1 ”+‘°‘||Do‘y\+ sup )
N een a|2<z mZ::z w'€Q [z =l

In Section 8.7.1 of [10] it is shown, that for —\ <[+ o — 3 < X the regularity result
Hy”Né”(Q) < CHfHN,lB*Z"’(Q)

for the weak solution y of (2.1) holds. This means that in the case of [ = 2 one can
conclude fory:=03 -0 >2— A

PI=2tlel poy| < CHfHNng( Va: |al < 2.

Q)



and therefore

||y||V$v°°(Q) < chHNg’”(Q)‘

According to [11, §5] the Né’U(Q)—norm is equivalent to

f—l—0o
sup +supr(x y(x)|.
S |z — 2|7 2€Q (@) v()l
2|z—a'|<min{|z|,|=’|}

If one sets [ = 0 this implies withy = 8 — o > 0 the embedding C%°(Q) — NE’U(Q) and

the assertion is shown. O

2.2 Finite element error estimates

We will now discretize the boundary value problem (2.1). To this aim we introduce a
family of graded triangulations (T}, ),>0 of Q. With a global mesh parameter h, a grading
parameter p € (0,1] and the distance 7 of a triangle T to the corner,

rpi= inf /2% + 23,
€T

(z1,32)

we assume that the element size hp := diamT satisfies

c1h" < hp < cohMH forrpr =0
cthr'™ < hp < cohr!™H for r¢ > 0. (2.4)

Notice, that the number of elements of such a triangulation is of order h=2, see e.g. [2].
Finally, set V} as the space of all piecewise linear and globally continuous functions in €2,

Vi = {vn € C(Q) : vp|r € Py for all T € Tj, and vy, = 0 on ON}.
The variational solution of (2.1) is given by the unique element y = Sf € V that satisfies
a(y,v) = (f,0)r2) Y€V = Hg(Q)

where a : H'(Q) x H'(Q) — R is the bilinear form defined by
a(y,v) := / AVy-Vov+b-Vyv + cyv. (2.5)
Q

The finite element solution y, = Sy f is given by the unique element of V}, that satisfies

a(yn,vn) = (f,von)r2@  Yon € Vi (2.6)

We recall the well-known result for the finite element error in the L?-norm (see [3], [16],
[17]).



Theorem 2.3. Let y and yp, be the solution of (2.5) and (2.6), respectively. On a mesh
of type (2.4) with grading parameter p < X\ the estimate

1y = ynllz2) + Plly = ynllgr @) < Ch2|y|vﬁl2(9) < ch®|| fllr2 @) (2.7)

is valid for B > 1 — A.

The main result of this section is given in the following theorem.

Theorem 2.4. Let y be the solution of the boundary value problem (2.1) with a right-
hand side f € C%°(Q) . The finite element error can be estimated by

ly = ynllLoo(o) < ch?[Inhl]| fllcoo (o (2.8)
on finite element meshes with grading parameter u < \/2.

Remark 2.5. In order to achieve the L™ -error estimate (2.8) a stronger mesh grading
is mecessary than in case of the L%-error (comp. Theorem 2.3). A mesh is graded if
w < 1. This means that the condition p < % yields a graded mesh not only in the case
of a reentrant corner but also for corners with interior angle w > wy.

The remainder of this section concerns the proof of Theorem 2.4. During the error
analysis we split €2 in different subsets. Therefore we write

I
a=J9
j=0

where Q7 = {z: |2| <dr}, Q = {z:djq1 <|z|<dj} forj =1,...,] —1 and Qp =
O\ UJI»ZI Q; (see also Fig. 1). We set the radii d; to dj =277 (j =1,...,I). The largest
index [ is chosen such that

dr = c[hl/“, (2.9)

what means I ~ log % For an appropriate choice of ¢; we refer to Lemma 2.7. Further,
we introduce the extended domains

Q' Qj—l U Qj U Qj+1.

j =
with the obvious modification for j = 0 and j = I and the subdomain meshsizes
h; = hr.

Lemma 2.6. For the mesh introduced in (2.4) one has in Q; a family of quasi-uniform
meshes with local mesh parameter

cihMt < by < Cgc}ﬂlhl/” (2.10)
2 Lethd M < hj < cohd* j=0...1-1. (2.11)

with constants c1 and cy from (2.4) and cr from (2.9).



Figure 1:  is splitted in subsets €;

Proof. For an element 7' C 7 one has 0 < rp < d; and therefore according to (2.4)
the inequality ¢;h'/# < hy < cphd; ™ is valid. With (2.9) this yields (2.10). For
T C y (j #1I) one has dj;1 < rp < dj and therefore clhd;_;f < hr < czhd;f“. Since
dj11 = 3d; assertion (2.11) follows. O

Lemma 2.7. For every fized co < 1 the constant ¢y in (2.9) can be chosen, such that
-1
hjdj < Co

for every j=0,...,1.
1/w
Proof. 1t follows for ¢; > (%)

1_
cac; Fpl/u

1
hid;” < crht/m

= coc, M < cp,

and for j =0,..., 1 —1
hjd;t < eohd; ;! = cohd < exhd;* = coh(crh' /M) = epet < o,
what proves the assertion. O

In the following we always have to distinguish between the domains near the corner
and the domains away from the corner. In Lemma 2.10 we prove an estimate for the
local error ||y — thLOO(QJ) subject to the L?— and H'-error in the extended domain ).
The results in Lemma 2.12 show, that this H!-error can be estimated with respect to
the L%-error in ;. Finally Lemma 2.13 gives an upper bound for ||y — Ynllz2(ar,)s so
that we can complete the proof of Theorem 2.4. Before we continue our considerations
with an auxiliary result, we recall a lemma from II'in [7].



Lemma 2.8. Let G be a domain and G satisfy a cone condition with radius d > 0.
Then there exists a constant c, such that

1+ [Ing|'? forq<d

< e .
lgllc@ < e llgllme {1 forq>d

holds for all g € H(G) with Vg € L>®(G), where

1= gl 1 V9l Eh )

Lemma 2.9. For every v, € Vj, and every J € {1,...,I} the estimates
[vnll e,y < el b2 (lonllg e,y VT € {1,.... 1} (2.12)
[onll ooy < e/ Y2 [0l o) (2.13)
are valid.

Proof. For quasi-uniform meshes a similar proof can be found in [24]. For an element T
with TN Q; # 0 one has

IVl ooy < ch7 IV onllr2er)
and therefore
lvnll sz o) IV orll ooy 2 € hallonll ey I VORIl 2y 2 ¢
Now we can apply Lemma 2.8 and get
[onll ooy < ¢ Inhg Y2 Jon | -

Assume that v, admits its maximum in € in the element T, C Y;. Then one can
estimate

|1/2

lvnllzoeqa,) = lonll ooy < el by M2 |vnl i er,) < el b2 on )l ey,
J

and the assertion (2.12) is shown. If one assumes now that v, admits its maximum in
Q) in the element T, C €, inequality (2.13) follows similarly,

|1/2

lonlloe () = lvnllpoery < elnhr2llonll gy < e nhY||on ).

In the last step we have used hy > h'/# and therefore |Inhy| < ¢|Inhl. O

Lemma 2.10. Fory € V3 (Q,) NV (Qy) with B = 1—-A+0, y = 2-\+0, p= 30
and § < 28" the estimates

”y - yh”LOO(QJ) <c (hQ, lnh"yyvfw(gg) + dEIHy - thLQ(Qf])> fO’I’ J=0,1,...,1 -3,
(2.14)

1y = ynllpeo(a,) < c (| In hfl/zhzﬂyﬂvj»w(%) + |2y - thHl(Q{,)) for J > 1—2
(2.15)

are valid.



Proof. Let us first consider the case J < I — 2, where one is away from the corner. We
use the estimate

. -1
ly — ynllze,) < c (! In Al min 1y = X)) +dy lly — thLQ(Q’J)> : (2.16)

This result follows from Theorem 5.1 in [19] as shown in the proof of Corollary 5.1 of
that paper, where the authors have already inserted an interpolation error estimate. If
one chooses | = 0, N =2, p =0 and ¢ = 2 in that corollary inequality (2.16) follows
from writing y — y, as y — x — yr + x- If one assumes that y, — Ipy admits its maximum
in Q' in zg € T, C ", one can conclude

|y = Inyll Lo o)) = Iy = Inyll Lo (1)
< ch, Jylwzeo(r,)
< chFlylw2.0o o)
~ h2d3_2“|yfw2yoo(9j;)
~ h2d?,—2“—wy|v3,oo -
Since 2 — 2u —y =\ -8 —2(5 — §') =26’ — § > 0 this yields
ly = Inyll Lo o,y < ch® [Yly2.00 ()

Then the assertion (2.14) follows from inequality (2.16).

Let us now consider the case of J = I, I — 1,1 — 2. With the triangle inequality it
follows

1y = Ynll Loy < N1YllLe@s) + lynllze@,)- (2.17)

We estimate the two terms separately. Assume that y admits its maximum in Q; in
zo € Q7 and that zo € T, with T C €;. Then one can conclude from the embedding
(2.3)

19llLoe () < Nyllzoe ) = 1191 oo iy < €ll@lly2oe iy ~ W ||y||V2oo 7y < P yllyzee g
(2.18)

since 2—y=A—3d =2u+25 — 3§ > 2u. In order to estimate the second term of (2.17)
we use Lemma 2.9 and get the inequality

’1/2

lynllzo(e,) < el b Zllynll i@,y < c/lnhl

1/2\\%”1{1(9{,)- (2.19)

where we have used hy ~ h'/# in the last step. We use again the triangle inequality to
estimate

lunllm ) < lYllm ) + 1y = yull @) (2.20)

10



In order to estimate the first part of the right-hand side of this inequality we continue
with

Iyllzr @) ~ 1PVl 2 + Ir = 2r" [l 2
< e N2 IVl ey + 17 Pl 2 ) 1Pyl Lo o)
1—
<ch; 6Hy||vgv°°(9(])

1-5
<ch ~

wllvzes @)
< Ch2“3/||v}°°(g{}y

since l —B=A—06=2u+20 —6 > 2u and v = B — 1. With this estimate one has from
(2.19) and (2.20)

1/2p,2

lynll Lo,y < c (| In A HyHV,YZ’OO(Q{]) + | In A2y — yh||H1(Q{,))

what yields together with (2.17) and (2.18) the desired result. O

Lemma 2.11. The estimate
|y = ynllar,) <c (Hy = Iyllmv o) + d;'ly — Iyl 2o, + dily — yh”B(Q{,))
is valid for J =0,1,...,1.

Proof. The assertion follows from Lemma 7.2 of [20] by setting Dy = Q;, D = Q/; and
p = 0 in that lemma. It follows from Lemma 2.6 and the explanations in Example 4 of
Section 9 in [20], that the result is applicable with our finite element space. Notice, that
the proof is only given for L = —A. For an extension to general elliptic operators the
proof has to be modified at two points, where the bilinear form explicitly steps in. After
equation (7.7) in that proof one has to substitute the estimate of thHiDl by

lonllf b, < lwonllf

< calvp, w?vp) + c/ (V- (AVw))w)wop, + v, (2AVwW - V(wwy)) + / viwb - Vw.
Q D\D;

Notice, that in [20] A is the bilinear form while in our setting a is the bilinear form and A
the coefficient matrix in the operator L. Since A € W>°(Q,R*?) and [|b-Vw| 1o () < C
it follows
2 2 2
lwonllt,p, < Chllvalli,p + Cllvallo,p\p, lwonlli,p,

and therefore equation (7.8) in [20]. The second point is after expression (7.10), where
the equation for (wwvp, ) has to be substituted by

(wop, ) = alwop, ) = a(vy, wp) + / vp (WV - (AVw) + 2AVw - VY + b - Vw) .
D

Again it follows from the fact A € W1*°(Q,R*?) and [|b - Vw| =) < C that the
argumentation can be completed as for the Laplace operator. O

11



Lemma 2.12. Fory € Vg’Q(Qj)ﬁVf’oo(QJ), B=1-A+8,y=2-A+d andp= 50
(0 < 20") the estimates

2—y— _
ly = ynllar,) < c (hdJ Tyl gy + iy — yhl!m(g;)) for 7=0,1,...,1-3
(2.21)

ly = wnllm o,y < ¢ (B2Iylyzociy + 5 Ny = mnlliay))  for J = 1,1=1,1-2
(2.22)

are valid.
Proof. From Lemma 2.11 we have
ly = i,y < € (Il = Dl + 47y = Dngllzacan) + 45y = vmlzaer, )
< (lly = Iyl + Iy = Dyll ey + d5'ly = vl e, ) - (2:23)

where we have used |ly — Inyllr2q,) < |2y — Iny|| Lo,y and || ~ d4. In the
case J = 0,...,] — 3 one has y € W1°°(Q}). If one assumes that the maximum of
y — Iy and its first derivatives in Q' is admitted in zo € T} C Q'}, one can conclude

ly = Tnyll i o)) < el 12y = Tnyllwr= (s,
< cdylly = Inyllweo ()

< cdyhr, |ylw2.oo )
1—
<cd; VhT*\y|V72,oo(T*)
1—
< cd; ’yhj|yyv’\{2,00(9t}).
With hy = hd}]_“ we arrive at
oy
|y — Ih?JHHl(Q’J) ~ hdJ 7 M|?J’y3°°(gg)~ (2.24)

Like in the proof of Lemma 2.10 the second term on the right-hand side of inequality
(2.23) can be estimated by

_ Lo~ B2g2 20
Iy IhyHLOO(QJ) h*d |y’v727°°(9{;)
— 2~
< chd;" - hdj" “|y|v$,w(Qg)
2—y—p
< chd; T lyz )

since hd;“ =h del < ¢p by Lemma 2.7. This last estimate yields together with the
estimate (2.24) and the inequality (2.23) the assertion (2.21).

In the case of J = 1,1 — 1,1 — 2 one can write

ly — Inyll v,y < NYllav @y + eyl (2.25)

12



For the first term one has like in the proof of Lemma 2.10
2
9l < h? ]l 2oe e,

For the second term we conclude with the inverse inequality, the estimate || Iyl 1 (q,) <
[yl o2,y and the embedding (2.3)

1Thyllr ey < by I nyllr2 )
< chtdlyllrea,) < cllyller)
29—
< ChJ WHCUHVWQW(T*) < Chz”?/”\/}w(glﬂ (2.26)

since dy ~ hy, hy ~ h'/F and 2 — v = X\ — 8§ = 2u + 28’ — 6 > 2u. The inequalities
(2.25)(2.26) yield

|y = Iyl oy < Ch2Hy||V72’°°(Q/J)- (2.27)

In order to estimate the second term in (2.23) in that case, we conclude similarly to
(2.26)

ly = Tyl ey < My = Iyl oo cry < ellyllzecry < ch?llyllyzegn)-
This estimate yields together with (2.23) and (2.27) the desired inequality (2.22). O
Lemma 2.13. Under the conditions of Lemma 2.12 the inequality
43"y — ooy < eh?log b2yl 2o g (2.28)

is valid for J =0,...,1.
Proof. For this proof we introduce the abbreviation e := y — y,. One has the equality

lellr2@,) = sap (e, ¢). (2.29)
PeCF ()
”SDHLQ(QCI):l
For every such function ¢ we consider the boundary value problem
—Av = d;lgo in
v=20 on 99}

Then one can conclude

d;' (e, ) = (e,d;'p) = (Ve, Vo) = (Ve, V(v = Iy)) < |lell grar)lv = Invlm -
(2.30)

We introduce the domains
QJ7h:{T:TmQJ#®}.

13



Now we distinguish the two cases J < I —3 and J = I,I — 1,1 — 2. We begin with
J < I —3. It follows from the standard interpolation theory

o= Invltna,y < D =Dy <e Yo hilolha) < Bloffeg,  (2:31)
TEQJ’h TEQJ’h

In order to use an a priori estimate where the constant does not depend on J we introduce
Q:={(r,p),1/2 <r <1,0 < p < w}. The coordinate transformation x — d;& yields
the boundary value problem

1
d;

Ab=d;'¢ inQ, 9=0 in 9O
This results in the a priori estimate

olory = o oo S ol = <
20 T T dg 0 P = dy 7 dy

with ¢ independent of J. With (2.31) one gets
|v = Inv|pi(q,) < Chjd;l.
Since hj ~ h/; and dy ~ d; it follows
v = Inv| iy, < chyd;t. (2.32)
With this inequality one can estimate together with (2.29) and (2.30)
ld5 el raary) < chudy llel o).

If we apply Lemma 2.12 to this inequality and take Lemma 2.6 into account, we can
continue

||d}1€”L2(Q(,) < CthEI (hdi_v_#w’v}wm{;') + dele”L?(Qf}))
2—y—2 - —
S C (thJ v u|u‘v’$,00(ﬂl}/) + thjludjleuLQ(QlJ,)>
2 —1y9—1
S C (h ’u|V$’w(QGI) + thJ HdJ e”lﬁ(ﬂg)) .

In the last estimate we have used 2 — v —2u =\ —§ — 2 (% —0') =26 — 6 > 0. With
Lemma 2.7 we can conclude for an arbitrary, but fixed ¢y < 1 the inequality

Iy ell 2y < ch21u|V$,w(Q,J,,) +eolldy el (J=0,1,...,1-2).  (2.33)

Let us now consider the case of J = 1,1 —1. For T' € €7} one gets with 3 =+ —1 from
[2, Proof of Theorem 3.2] the estimate

1—
|v — Ipv| g1y < chy ﬁ’v|\/ﬂ2’2(T)'

14



Summing up over all elements yields with €275, = Uprnq J#@T
1— 1—
lv — Ih'l)’Hl(QJ) <|v-— Ih'l)|H1(QJ,h) < chj B‘”’V;’Q(QJ,}L) <ch; ﬁ’v|vﬁ2,2(93). (2.34)

With the same transformation as above and an a priori estimate for boundary value
problems in domains with conical points (see [9]) it follows

—2 |, . L T -1 -1
Wlve2,) ~ 4 ﬁ”“”vﬁ“(m < cdj WHdﬂPHB(Q) < ed) el o) ~ A5

This yields together with (2.34) and the same argumentation as above
lv — IhU’Hl(Q/J) < C(hjdjl)l_ﬁ
and (2.29) and (2.30) result in
7 el e,y < elhodr ) Plellm -
Now we apply Lemma 2.12 to this inequality and arrive at

||d;1€HL2(QiI) <c <(th;1)1_ﬁh2‘|y||Vf’w(QG/) + (hjdjl)l_ﬁ||d;1€HL2(Qf}))

According to Lemma 2.7 it follows for A small enough h del < %cé/ (=5 and therefore
Hd}leHm(Q{,) < Cthvajwmg/) + COHdEIGHLQ(Q{;) (2.35)

Summing up over all Q;, J =0,1,...,I one has with (2.33) and (2.35)
I
5" ell3aqay < b 2n0e gy 301+ a3 el
i=0
If one has chosen ¢y small enough also ¢; < 1 is valid. Since I ~ |In h| the inequality
45" My < ch*l Ayl g,
follows, what results in the desired estimate (2.28). O

Remark 2.14. If one denotes by h the element size in ) and by hy» the element size
in Q) = (&) one has

1 1
hy~ =hp~ —=hjr.
J 2 J 4 J
Therefore in Lemmata 2.12 and 2.13 one can substitute 2y by ) and ) by ).

Now we are able to prove Theorem 2.4.

Proof. Let us first consider the error in Q; UQ7_1. From Lemma 2.10 we have together
with Lemmata 2.12 and 2.13 and Remark 2.14 for J = 1,1 — 1,1 — 2 the estimate

= vl ey < 2l ]yl 2 . (2.36)
For Qjy, J # I,I — 1,1 — 2 we conclude from Lemma 2.10, 2.13 and Remark 2.14 the
same estimate. The assertion follows with the a priori estimate of Theorem 2.2. O
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3 Error estimates for the optimal control problem

3.1 General considerations

With the estimates for the state equation from Section 2, we are now able to derive
L*>-error estimates for the optimal control problem (1.1) — (1.6). This problem admits
a unique solution #, that satisfies the variational inequality

(P +vi,u—u)p2q) >0 Vu € Uyg

Here, p = Pu denotes the corresponding adjoint state. This inequality is equivalent to
the expression

_ 1_
u = H[Ua,ub] <_I/p) (31)

where the projection IIy,, ,,1 is given by

Wiy, ) () 2= max(uq, min(uy, f(z))).

Remark 3.1. From [1, Remark 2] one has for p < 2/(2 — \) that y is contained in the
classical Sobolev space W*P(Q). For a number o € (0,1] small enough, this space, for
p > 1, is embedded in C*7(Q). Therefore we can conclude for the solution of (2.1)

yeC(Q) if felP(Q), p>1.
Notice that this assertion also holds for p > 2/(2 — X) because the data can, of course,
be smoother than necessary.
With an argumention analogous to the one after Remark 2 in [1] one can show, that

for the optimal control problem (1.1)—(1.6) the estimates

[Sullco.o) < cllullpe@) < cllullco.r @

[ Pullco.(q) < cllSu+ yallpeo) < e (||UH0070(Q) + ||yd||coya(§z))
are valid.

Remark 3.2. From p = Pu € C*(Q) and (3.1) we obtain that the optimal control
belongs to C*7(Q), o € (0,1].

In the following, we will investigate two different types of discretization of the optimal
control problem (1.1)—(1.6), namely the approach of variational discretization suggested
by Hinze in [6] and the fully discrete approach originally introduced by Meyer and Résch
in [12].

We denote by Sj, and S; the finite element solution operator corresponding to S and
S* respectively. In the case of u > % the following lemma about the boundedness of S,
and S; was already proven in [1]. Since in our setting here ;1 < A/2 may be required
(comp. Section 1), we cannot fulfill this condition for A € [1/2,1]. Therefore we give in
the following a more involved proof of [1, Lemma 3] without the condition p > %
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Lemma 3.3. Let T}, be a graded mesh with parameter u < A. The norms of the discrete
solution operators Sy and S} are bounded,

[Skllz2(@)—Le@) < € ISkl z2(@)—Le@) < 6
1Shll22(@)—12(0) < € 1Sill22@)—12(0) < €
1Sl 22— Hi (@) < 6 1Shll 22— Hi (@) <
ISkl Lo (@)=L (@) < 6 ISkl oo (@)=L (@) < 6

where ¢ is independent of h.

The remainder of this subsection is devoted to the proof of this lemma. For that, we
use estimates of norms of a regularized Green function. We introduce the regularized

Dirac function 7 . ©
T, *sgn(e) in T.
h ._ * g EY)
o= { 0 elsewhere, (3.2)

where we abbreviated the finite element error by e,
€=y — Yn
The regularized Green function g" is defined as solution of
a(p,g") = (6", ¢) Ve eV, (3.3)
and its discrete counterpart gZ by
a(pn, g) = (8", 0n)  Veon € Vi, (3.4)
Lemma 3.4. The norms of the reqularized Green function can be estimated by

19" Lo () < ¢/ Inhl (3.5)
9" 11 () < c|Inh|H/? (3.6)

h _
g HV;*Z(Q) <ch !

where B :=1— u > 1— X is the weight corresponding to the reqularity in Vﬂm(Q), and
the grading parameter satisfies p < A.

Proof. Let g(x) be the Green function with respect to an arbitrary point x4 € €,

a(p,g) = p(zy) VoeV. (3.8)
The Green function satisfies the following inequality

lg(@)| < c(|Infz —z4]|+1) VzeQ. (3.9)
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In [4] it is proven that this estimate is valid on Lipschitz domains and that the constant
¢ is independent of z;. Using (3.8), (3.3), and (3.2) we get

()] = lalg" 9)] = (8%, g)] < T3]~ /T gl dz

In the case dist(x4,T%) > hy, we have |x — x4 | > hg, and estimate (3.5) is obtained via

\T*\_l/ 9| dz < max|g(z)| < cmax (|In]z — 24|| + 1) < ¢|Inhp,| < ¢|Inhl,
T, €Ty zeTy

since hp, > ch'/#. In the case dist(x, T,) < h7, we calculate the integral by using polar
coordinates centered in x4,

2h7,
IT*|‘1/ |g!dx§c|T*|‘1/ (—=Inr)rdr = ¢|T%| 'h7, (c — Inhy,) < c|Inh]
Ty 0

as above.

For the proof of (3.6) we use the coercivity of the bilinear form and the definitions
(3.3) of g" and (3.2) of &y,

Cthnﬁlun <a(g",g") = (6".9") < 9" L=@llonll 1) < 119"l L= (0)-

With (3.5) we conclude (3.6).

The a priori estimate for the solution of the elliptic partial differential equation, and
the definition (3.2) of d, give

h h _
16"y 22(0y < el 8" 2y < Tl e 2z
With r < dj, we can continue by
|T*|_1||7"’6||L2(T*) < C|T*|_1/2d§ =ch™!

since |Ty|Y? = chy, = chdb_“ = chdg. In the other case, J = I, we calculate the
L?-norm and obtain

T M P oy < el T TR < eh b = eh !
since hy, = ch/#* = ¢h/(=P) Thus (3.7) is proved. O

Corollary 3.5. On meshes with grading parameter p =1 — 3 < X the error estimates

IN

c (3.10)
ch (3.11)

th—-gﬁHﬂlan

h ok
19" = gnllr2()

IN

hold.
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Proof. Since the meshes are optimally graded, one has from Lemma 2.3

lg" = gnllm@y < chllr®V2g |20,
th—gfff”m(ﬂ) < ChQHTﬁVQQhHB(Q),

With (3.7) we get the assertion. O
Now we are able to prove Lemma 3.3.

Proof. First we prove the boundedness of ||Sp | z2(q)— (). To this end, we consider
a function f € L%(Q) and an arbitrary but fixed finite element T,. Then the three
inequalities

Inll Lo (ry < el Tel "M lynllpr(r),s
lyrllrery < Ny —wvnllorry + 19l
vl < 1Tyl zee(rn)
yield the estimate
nll Loy < el Tel ™M ly = ynllzrery + cllyll o (r)- (3.12)

By the definition of 6" and ¢ we get for the first term on the right-hand side of this
inequality the equation

T lell iz = (Snse) = ale, g").
Using the Galerkin orthogonality and the fact that e — Ipe = y — Iy yields
T ellprry = ale, g" = gi) = ale = Ine, ¢" — gh) = aly — Iny, 9" — g})
With the Cauchy-Schwartz inequality we can continue
T Mellprry < clly — Tnyllmay " — gillmn ) (3.13)
From finite element theory one knows that
|y — Inyll ) < ch”[| fll 2@ (3.14)

with £ = min{%, 1}. Consequently, one can conclude from (3.13) together with (3.14)
and Corollary 3.5
Tl Hlell 1z, < che

This shows together with (3.12)
ISk fllLee(r) < cllfllze@)-

The boundedness of |[Sk||r2(q)—r2(0) and [|Sh || £ (@)— 1o () follows then by the embed-
ding theorem L>®(Q2) < L?(2). The boundedness of 1Sl L2 ()~ m2 (@) comes from the
theory of weak solutions. The estimates for S} follow by analogy. O
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3.2 Approach of variational discretization

We consider as discretization the optimal control problem

Jp(up) = min F(Spu,u) (3.15)
uEULq
s 1 2 Va2
Jh(u) = §||Shu — Yl 20 + §||U||L2(Q)-

Remark 3.6. The optimal control problem (3.15) admits a unique solution uj. In the
following, we use the notation y; = Spuj and p; = Pypui for the optimal discrete state
and adjoint state. The corresponding necessary and sufficient optimality condition is
given by

(vuj, +ﬁ;§,v — BZ)LQ(Q) >0 Yo € Uyg. (3.16)

In the case of convex domains and quasi-uniform triangulations, it is shown in [6] that a
finite element discretization of S with piecewise linear and globally continuous functions
yields an approximation rate h? in the L?-norm. This results extends to non-convex
domains with graded meshes (see [1, Remark 5]). Therefore the following theorem is
valid.

Theorem 3.7. Let @ and uj be the solutions of (1.1) and (3.15), respectively. If S is
discretized on a mesh, that is graded according to (2.4) with u < A, the estimate

I = @l 2y < eh® (Il 20 + lall o)

1s valid.

With the L?-error estimate at hand, one is now able to prove an L>®-error estimate.

Theorem 3.8. Let u; be the discrete control introduced in (3.15) and y; = Spu; and
Dy = Ppui the associated state and adjoint state, respectively. On a family of meshes
with grading parameter p < % the estimates

[t — @ || Lo (o) < ch*|Inh] (||ﬁ||co,o(§z) + ||de00»0(0)> (3.17)
15— Gl < b (oo + Ivalcono ) (3.18)
19 — Pl e (o) < ch®|Inh) <||ﬁ||co,o((z) + ||yd\|co7v(s’z)> (3.19)

are valid.

Proof. The proof is similar to that given in [6] for quasi-uniform meshes and W?2°°(Q)-
regular solutions of the underlying boundary value problem. First, we prove assertion
(3.19). One can conclude
1P = Pl (@) = 1S*(SU — ya) — S, (Shiiy, — ya)ll L= (0)
< IS = 53) Sl oo ) + 1(5™ = Sp)yall Lo (@)
+ [[S55u — SpSptll Lo () + 1S5Skt — SEShUL || oo () - (3.20)
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We estimate each of the four terms separately. By Theorem 2.4 it follows
1(S* = S3) S| o= () < ch?|nh|[|Sallcoo(q) < ch®[nhl[[allcos ) (3.21)

since [|S]/co.0(@)—coo@ < ¢ For the second term one can conclude from the same
theorem

1(5* = S3)Syall oo ) < ch?|In A [|yall co.r (- (3.22)
With the discrete Sobolev inequality (2.13) one has

1S57.Su — Sj.Snitll () < ¢l Inh|*?[S;.Su — S; Spil g o
< | In k|| S5 || z2 )t (2 1S — Shil| p2(a
< o/ Inh|2R?||a 12 (0 (3.23)

where we have used Theorem 2.3 in the last step. Utilizing again inequality (2.13),
Lemma 3.3 and Theorem 3.7 it follows for the fourth term

155.Sh — S5 Su |l L () < /I h['?|S;Shtt — S5.Sh; | 1.0
< o/ Inh|M?||Spa — Spagl 12 ()
< o| Inh*?|@ — @5 20
< o/ Inh|2R2 (|| 20 + Ilvallr2()) - (3.24)

The estimate (3.20) yields together with (3.21) — (3.24) the assertion (3.19). Inequality
(3.17) follows directly from

o ..
|4 — | Lo (@) < a”p — DhllLeo()-
To show inequality (3.18) we conclude

1y — Fnllreo (@) < 1S% — Spitl|Loo (@) + ISh@ — Skt || e @)

< ch?| | (l[@l o + lvalleoney)

where we have used Theorem 2.4, Lemma 3.3 and inequality (3.17) in the last step. [

3.3 Fully discrete approach

The state equation and its adjoint are discretized according to Section 2. The control u
is discretized by piecewise constant functions

Up = {up € L®(Q): up|r € Py for all T € T), },
Ut = UpN U,
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Now, we introduce the discretized optimal control problem

Jh(ﬁh) = min Jh(uh), (325)
uhEUEd
1 2 v 2

Tn(un) = SlIShun = yalltai) + 5 llunllze)-

Remark 3.9. The optimal control problem (3.25) admits a unique solution up. In the
following, we use the notation yn = Spup and pp, = Pruyp, for the optimal discrete state
and adjoint state. The variational inequality

(ﬁh + vuy, up — ﬂh)LQ(Q) >0 foralluy € Usd (3.26)
18 necessary and sufficient for the optimality of uy,.

The aim of this section is to prove error estimates of the same quality as in Theorem
3.8. For this result an assumption on the active set is needed. The optimal control u is
obtained by the projection formula (3.1). This formula generates kinks in the optimal
control. However, we can classify the triangles T' € T}, in two sets K1 and Ko,

K = U T, Ky:= U T. (3.27)
TED,: ugVy %, (T) TED,: ueVy"%, (T)

Clearly, the number of triangles in K; grows for decreasing h. Nevertheless, the
assumption
meas K1 < ch (3.28)

is fulfilled in many practical cases.

For continuous functions f we define now the projection into the space U}, of piecewise
constant functions by

(Bpf)(x) = f(S7) ifxeT,

where St denotes the centroid of the triangle 7. Notice, that Ryu € Uﬁd. Next, we
recall two results from [1].

Theorem 3.10. Assume that the assumption (3.28) holds. Let uy be the solution of
(3.25) on a family of meshes with grading parameter yn < X. Then the estimate

[t — Ruti| 120) < ch® (1]l Lo (o) + lvall o)) (3.29)

holds true.

Proof. This theorem is proved in [1] under the assumption p > %, which was used in the
proof of the boundedness of Sy only. The boundedness of Sy also in case of p < 1/2 is
guaranteed by Lemma 3.3. O
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Lemma 3.11. On a mesh with grading parameter u < X\ the estimate

(vn, U — Rpt) p2(0y < ch? (HUhHLoo(Q) + H’WzHH&(Q)) (1l oo () + NFall o)) (3-30)
holds for all vy, € V3, provided that Assumption (3.28) is fulfilled.

Proof. This lemma is proved in [1]. Notice, that in that proof the condition p > 1/2
was not necessary. O

Next, we will apply the error estimates of Section 2 to obtain L*-error estimates for
the optimal control problem. Before, we will derive an auxiliary result. Let us define
another regularized Dirac function 5? for a fixed point € € T, with

(P1) (62, vn) = vn(a)  Von € Vi,
(P2) supp df C Tk,

(P3) &g € Pi(T),

(P4) |62l 2(z.) = O(h))-

(P5) [|68]] oo () < €Tl

An example for a function with these properties is given in [22]. The regularized Green
function 2" is defined as the solution of

a(v,2") = ((5?,1}) Yv e V. (3.31)
Moreover, we denote by z}}: its discrete counterpart,
" = (o7 Yo, € V;
a(vn, 2,) = (8¢, vn) v € Vi
Subsequently, we need estimates of norms of the regularized Green function.

Lemma 3.12. The norms of the reqularized Green function can be estimated by

12" Lo () < | Inhl (3.32)
12" 1) < ¢ In |2 (3.33)
HZhHV52’2(9) <ch! (3.34)

where B :=1— pu > 1— X is the weight corresponding to the reqularity in V;’Z(Q), and
the grading parameter satisfies p < .

23



Proof. The proof of this lemma is very similar to that of Lemma 3.4. For the sake
of completeness we sketch it here. Let g(x) be the Green function with respect to an
arbitrary point xy € €,

a(g,v) = v(zy) YveV (3.35)
According to [4] there is a constant ¢ independent of z, such that
l9(z)| < e(|Inz — 2y ][ +1).

Using (3.35), (3.31), the Holder inequality and property (P4) we get

2" (24)] = lalg, 2") = (8¢, 9) < 1012y l9ll 2y < bzl llglrny (3.36)

We estimate the L?-norm of ¢ using polar coordinates centered in x,

hr, 1/2
gHLQ(T*) < chi1 </ (In r)zrdr>
0

< chy)! (hT*\ In by | + b | In by |V2 + hT*>
< ¢|Inh|.

—1
hr,

This yields from (3.36) the estimate (3.32).

For the proof of (3.33) we use the coercivity of the bilinear form, the definition (3.31)
and property (P4) of d5(a),

12" 70 ) < a(z",2") = (8", 2") < (12" Lo @) 19nll 21 )
< T2 )60l o 12" | o) < ell2 oo (@)

With (3.32) we conclude (3.33).

The a priori estimate for the solution of the elliptic partial differential equation and
the property (P5) of dx(a) give

h h -
1% ly 220 < cllr?8"| 20y < ATl "M Pl 2 (-
Since r < dj, we can continue by
T 2y < T2 = ch™!

since |T,|Y/? = chy, = chd?“ = chdg. In the other case, J = I, we calculate the
L?-norm and obtain

_ _ 1 —1 —
TP\ oy < e Tl RS < ehlf ' = cht

since hp, = ch*/* = ch/(=P), Thus (3.34) is proved. O
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Lemma 3.13. The estimate

1251l o< () + 127 113 0 < €l 1| (3.37)
holds on a finite element mesh with p=1— 3 < \.
Proof. By the triangle inequality one can conclude

h h h h _h h  _h
2 | oo () + HZhHHg(Q) <|[2"lee () + 12" = 25l L) + ||ZhHH5(Q) + |z — Zh||H3(Q)

(3.38)
Since the meshes are optimally graded, we have
”Zh - zZHH%Q) < Ch’Zh|V52’2(Q)
and with (3.34)
12" = Zh o) < e (3.39)
Furthermore, we have
||Zh - ZZHL°°(Q) < Ch\zh’v;?(g)
and with (3.34)
12" = 2| o) < e (3.40)
Now the assertion follows from (3.38) with (3.32),(3.33), (3.39) and (3.40). O
Lemma 3.14. The inequality
1Sht — Sp Rl ooy < ch?|Inh| ([|t]| po ) + |Fall L)) (3.41)

is satisfied provided that Assumption (3.28) is fulfilled.

Proof. Let £ € Q) be an arbitrary but fixed point. Using the definitions above, we find

|Shti(€) — SpRat(€)| = [(6, St — SpRy1)]
= |a(Shu — Sp Ry, 211))|

= |(zh,u — Rya)|.
Now, we can apply Lemma 3.11 and obtain
1500(€) = SnRAu(©)] < eh? (2 llzoe(on + 2k ey ) (Nl zoeqey + Nalleey)  (3:42)

The assertion follows from (3.42) and Lemma 3.13. O
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We construct now the control uy, as a projection of the discrete adjoint state pp, = Py
to the admissible set U,q,

_ 1
Up = H[Uavub] (_Mph> . (343)

Note, that uy, is still piecewise linear, but in general neither in Uy nor in Vj.

The following L°°-error estimates are new even in the case without corner singularities
and uniform meshes, see [12].

Theorem 3.15. Assume that assumption (3.28) holds. Let gp, be the associated state
and py, be the associated adjoint state to the solution up of (3.25) on a family of meshes

with grading parameter u < \/2. Further, let uy, be the discrete control constructed in
(3.43). Then the estimates

1gn — ll Lo (@) < ch?|Inh| <||ﬁ||co,v(ﬁ) + ||yd\|co7v(ﬁ)> (3.44)
17 = Bll ) < ch? A (Jlllcoo @ + Iyallcor ) (3.45)
i = nll ey < h? ] (allo ) + Iallcos ) (3.46)

are valid.
Proof. We start with

19 = UnllLe () = 158 — Sptn|| L~ @)
< HS'I] — ShﬂHLoo(Q) + HSha - SthﬁHLoo(Q) + ”Sthﬂ — Sh’ahHLoo(Q).

The first term was estimated in Theorem 2.4. Lemma 3.14 delivers an inequality for the
second term. Theorem 3.10 implies the estimate of the third term. Consequently, we
find with the embedding C%7(Q) — L*>(Q)

15— Gnllze (o) < ch* b (oo oy + lyall <o) )
< ch?| | ([[allen.rq@y + luallcor))
i.e., (3.44). The second inequality can be obtained similarly,

1P — Pnllzee @) = 157 — ya) — SK(Un — ya)ll L~ ()
< IS*(¥ — ya) — Sp(¥ — ya)ll () + 1S (T — In)ll L= ()
< ch®| I h|[[§ — yall co () + ch?|In Al (HﬂHco,v(Q) + HdeCOv“(Q))

< ch? | ([[allenr @y + Iyall o)
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by means of (3.44) and Theorem 2.4. To prove the third inequality we use, that the
projection operator IIj, ;) is Lipschitz continuous with constant 1 from L°°(€2) to L>°(€2).

Therefore, we get
1_ 1_
jqp) <—VP> — iy <—Vph)

<||p = Prllr~ (o)
< ch?| | (@@ + luallcor)) -

V”ﬂ — ahHLoo(Q) =v

L>(Q)

where we used (3.46) in the last step. The superconvergence result is proved. O

4 Numerical example

In this section we illustrate our theoretical findings for the fully discrete approach by
some numerical tests. Therefore we consider the optimal control problem (1.1)—(1.6)
with L = —A and the first-order optimality system

—Ay=u+f inQ, y=0 on dQ,
—Ap=y—yqg inQ, p=0 on 99,

1
u =gy (—Vp> .

The data yg and f are chosen such that the exact solution is given as

§(r.p) = (r* = %) sin Ap,
p(r, ) = v(r* — rf) sin Ap.

We set a = = % and pu = 1073, To evaluate the maximum norm of the error we used

not only grid points but also the nodes of a high order quadrature formula of degree
19 implemented in the program package MooNMD [8]. In the following we study the
example in a convex and a non-convex domain.

4.1 Example in a convex domain
The domain €2 is defined as

3
0= {(rcosgp,rsincp)T 0<r<1,0<p< 47T}
and therefore A = 3. Table 1 shows the computed errors ||t — 1 || (o) for quasi-uniform
meshes and for graded meshes with © = 0.6 < % While a convergence rate of about
A can be observed for p = 1, the approximation order is slightly smaller than 2 on the
graded meshes. So mesh grading improves the convergence rate for the L*>-error also in

the case of a corner with an interior angle between 7 and 7.
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Figure 2: Convex domain with a quasi-uniform mesh (@ = 1) and a graded mesh with

w=0.6.
w=0.6 w=1
ndof value rate value rate
51 | 3.02e—02 4.63e—02
176 | 1.19e—02 1.50 | 1.88e—02 1.45
651 | 4.12e—03 1.62 | 7.57e—03 1.39
2501 | 1.42e—03 1.58 | 3.02e—03 1.36
9801 | 4.22e—04 1.78 | 1.20e—03 1.35
38801 | 1.15e—04 1.89 | 4.79¢—04 1.34
74482 | 6.11e—05 1.94 | 3.09e—04 1.34
154401 | 3.01e—05 1.95 | 1.90e—04 1.34

Table 1: L°°-error of the computed control 7% in a convex domain

4.2 Example in a non-convex domain

As second example we set ) as

0= {(rcosgo,rsincp

)T

3
:0<T<1,O<g0<27r}.

This means A = Z. In Table 2 one can find the computed errors [|@—1ip || oo () on different
meshes with g = 0.3 < %, p=10.6 <Xand p = 1.0. For meshes with grading parameter
u< % one can see the predicted convergence rate slightly smaller than 2. Further one can
observe, that a mesh grading parameter p € (%, )\) yields only a suboptimal convergence

A

rate 7 = % for the L*-error. Notice, that such a mesh grading was enough to get the

optimal convergence of second order for the L%-error (see [1]). If no mesh grading is
performed (x = 1) one can observe a convergence rate of about \.

In Figure 3 the distribution of the L®-error on a uniform and on an appropriately
graded mesh is shown. The mesh grading significantly reduces the error near the edge.
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pw=20.3 w=20.6 nw=1
ndof value rate value rate value rate

125 | 1.63e—01 8.18e—02 2.19e—01
286 | 7.61e—01 1.20 | 3.77e—02 1.23 | 1.34e—01 0.78
1071 | 2.30e—02 1.81 | 1.73e—02 1.18 | 6.67e—02 1.06
4141 | 7.49e—03 1.66 | 7.99e—03 1.14 | 4.15e—02 0.70
16281 | 1.97¢—03 1.95 | 3.70e—03 1.13 | 2.60e—02 0.68
25351 | 1.29e—03 1.92 | 2.88¢—03 1.12 | 2.24e—02 0.68
39501 | 8.29e—04 1.98 | 2.25e—03 1.12 | 1.93e—02 0.68
100701 | 3.34e—04 1.95 | 1.33e—03 1.12 | 1.41e—02 0.67

Table 2: L*-error of the computed control 7y, in a non-convex domain
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Figure 3: Error distribution on a uniform (left) and a graded mesh with x4 = 0.3.
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