Heft 17

Munchen, Dezember 1986

Bernd Eissfeller
Giunter W. Hein

A Contribution to
3d-Operational Geodesy

Part 4

The Observation Equations of Satellite Geodesy
in the Model of Integrated Geodesy

SCHRIFTENREIHE | —=—.

i \
Universitarer Studiengang VVermessungswesen \\ f
—

Universitat der Bundeswehr Munchen 7\7







Heft 17

Minchen, Dezember 1986

Bernd Eissfeller
Gunter V. Hein

A Contribution to
3d-Operational Geodesy

Part 4

The Observation Equations of Satellite Geodesy
in the Model of Integrated Geodesy

SCHRIFTENREIHE | —=—

i \
Universitarer Studiengang Vermessungswesen \\ T/
———~

Universitat der Bundeswehr Minchen 7\7




Der Druck dieses Heftes wurde aus Haushaltsmitteln der Hochschule der
Bundeswehr Minchen gefdérdert.

Auflagenhthe: 800 Exemplare

Verantwortlich fiir die Herausgabe der Schriftenreihe:

Der Prodekan des Wissenschaftlichen Studiengangs Vermessungswesen

Bezugsnachweis:

Studiengang Vermessungswesen

im Fachbereich Bauingenieur- und Vermessungswesen
Hochschule der Bundeswehr Minchen
Werner-Heisenberg-Weg 39

8014 Neubiberg

ISSN  0173-1009



CONTENTS

Page
INTRODUCTIOQN 5
ORBIT INTEGRATIOQN 6
2.1 Equation of motion 6
2.2 Principle of integration of the equation of motion 6
2.2.1 The homogeneous problem 7
2.2.2 The inhomogeneous or perturbed problem
(method of variation of constants) 8
2.3 The solution of the homogeneous problem 10
2.3.1 Kepler orbital elements 10
2.3.2 Poincaré orbital elements 13
2.3.3 Modified Poincaré orbital elements 14
2.4 The solution of the inhomogeneous or perturbed problem 26
2.4.1 Transformation of the inhomogeneous problem
into modified Poincaré orbital elements 26
2.4.2 Determination of the Jacobi matrix of Kepler
elements and modified Poincaré orbital elements 27
2.4_.3 Determination of the Jacobi matrix X 31
2.4_.4 Determination of the Jacobi matrix X 34
2.4.5 Determination of the inverse Y 36
2.4.6 The solution by the method of successive
approximations 38
THE ACCELERATION MODEL 41
3.1 Coordinate reference frames 42
3.1.1 The inertial reference system 42
3.1.2 The earth-fixed reference system 43
3.1.3 Transformations 44
3.2 Gravity acceleration of the solid earth 45
3.3 Acceleration due to air-drag 47
3.3.1 Velocity of the satellite relative to the
atmosphere of the earth 48
3.3.2 The modified Harris-Priester model atmosphere 50
3.4 Acceleration due to solar radiation pressure 52
3.5 Acceleration due to the attraction of sun and moon 53
3.6 Acceleration due to the tides of the solid earth 54



Page

4. THE OBSERVATION EQUATIONS OF SATELLITE GEODESY 56
4.1 General form of observation equations 57
4.2 The vector p of model parameters 59

4.3 Determination of 0dv(t) by the linearization
principle of integrated geodesy 60

4.4 The determination of the necessary Jacobi matrices 63

4.5 Numerical determination of the derivates of the
coordinate vector v with respect to the
parameters Poveeen P, 125

4.6 Numerical integration of the vector &g 129

4.7 The position vector of the ground station, its
linearized form and corresponding time-derivative 130

4.8 Further parametrization of the vector of earth
rotation parameters and of its time-derivative 137

4.9 Final expressions for the linear observation

equations of satellite measurements 139
Type S1 : Direction measurements 139

S2 : Distance measurements from a terrestrial
ground station to a satellite 144
S3.1: Doppler frequency shift (range-rate) 146
S3.2: Doppler count 149

S4.1: Satellite-to-satellite tracking (inter-
satellite laser distances) 151

S4.2: Satellite-to-satellite tracking

(range-rate) 154
S5.1: Interferometric time delays 155

S5.2: Differenced interferometric time delays
(Doppler differences) 158
S6 : Altimeter measurements 162
5. REFERENCES 172
ACKNOWLEDGEMENTS 173
APPENDIX A. Rotation matrices 174
APPENDIX B. Canonical transformations 175
APPENDIX C. Jacobi matrices, gradients, differentiation rules 180
APPENDIX D. Reference systems, transformations 185



1. INTRODUCTION

This work is the fourth part of a series on the development of operational
or integrated geodesy. After having published the observation equations for
geodetic measurements of terrestrial type (Hein, 1982a), the concept of a
solution (Hein, 1982b), the first operational software OPERA on the process-
ing of terrestrial data in the integrated adjustment model (Hein and Landau,
1983), we have tried to outline here in detail the observation equations of
satellite geodesy including orbit determination in that unified model.
Thereby we refer to the main principle outlined already by Moritz (1980,

p. 225 to 230) and other developments of the Stuttgart school on a slightly
different approach to operational geodesy, e.g. (Grafarend, 1979; 1981;
1982), in particular (Grafarend and Livieratos, 1978; Grafarend and Heinz,
1978) - to mention only some of the publications. The present state-of-the-
art in integrated geodesy is summarized in Hein (1986).

With the detailed study of the satellite observations and the orbit de-
termination in the integrated model we had two things in mind:

(i) With respect to theory the classical textbook of Kaula (1966) was and
is still the fundamental source for all theoretical developments in satellite
geodesy. However, the style and approach of how it was presented, seem to
separate space geodesy from the other terrestrial parts - at least at the
very first sight. Thus, it was our intention to present satellite geodesy
in the same context we have discussed the terrestrial measurements. In ad-
dition, we tried to fit it into the integrated geodesy adjustment model in
order to end up with a consistent approach to geodesy. This, however, can
only be the first trial on the way there.

(ii) The present theory offers also a new computational possibility to
orbit determination and the processing of satellite observations. There is
no doubt that a realization of the theory into an operational software pack-
age still requires a lot of efforts. The interested reader will easily
recognize that the determination of appropriate covariances in the general
collocation algorithm is the crucial point due to a heavy load of time-
consuming calculations for it. However, this does not mean that a numerical
realization is impossible. Grid-structured and/or equally-spaced data and
subsequent use of Toeplitz matrices can overcome these difficulties.

Some other comments related to the source of the above mentioned difficul-
ties. Although we are publishing this report under the main head line:
A Contribution to 3D-Operational Geodesy, it is no longer threedimensional!
The consideration of satellite geodesy requires the parameter time, thus it
is already a fourdimensional approach.

The reader who is interested in a quick-look how satellite geodesy fits
into the integrated model is recommended to start with paragraphs 4.1 to
4.3 with a short look on the structure of the appropriate observation equa-
tions in 4.9.

This report can only be a first step on the inclusion of satellite geodesy
in an unified approach to geodesy - although we needed much more time to
develop it than earlier anticipated. There is also no doubt that in spite
of careful typing and proof-reading still some (or more?) errors might be
in it. Looking to the many formulas we hope that the reader has some under-
standing and tries to assist us in a better version.



2. ORBIT DETERMINATIOQON

For the derivation of the observation equations of satellite geodesy it is
necessary to get the geocentric position and velocity vector of the con-
sidered satellite. Those vectors are a solution of a system of differen-
tial equations of second order. Both, position and velocity vector can be
expressed as a nonlinear functional of the gravity potential.

2.1 EFquation of motion

Let x(t) be a vector in an inertial reference system (for its defini-
tion see paragraph 3.1.1) describing the orbit of a satellite. Neglecting
relativistic effects the motion of a satellite is given in such a system by
Newton's second Tlaw,

K1) = TM(x(D), 1) + £(x(8),%(0), 1) (2-1)
where

Tt ... is the time parameter,

x(t) ... is the position vector of the satellite,

x(t) = dx/dt ... is the velocity vector of the satellite,

¥(t) = d*x/dt* ... is the acceleration vector of the satellite,

VM(x(t),t) ... is the gradient of the earth's gravity potential
referring to the inertial coordinate system, and

j(iﬁj,gﬁj,t)... is the vector of all other resultant accelera-

tions acting on the satellite.

The explicit functional relationship of the gradient wacéﬂﬂ,t) with
time is due to the fact, that the gravity potential W refers to an earth-
fixed coordinate system (see paragraph 3.1.2) moving relatively to the in-
ertial system in time.

2.2 Principle of integration of the equation of motion

Eq. (2-1) is a nonlinear vector differential equation of second order. It
corresponds to a nonlinear system of three scalar differential equations of
second order.

For the solution of the problem the following decomposition is used:
W(x.t) = Wo(x) + Wi(x.t) (2-2)
Corresponding to (2-2) we get for the gradient of the gravity potential

Vo (x(0) = Vp(x) + Vi (x, 1) (2-3)



where
Wo(x) = kM/|x| " (2-4a)
and Vlo(x) = kM x /| x| (2-4b)

kM is the product of the gravitational constant k and the mass M of the
earth.

Thus, the decomposition (2-2) results in a radial symmetrical part (2-4a)
of the gravity potential and a small disturbance Wi(x) . Furthermore, we
note that the corresponding resultant acceleration term wal(g,t) is small
in comparison to (2-4b).

Inserting (2-3) in (2-1) we get

X(t) = VWo(x) + VWy(x,t) + f(x,x,t) (2-5)

Adding the two most right terms in (2-5), and expressing the correspon-
ing acceleration vector by a

a(x.x,t) = Tl (x.t) + f(x.x.t) (2-6)
we have
X o= Vllg(x) + a(x. %, t) (2-7)

Thus, (2-7) can be considered as a perturbed homogeneous problem, where
the perturbing part a(x.x,t) s small in comparison to V,Wo(x) .

The classical solution starts with the solution of the homogeneous prob-
lem, which possesses six integration constants. Afterwards the special so-
lution of the perturbed problem can be derived by the method of variation
of constants.

2.2.1 The homogeneous problem

According to (2-7) the homogeneous problem is given by
. 3
X o= -kM x/|x]| (2-8)

This problem is known as the so-called Kepler problem. Depending on the

) Wo refers in principle to an earth-fixed coordinate system y . Accord-
ing to (3-5a) we have x=R(t)y where R'R=RR'=1. I 1is the iden-

tity matrix. Due to the invariance of the norm of a matrix with respect
to orthogonal transformations,

x| = (ATX)O.S _ (Z R'R X)OAB _ (ZTZ)M _ |y|

the relation No(l) W (x) holds.



initial values the solution x(t) defines an ellipse, parabola or hyper-
bola. 1In case of the motion of a satellite only the ellipse is of interest.

The position vector x of the so-called Kepler ellipse is of the follow-
wing form,

x = x(u,t) (2-9)

where u 1is the vector of six integration constants (orbital elements)

=
Il

[U. Uz, U3, Ug,Us, Ugl" (2-10)

2.2.2 The inhomogeneous or perturbed problem (method of variation
of constants)

In order to get a special solution of the perturbed problem (2-7), the
constants u; in (2-10) are considered as functions of time, e.g.
ui = us(t) . T ={1,..., 6} .

Following Bucerius (19667, p. 171 fF.) a differential equation system of
first order can be found for the determination of the unknown parameters
ui(t), 1 ={1,..., 6} .

Replacing the integration constants in (2-9) by the functions u;(t) we
get

x = x(u(t).t) (2-11)

In order to get the above-mentioned differential equation system for
u(t) , the position vector x has to be differentiated twice with respect
to time and to be inserted in (2-7).

For the differentiation the following abbreviations are used:

o OX _[Ox 9x 9x 9x 0x (2-12a)
AL = @ - aul ’ aUZ ’ au3 ’ 8u4 ’ au5 ’ 8u6 ’
g, _ 9% _[9% 9% 9k 3k 9% 9% (2-12b)
= Ju ou; " dup, ~ dus ~ dug ~ Ous  dug

Considering u as a vector of coordinates, in which the perturbed prob-
lem has to be transformed, then (2-12a) is the Jacobi matrix of the posi-
tion vector x(t) , and (2-12b) the Jacobi matrix of the velocity vector
x(t) with respect to the coordinates u

The dimension of the matrices X and X , respectively, is of the order

o(X) = 3 x 6 (2-13a)

o(%)

I
w

X 6 (2-13b)



Thus, the first and second order derivatives of (2-11) are given by

X = XU+ ox/ot (2-14a)

£ = Xu+ 9°x/at? (2-14a)
where

X0 =0 (2-14¢)
and

O = [0,0,,03,04,05,06]" (2-14d)

The condition (2-14c) may be chosen due to the fact, that the special solu-
tion of (2-7) is determined uniquely by three scalar functions (three com-
ponents of the position vector x ). Thus, only three independent func-
tions uj(t) can be determined. Condition (2-14c) is also reasonable since
X takes the simple form (2-14b). The partial derivatives in (2-14a,b) re-
fer to the parameter time t which (2-11) contains.

Inserting (2-14b) in (2-7), results in
ka+ (9°x/0t%) = vp(X) + a(x. %, t) (2-15a)
where
(Gzﬁ/atz) - VWo(x) = o (2-15b)

Eq. (2-15b) expresses the fact that azﬁ/at2 just solves homogeneous
problem (2-8).

Using (2-14c) and (2-15a) we get a nonlinear differential equation system
of first order for the determination of the vector u(t) .

|><
|
II

0 (2-16a)

|><.
1=
Il

a(x(u(t), ), x(u(t), t). t) (2-16b)

Writing (2-16a,b) in matrix form and solving the system by inversion of the
resultant block matrix, yields

- (1] 1]

Since the first three components of the vector on the right hand side are
zero-elements, the following simplification might be reasonable,

1

1
Yy = [_‘ [0,0,0,1,1,1] (2-18)
X



Thus, the following differential equation system may be obtained from
(2-17) using (2-18).

at) = Y(u),t) a(u(®,t) (2-19)

In the acceleration term a the vectors x , X are replaced by u
according to (2-11).

2.3 The solution of the homogeneous problem

In order to solve the differential equation system (2-19) the explicit
definition of the matrix Y(u(t),t) and of the resultant acceleration
term g(gﬁj,t) is necessary. The last is defined by an acceleration
model described in paragraph 3 in detail. Here we are concerned with the
matrices X, X, Y . For that purpose the solution vector x of the homo-
geneous problem (2-8) is needed.

2.3.1 Kepler orbital elements

According to Arnold (1970, p. 16 ff.) the solution of (2-8) is given by

x(®) = R,(-QR,(-1)R,(-w) [rcosv(t) ,rsinv(t),0] (2-20)
where
_ Al
pooooaee) (2-20a)
1+e cosv

The position vector x(t) defines the so-called Kepler ellipse which
spans up an orbital plane as shown in Fig. 1 and defined by

VoL the true anomaly (angle between the perigee vector and the
position vector of the orbital ellipse),

a ... the semimajor axis of the orbital ellipse,

Q ... the length of the ascending node of the orbital plane,
measured in the (Xx;,xy)-plane,

w ... the argument of the perigee in the orbital plane,

e ... the excentricity of the orbital ellipse, and

i, the inclination of the orbital plane with respect to the

(X1,x2)-plane.

For the definition of the rotation matrices R. in (2-20) see appendix A.
For the sake of simplicity in computations we introduce the excentric ano-

maly E dinstead of the true anomaly v as time-dependent parameter of the
orbital ellipse.

10
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Thus, using the transformations given by Arnold (1970, p. 15)

coskE -e
cosy = ——— (2-21a)
1-e costk
_ (1-e2)’’sinE
sinv = (2-21Db)
1-e coskE
r = a(l-ecosk) (2-21c)
we get the position vector x in the following form
x(£) = aR,(-Q) Ri(-1) Rs(-w) [cosE(E) -sin@, cosF sinE(t) 0] (2-22)

where the excentricity of the orbital ellipse is related to the excentri-
city angle @ by

e = sing . (2-23)

The velocity vector x of the homogeneous problem is then griven ana-
logously to (2-22) by

X(t) = aR,(@ R/(-1) R,(-w) % [cosE(t)-sin@,cos@sinE(t),0]" (2-24)

Considering the relations
0 L ) .
FIa [cosE(t)-sin®] = -sinkE - E (2-24a)

0 )

EE_[COS$ sinE(t)] = cos@ coskE - E (2-24Db)
where E s given as function of the time according to Kepler's equation

M=n(t-t,) =E-esink (2-24c¢)

In (2-24a) we denote by

M the mean anomaly, by
t, ... the time of the perigee passage of the satellite, and by
n . the mean angular velocity of the satellite,

KM 0.5
a

12



Thus, E s given by

. n
E = m =N a/r (2'24@)

where

1
Il

a[l-e cosE(®)] . (2-24F)
Inserting the relations above in (2-24) we get for the velocity vector x

-32 a2 T
X = 33(Q) 31(71’) 33(fw) Tn sinE(t),Tn cos@® coskE(t),0 (2-249)

With respect to the soultion of the homogeneous problem (2-8) the parame-
ters Q, i, w, a, e, t, can be considered as constants. The only time-
dependent parameter in (2-22) is the excentric anomaly E . Consequently,
the partial derivatives of the position vector x with respect to time in
(2-14a,b) refer to E = E(L)

The six parameters mentioned above are the so-called Kepler elements
forming the vector u

u = [tp,a,Q,oo,e,i]T (2-25)

2.3.2 Poincaré orbital elements

The solution of the differential equation system (2-19) by use of Kepler
elements (2-25) has the disadvantage, that the inverse block matrix of the
order 6 x 6 in (2-17) has to be derived by Cramer's rule or by Gauss' algo-
rithm. An explicit representation of the inverse and consequently of Y
(2-18) might be extremely difficult. In addition, using Kepler elements can
cause singularities of (2-19) when considering small excentricities e and
small inclinations i of the satellite (see also Arnold, 1970, p. 28-29).

In order to avoid these disadvantages, canonical orbital elements can be
introduced in the vector u (2-25), fulfilling the relation

The necessary sub-determinants in (2-17) are derived then by partial
derivatives. The canonical elements used in this presentation are the so-
called Poincaré orbital elements.

Following Strumpff (1973, p. 237) the Poincaré orbital elements

13



are given in terms of Kepler elements by

Il =nt+c+w+Q where ¢ = nt, (2-26a)
g =-21°° sin% sin(w+0Q) (2-26b)
h=-2L%° cos®5gp sini% sinQ (2-26¢)
L = xa%® where k% = kM (2-26d)
G= 21°° sin% cos(w+Q) (2-26e)
H= 2L%°cos®%% sini% cosQ (2-267)

and the corresponding inverse relations are

M(1,9,G) =n(t-ty) = 1+arctan(%) (2-27a)
2
a(l) = — (2-27b)
K
h
Qch,H) = -arctan(TT> (2-27¢)
h g
w(h,H,g,6) = arctan m -arctan(T;> (2-274d)
5 70.5
g2 +G° (92*‘G2)
e(g,G,L) = i - 1 (2-27e)
0.5
. . h2 + H2
i(th,g,H,G,L) = 2arcsin > (2-271)
4L-2 (g2 +6%)

The canonical orbital elements (2-26a-f) represent a set of harmonic coor-
dinates. Solving the problem (2-19) in terms of those coordinates implies
the advantage of using canonical transformations (see the appendix B; in
particular (B-10) and (B-1la to d)).

2.3.3 Modified Poincaré orbital elements

Since the introduced canonical element 1 (2-26a) is a linear function
of time it might not be suited as integration constant in the solution of
the homogeneous problem. By modification of 1 we might be able to con-
struct a set of time-independent non-canonical elements which, however,
keep the nice properties of the canonical Poincaré elements as pointed out
in appendix B.

In order to derive the necessary modifications we first introduce the so-
called Hamilton function H of the unperturbed Kepler problem (point mass
in a radial symmetrical force field)

14



H(xy) = 0.5(x7y) - W (2-28a)

where y = X (2-28b)

2

kM (2-28c¢)

K

The Hamilton function of (2-28a) represents the difference between kine-
tic and potential energy of the Kepler problem.

The equation of motion of that problem is then given by (see also the
appendix B, eq. (B-2a,b))

(@) (2‘296)
(7¥;> (2-29Db)
ot _ T (2-29¢)
I C
oH , X!
e (2-29d)
ox (xTx)"

By combining (2-29a-d) we get again the basic equation of motion of (2-8)
using (X_= g)

X =y (2-30a)

>

j/ =‘K2ﬁ (Z‘BOb)
N (x'x)

Expressing H as function of the formally introduced two set of coordi-
nates g, p consisting of the canonical elements (2-26a-f)

q [1.9,n] (2-31a)

p = [L.GH] (2-31b)

yields the differential equations (2-29a,b). The transformation of H
with respect to q and P using x = (q p) and y = y(q p) can be

easily derived when inserting the squared velocity of Kepler motion into
(2-28a).

According to Arnold (1970, p. 13) we have

Yy = i'% = ——% - — (2-32)

15



Inserting (2-32) in (2-28a) yields

K2

H(B,g) STy (2-33)

Considering L =p, = ka® (2-26d) and (2-31b) we get the transformed
Hamilton function

i t

te.g) = 57 - RETY (2-34)

It can be shown now, that the transformation x = i(ﬂ’ﬂ) and y = Z(S’E)
is canonic, and the Hamilton function does not change.

According to egs. (B-5a,b) of appendix B the following holds

, oH \'
E = a—p (2-35a)

, oH \'
p=- W) (2-35b)

The proof can be derived by differencing g, p with respect to time and
comparing it with the gradient of the Hamilton function.

QZ[T,@,ﬁ]T=[n,o,O]T (2-36a)

[
—
o
o
o
—

=

p-[L.6. A (2-36b)

n represents the angular velocity of a satellite moving on a Kepler
ellipse

i (2-37)

For the gradient of H 1in (2-35%5a,b) we find

oH [oH oH oH ] [« (-380)
o 19, " Op, cOp, | [T i
oH :

ga =[0o,0,0] =0 (2-38b)

Comparing (2-38a) and (2-36a) using (2-37), as well as comparing (2-38b)
and (2-36b), shows that the Poincaré orbital elements are canonical ele-
ments. Again, the first element in (2-36a) shows that q is not constant.

16



A set of constant, time-indepenedent orbital elements v can be obtained
by subtracting from the coordinate q, the time-dependent part nt =x*-t/
pf corresponding to a shift of the former reference of the potential energy

by «*/2p]

q- K te
v o= |- p; ! (2-39a)
P
- 4
r Vi K
q, - —t
v 1 p%
2 a,
V3
- | (2-39b)
) p1
Vs D,
L Vg _p3
where
e =1[1,0,0] (2-39¢)

1

Thus, the differentiation of v (2-39a) with respect to time yields

|o

v = [ ] (2-39d)
0

proving that v are constant coordinates of the homogeneous problem (2-8).

The modification of g according to (2-39a) results in a new Hamilton

function H”

K
H = H+ (2-39e)
2V
or
4
ST (2-39f)
2p?

The modified Poincaré elements v have the same properties (appendix B)
like the original Poincaré elements q, p . This should be shown by the

following. -

17



(i) Proposition:

The functional determinant J (see eqg. (8-6) of appendix B) does not
change when replacing q. p by v

According to (B-6) to (B-10) of appendix B holds

[ ox"  9y'

9q 9q }

detJ = detJ' = det | B B | =1 (2-40)
S
| op op |

Proof:

Let dq/dy and Jp/dv be the corresponding Jacobi matrices of p and
g with respect to (2-39b).

9q [ 0g  dq 9q ]
5 e | - 1Al (2-41a)
al Vi Vo Vg -
op [ op  dp op ]
3 || T L (2-41b)
where I is the identity matrix,
1 0 0
=10 10 (2-41c)
0 0 1
-3t 0 0
g=10 o0 0 (2-41d)
0 0 0
0 0 0
g=10 0 0 (2-41e)
0 0 0

18



A

Q| QY
< |I>

Q| Q@
I< |I<

Using (2-

QO @
< |I>

QU Q@
1< |I<

The matrix products are explicitly defined by

K t/vi = t/a’

_|ox 09  ox o
~|9g 9 dp ov
_ |9 oa o9y op
B

4la,b) in (2-42a,b) results in

_ ox  0x  0x 2
9q ' op  og ~

|9y oy oy

B TR I T

[ aXl
dq,

8)(2
dq,

8X3
| dq,

19

(2-411)

(2-42a)

(2-42b)

(2-43a)

(2-433)

(2-443)

(2-44Db)



Thus, for the determinant of the transformation (2-26a,..., f) we get

o NS B
ov | og > op =1 | 29 " op |
det = det - B | — det - -
| oy | % N ., dy 9y
L Bv | 0 " op 9g " op
= det J' = dety (2-45)

The expression after the second equality sign in (2-45) is obtained due
to the fact, that by subtraction of Q,Q, (2-44a,b) just the 3t - times

of the first column is subtracted from the fourth column. Thus, the value

of the determinant does not change by this elementary transformation.
q.e.d.

(i7) Proposition:

Let QT be the Jacobi matrix of the position vector x and the ve-
locity vector y with respect to the coordinates v

|
4
I

(2-46)

Q| Y Q| QY
I<|l< < |I>

I
e e

The sub-determinants of QT resulting from cancellation of one specific

row and column can be derived by partial differentiation according to
(B-11a, ..., d) of appendix B.

20



Proof:

Rewriting (2-46) considering (2-45) yields

01 Ox 0% Oxi Oxg Ox ] [OX O% Xy OXi o, 0% OXi 0X)
vy " 0Ov, T 0vs vy T Ovs Ovg dq, *9q, " dq, " dp, dq, " dp, " dp,
Oxp 0%y 9%y 0%, 0Xp Oxp| | OXz Xz Xz OXz . OXp OXp OX;
vy " 0v, T 0Ovs T ovy tOvs Ovg dq, *9q, " dq, " dp, dq, " dp, " dp,
Oxs Xy Oxy Ox3 Ox3 Oxy| | OX3 OXg OX3 Ox3 , OX; OX; Oxg
vy " 0Ov, T 0Ovs T ovy T Ovs Ovg dq, *9q, " dq, " dp, dq, " dp, " dp,
= (2-47)
vy "9V, T 0Ovs dvy Ovs dvg dq, *9q, " dq, " dp, dq, " dp, " dp,
vy " 0Ov, T 0Ovs T ovy T Ovs Ovg dq, *9q, " dq, " dp, dq, " dp, " dp,
vy " 0v, T 0Ovs T ovy  Ovs Ovg | dq, " dq, " 9q, " dp, dq, " dp, " dp,

For subsequent considerations we introduce the following schematics:

Let i={1,2,..., 6} be the number of a column, and k={1,...,3} be the
number of a row in (2-47).

For the computation of the sub-determinants

0
and ‘ s

8V1

an
aVﬁ

two cases have to be considered. The matrix element Ox,/dv; and Ody,/dv;

respectively, is a symbol of the place in the matrix QT when cancelling
the corresponding row and column for the calculation of the specific sub-
determinants.

Case 1. 1 # 1

ATT columns except the first one can be cancelled. For the sub-deter-
minants for all k we get from (2-47)

OXy OXy .
= [ =— for i=2,3 (2-48a)
ov; aq;
OXy | oxk =4,5,6
|7§V: = | Spj for o i=1.273 (2-48b)
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3 0

e | o | 2| for i=2.3 (2-48¢)
ov; aq;

ay, | | 9y, =4,5,6
|?;Z_ = | 3, for o i=1.2.3 (2-48d)

The equality of sub-determinants in (2-48a,..., d) is due to the fact,
that in case 1 = 1 each sub-determinant is determined by the correspond-
ing submatrix containing the first column reduced for the cancelled row-
element. Except the trivial case i = 1 and i = 4 , the fourth column of
the sub-determinants is reduced by 3t - times of the first column. This
elementary transformation does not change the value of the determinant.

Example:
aXl aXl aXl 3 aXl 8)(1 aXl
, , -3t , ,
dq, ~ dq, ° dp, dq, ~ dp, ~ dp,
aX3 aX3 aX3 3 aX3 8)(3 aX3
, , -3t , ,
dq, ~ dq, ~ dp, dq, ~ dp, ~ dp,
0X; dy, Ody, 9y, dy, 9y, 09y, | OX,
= , , -3 , , = (2-49)
| v, dq, ~ dq, ~ dp, t dq, ~ dp, ~ dp, oq,
dy, 9dy, 9y, 1 dy, 9dy, 9y,
dq, ~ dq, ~ dp, dq, ~ dp, ~ dp,
dy, Oy, 0y, 3 Ay, 0y; Oy,
dq, ~ dq, ~ dp, dq, ~ dp, ~ Idp,

Case 2. i 1

The first column is cancelled. For the sub-determinants we get for
k=1{1,2,3} from (2-47)
ox ox ox
e [y [ T el (2-50a)
ov; aq, ap,
0 0 0
’ Y =’ i +3r‘ Y (2-50b)
ov; aq, ap,
(2-50a,b) are derived by the following theorem about determinants (51 are
here column vectors):
det (11,12 ..... X FCoXpgoee s 5n)
(2-51)
= det(gl,ﬁz ..... Xpo Xy oo oo X ) + det(xl,i2 ..... X2 CaXpqgrenns _n)
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If i =1 +the first column is cancelled. The so-derived sub-determinants
do not contain a multiple of the first column reduced for the correspond-
ing row element. In the third column of the sub-determinants is the dif-
ference of two column vectors. Using (2-51) we get in principle (2-50a,b).

T
Thereby the column vector -31[(85/8q1)T,(82/8q1)] , 1s situated on the

place of the first column by interchanging two columns without change.

Concerning the signs in (2-50a,b) we have to consider the following:

. an A an
sign 30, = sign 7;;; (2-51a)
an an
i — | = -si 2-51b
sign apl sign I (2-51b)
. ayk _ . ayk
sign I = sign 7§i; (2-51c)
. ayk _ B ayk
sign ?;;r = -sign ?ﬂ;; (2-51d)
j=1{1,2,..., 6}
Let k be an arbitrary row in (2-47) again. Then the elements
Oxy 9y, Oxy Oy, 3
8V1 ,a—vl, and aql ,a—ql k—{1,2,3}
form the first column, whereas the elements
Oxy 9y,
, k=1{1,2,3}
op, ~ 9p,
form the fourth column. Thus, it holds
axk 1t . axk
1 = - J =
sign 3, - sign aql
. 9y, 1+] : 9y,
- (- - 2-52
sign I -D sign 3, ( )
Xy oYy .
sign = sign = (-D*
op, op, )
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By (*1)4+k = (*1)(*1)1+k the change of sign of the factor -3t in

(2-50a,b) can be explained. This holds also for (2-51b,d)

Example:

8)(2 aXZ 8)(2 8)(2 aXZ 8)(2

, , -3 , ,

dq, ~ dq, ~ dp, t dq, ~ dp, ~ dp,

8)(3 aX3 8)(3 ~ 3¢ 8)(3 aX3 8)(3

dq, ~ dq, ~ dp, dq, ~ dp, ~ dp,

| 0X _ dy, 9dy; 0y, 1 dy, Ody; 9y,

ov; dq, ~ dq, ~ dp, dq, ~ dp, ~ dp,

dy, 9dy, 9y, 1 dy, 9dy, 9y,

dq, ~ dq, ~ dp, dq, ~ dp, ~ dp,

dy, 0dy; Oy, 3 dy, 0dy; 0Oy,

dq, ~ dq, ° dp, dq, ~ dp, ~ dp,
aXZ 8)(2 aXZ 8)(2 aXZ aXZ 8)(2 aXZ 8)(2 aXZ
dq, ~ dq, ~ dp; ~dp, " Ip, dq, * dq, ~ 9q, " dp, ~ Ip,
aX3 8)(3 aX3 8)(3 aX3 aX3 8)(3 aX3 8)(3 aX3
dq, ~ dq, ~ dp; ~dp, " Ip, dq, * dq, ~ 9q, " dp, ~ Ip,
_ dy, Ody; Oy, OJy; Ody, Ca dy, Ody; Oy, Oy, Ody,
dq, ~ dq, ~ dp; ~dp, " Ip, dq, * dq, ~ 9q, " dp, ~ Ip,
dy, 9dy, 0y, O9dy, 9y, dy, 9dy, 0y, 9y, 9y,
dq, ~ dq, ~ dp; ~dp, " Ip, dq, * dq, ~ 9q, " dp, ~ Ip,
dy, 0y, Oy, Oy, 0y, dy, 0y, Oy, Oy, 0y,
dq, ~ dq, " dp; ~dp, ~ Ip, dq, * dq, ~ 9q, " dp, ~ Ip,
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dq, ~ dq, " dp; ~ 9p, ~ Op, dq, ~ dq, ~ 9qy " dp, ~ Ip,
8)(3 aX3 8)(3 aX3 8)(3 8)(3 aX3 8)(3 aX3 8)(3
dq, ~ dq, " dp; ~ 9p, ~ Op, dq, ~ dq, ~ 9qy " dp, ~ Ip,
_ dy, Ody; Oy, 9y, dy, e dy, Ody; Oy, 9y, dy,
dq, ~ dq, " dp; ~ 9p, ~ Op, dq, ~ dq, ~ 9q, " dp, ~ Ip,
dy, dy, 0dy, 9y, 9y, dy, dy, 0dy, 9y, 9y,
dq, ~ dq, " dp; ~ 9p, ~ Op, dq, ~ dq, ~ 9q, " dp, ~ Ip,
dy, 0dy, Oy, Oy, Oy, dy, 0dy, Oy, Oy, Oy,
dq, ~ dq, " dp; ~ 9p, ~ Op, dq, ~ dq, ~ 9q, " dp, ~ Ip,
|8X1 3 ( 1) | 8)(1 | 8)(1 +3 | 8)(1 (2-53)
- - 3t(- A 2| 22D T B
aq, ap, aq, ap,
Using egs. (B-1la,..., d) of appendix B yields the important formula for
the determination of the sub-determinants.
For i =1
ox | | oxe | 9y, o
3, = 3, = 3p, for 1 = 2,3 (2-54a)
oxg | | oxe | _ 9y,  for i =4,5,6
el B Aol Hlie Eo S R B0 (2-54b)
ayk _ a.yk _ axk .
rrl 30, = 30, for 1 =2,3 (2-54c¢)
oy, | |9y |  9x for i =4,5,6
3, = apj = qu o j=1.2.3 (2-54d)
For i =1
‘ % = ‘ % + 31 ’ % ’ = %, - 31 %, (2-54e)
aVl 8(2]1 ap1 E9p1 8ql
| W | - |—ayk +3 | %, | - g O (2-54f)
ov; aq, ap, ap, aq,

Corresponding formulas for the plane case can be found in Stumpff (1974,
p. 247 ff.).

25



2.4 The solution of the inhomogeneous or perturbed problem

2.4.1 Transformation of the inhomogeneous problem into modified Poincaré
orbital elements

The inhomogeneous problem is given by (2-16a,b) as a first order differ-
ential equation system in u

X(Wu = o (2-55a)
X(wo = au.t) (2-55b)

u is the vector of Kepler elements (2-25). Transforming u=u(v) into
the modified Poincaré orbital elements v by

u = u(v) (2-56a)
x = x(u(v).t) (2-56b)
x = x(u(v).t) (2-56¢)
- Ay (2-57a)
LTt ‘
ox _ 9% o4 X o (2-57b)
Oy du ov v
o2 A (2-57¢)
Ov  du ov  — oV ¢

where odu/dv 1is the Jacobi matrix with respect to the transformation from
u in v , results in

y - 9% (ou 1 (2-58a)
27 v v e
y - 0% (o4 1 (2-58b)
Oy \ov
Inserting (2-57a) and (2-58a,b) into (2-55a,b) yields
v oo Ox (ou)Tou o ox . _ (2-59a)
e o \av) v T vt e ‘
g - OX (o4 TR £ (2-59b)
ST T T TE
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" _ h dget 24+ (2-59¢)
W W—_ wnere QW C

Note: For the transformed Jacobi matrices 0du/dv , the notations X, X
are kept in the following.

Thus, the inhomogeneous problem (2-16a,b) changes into the new differen-
tial equation system with respect to ccordinates v

X(v), ) 1 12
KO [ l (2-60)
X(u(t),t) a(v(v).t)

or in short form

) = Y(v(t),t) a(v(t),.t) (2-61)
where
y = X (2-62a)
AT a_l a
g = X (2-62b)
27 v
x1' [0
Y= | (2-62¢)
X 1
with
0=10,0,0]
1=101,1,17 .

2.4.2 Determination of the Jacobi matrix of Kepler elements and modified
Poincaré orbital elements

Let u be the vector of Kepler elements using the mean anomaly M
(2-24c) instead of t, in (2-25).

u=1[Ma,Q w,e,i]’ (2-63)
Further, g, p are the vectors of Poincaré elements (2-26a,..., )

qg=1[1,9,h]" (2-64a)

p = [L,G, HI (2-64b)
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By v the vector of modified Poincaré elements (2-39b) is denoted.
g K4't
v = +——e (2-65)
2
where
e =11,0,0,0,0,0]" .

1

The Jacobi matrix u with respect to v 1is given by

3y 39 9y | dp v ey
Inserting (2-41a,..., f) in (2-66) yields
[ 99 ]
auz[au auHal z[au aul LA
R N S N I R
| Ov |
T I =t (2-67)
B R
0 - 3| 2L g0 h -2 (2-67a)
Y, T a—gl,__ wnere T ? a
Explicitly,
[ OM oM oM oM oM oM
91 9dg oh oL oG oH
da Oda oOJa da oda Oa
91 99 oh oL oG oH
02 00
3u 3u 01 0g oh oL oG oH
fil ’7?1 _ (2-68)
4 P dw OJdw OJw dw Jdw Jw
0l 9dg oh oL oG OoH
de Ode Oe de Ode oOe
91 99 oh oL oG oH
oi 01 01 01 0oi 01
91 99 oh oL oG oH
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The appropriate 36 matrix elements of (2-68) are

oM

o1 1 (2-69a)
+Q

Eﬁl = costwr ) (e =sin®) (2-69b)

99 2L%° sin(@/2)

an
an =0 (2-69¢)
an
a0 =Y (2-69d)
- e (2-69e)

96 2 L% sin@/2)

g_m -0 (2-69f)
g_? -0 (2-70a)
g_: -0 (2-70b)
% -0 (2-70¢)
% - izL - 210.5 (2-70d)
2_2 -0 (2-70e)
S_S -0 (2-70f)
2_$ -0 (2-71a)
2_2 -0 (2-71b)
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o0 0

a0 .

oG

0Q ) sinQ

oH 2L%° cos05¢ sin(i/2)
ow 0

o1

dw - cos(w+Q) _ oM
99 2 L% sin(@/2) dg
dw cosQ

oh 2 1L%°cos05¢ sin(i/2)
ow 0

oL

Jw - sin(m+Q) _ oM
a6 2 L% sin(@/2) ef¢
Jw sinQ

oH 2 1%°cos05¢ sin(i/2)
de 0

o1

f%i S cosP sin(w+Q)

dg L%° cos(§/2)

de 0

oh

de ) 1 Can(@/2) sind

30 T an(@/2) sing

de cos P cos(w+Q)

G L%° cos(@/2)

de 0

oh

30

(2-71d)

(2-71e)

(2-711)

(2-72a)

(2-72b)

(2-72c¢)

(2-72d)

(2-72e)

(2-721)

(2-73a)

(2-73b)

(2-73¢)

(2-73d)

(2-73e)

(2-731)



2 - 0 (2-74a)
o7 25in(@/2) tan(i/2) sin(w+Q
91 2sin@/2) OaSnU/ ) sin(w+9) (2-74b)
o9 L7 cos@
Qi _ sinQ (2-74c¢)
oh L9° cos0-5% cos(i/2)
oi  tan(i/2) B
GAR — (2-74d)
9 2sin@/?) tan(i/? +0
oi sin(@/2) 062(1/ 3'cos(w ) (2-74e)
a6 L7 cos@
a_l _ cosQ (2’741:)
oH L%° cos0-5% cos(i/2)
The matrix Q, (2-67a) is defined using (2-69a...., ).
[ OM 0 0
o1
%25y
o1
o0 0 0
D
_ 4t (2-75)
=2 aZ
LR
o1
de 0 0
o1
oi 0 0
L 91

2.4_.3 Determination of the Jacobi matrix X

The matrix X (2-62a) is given by using the chain rule with respect to
the transformation u=u(v) , see also appendix C.

x = SX _ 9% ou (2-76)
= Oy Ou ov
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du/ov s defined by (2-69) to (2-75). The Jacobi matrix of the position
vector x with respect to the Kepler elements (2-63) reads

[ aXl 8X1 aXl 8X1 axl aXl ]
oM da 0Q ow de o1

aXZ aXZ aXZ aXZ aXZ aXZ

(2-76a)
oM da 0Q dw de a1

| @
l= |Ix
I

aX3 aX3 aX3 8X3 8X3 aX3
oM da 0Q ow de o1

The 18 matrix elements of (2-76a) are derived by partial differentiation
of (2-22). Note that for M the relation (2-24c) is used.

X
—— = [cosQcosw -sinNQ sinw cosi,-(cosQsinw +sinQ cosw cosi),sinQsini]-
aml [cos Q Q (cosQ +5inQ ) Q ]
a’ a’ !
-[_F-sinE,-77-cos$ costk, O] (2-77a)
X, . . . ) ) ) .
—— = [sinQcosw +cosQ sinw cosi,cosQcosw cosi -sinQsinw, -cosQsini]-
3 [ Q + Q Q Q Q ]
a’ a’ !
-[—F—sinE,-77-COS$ cost, O] (2-77b)
0x3 . .. . .
= [sinw sini,cosw sini, cosi]-
a’ a’ !
-[_F-sinE,-77-cos$ costk, O] (2-77¢)
Xy . . . ) . . . .
= [cosQcosw -sinQ sinw cosi,-(cosQsinw +sinQ cosw cosi),sinQ sini]:
33 [ Q Q ( Q + Q ) Q ]
-[cosE-sing,cos@ sinE,0]" (2-78a)
X, . . . . . . ..
I = [sinQ cosw +cosQ sinw cosi,cosQcosw cosi -sinQsinw, -cosQ sini]-
“[cosE-sing,cos@ sinkE, 0] (2-78b)
0x3 . .. . .
35 [sinw sini,cosw sini, cosi]-
“[cosE-sing,cos@ sinE, 0] (2-78¢)
0x; . . . . . . A
=0 - [-(sinQ cosw tcosQ sinw cosi),sinQ sinw -cosQ cosw cosi,cosQsini]-

“[a(cosE -sin@), a cosg sinkE,0]" (2-79a)
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8)(2
0Q

8X3
0Q

8X1
ow

aXZ
ow

8X3
ow

8X1

= [cosQcosw -sinQ sinw cosi,-(cosQsinw+sinQ cosw cosi),sinQsini]-

-[a(cosE -sin@),acosp sinkE,0]" (2-79b)
[ 0 , 0 , 0 ]-
-[a(cosE -sin@),acos® sinE,0]" = 0 (2-79¢)

[-(cosQ sinw +sinQ cosw cosi),sinQ sinw cosi -cosQcosw, 0] -

-[a(cosE -sin@),acosp sinE,0]" (2-80a)

[cosQ cosw cosi -sinQ sinw,-(cosQ sinw cosi +sinQ cosw), 0] -

-[a(cosE -sin@),acosp sinE,0]" (2-80b)

[cosw sini, -sinw sini,0]-

-[a(cosE -sin@),acosp sinkE,0]" (2-80c)

[cosQcosw-sinQ sinw cosi,-(cosQ sinw+sinQ cosw cosi),sinQsini]-
T

a? a? sink
|-{a+—sinE], ———— (cosE-e),0 (2-81a)
r rcoseg

[sinQ cosw +cosQ sinw cosi,cosQcosw cosi +sinQ sinw, -cosQ sini]-

T

a? a? sink
|-{a+—sinE], ———— (cosE-e),0 (2-81b)
r rcoseg

[sinw sini, cosw sini, cosi]-

T

a? a? sinkE
-|-la+—sinE|], ——— (cosE-e),0 (2-81c)
r r cosq

[sinQ sinw sini,sinQ cosw sini, sinQ cosi]-

-[a(cosE -sing),acose sinE ,0]" (2-82a)

[FcosQ sinw sini, -cosQ cosw sini, -cosQ cosi]-

-[a(cosE -sing),acosesinE ,0]" (2-82b)
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aX3
01

= [sinQ sini,coswcosi, -sini]-

-[a(cosE -sing),acose sinE , 0] (2-82¢)

The variable r is given by (2-21c) already

r=a(l-ecosk) (2-83)

2.4.4 Determination of the Jacobi matrix X

Matrix X (2-62b) is again derived by using the chain rule (see also
appendix C) with respect to the transformation u = u(v) .

|><

Il
Ul @
= |1
Ul @
I<|l=

(2-84)

du/ov s already given by (2-67). The Jacobi matrix of the velocity

vector Xx with respect to the Kepler elements u s explicitely given by

[ 0X;  OXy  OX; 0%  0X;  OXy ]
oM oa oQ Jw de 01

0X, 0%, 0%, 0%, OX, 0OX,

- (2-85)
oM 0a oQ ow de o1

ol @
= |-
I

0X3 0X%X3 0X3 OX3 OX3z  OX3
oM oa oQ Jw de 01

The 18 matrix elements of (2-85) are derived by partial differentiation
of (2-24qg).

X
7%% = [cosQcosw -sinQ sinw cosi,-(cosQsinw +sinQ cosw cosi),sinQ sini]:-
a* a* !
. [———n(cosE -sin®) ,-—ncos® sink ,O] (2-86a)
rs rs
X, ) . ) ) ) . Lo
= = [sinQ cosw +cosQ sinw cosi,cosQcosw cosi -sinQ sinw, -cosQ sini]-
3’ 3% T
. [-———n(cosE -sin®) ,-— ncos® sink ,O] (2-86b)
rs "3
0X3 : L L .
= [sinw sini,cosw sini,cosi]-

T

a* a*
. [———n(cosE -sin@) ,-—ncos® sink ,O] (2-86¢)
rs r3
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[cosQ cosw -sinQ sinw cosi,-(cosQsinw +sinQ cosw cosi), sinQ sini]-

da
a . a _ T
-[Wn smE,-Wn cos® coskE ,O] (2-87a)
0%y . . . . . : o
S5 = [sinQ cosw +cosQ sinw cosi,cosQcosw cosi -sinQ sinw, -cosQsini]-
a . a _ T
-[Wn smE,-Wn cos® coskE ,O] (2-87b)
0X3 . . . .
T = [sinw sini,cosw sini, cosi]:-
a . a _ T
-[Wn smE,-Wn cos® coskE ,O] (2-87c)
0Xq . . . : : . A
S0 = [-(sinQ cosw +cosQ sinw cosi),sinQ sinw -cosQ cosw cosi,cosQsini]:
a’ a’ !
-[Tn sinE,Tn cos® coskE ,O] (2-88a)
0%y . . . . } . . R
=0 = [cosQ cosw -sinQ sinw cosi,-(cosQsinw+sinQ cosw cosi),sinQsini]:
a’ a’ !
-[Tn sinE,Tn cos® coskE ,O] (2-88Db)
O0X3
& Lo 00
a’ a’ !
-[Tn sinE,Tn cos® coskE ,O] (2-88¢)
0Xy ) . . ) ) .
i [-(cosQ sinw +sinQ cosw cos i), sinQ sinw cosi -cosQcosw, 0] -
a’ a’ !
-[-Tn sinE,Tn cos@ coskE ,O] (2-89a)
0%y . . . . . .
Se = [cosQ cosw cosi -sinQsinw,-(cosQ sinw cosi +sinQ cosw), 0] -
a’ a’ !
-[-Tn sinE,Tn cos® coskE ,O] (2-89b)
0X3 . . .
——— = [cosw sini, -sinw sini, 0]
dw

al a’ !
-[—Tn sinE,Tn coscT)cosE,O] (2-89¢)
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0X,
oe

X,
oe

0X5
oe

[cosQ cosw -sinQ sinw cos i

.[a

4

2r3

a
n@sing +sin2k (sin® cosk-2)), ﬂ7;-n(tan$ cosE +

2

,~(cosQsinw +sinQ cosw cosi),sinQ sini]-

(2-90a)

[sinQ cosw +cosQ sinw cosi,cosQcosw cosi -sinQsinw, -cosQ sini]-

[ a

2r3

+—Ccos®

[ a

4

a
r

4

2r3

a
n@sing +sin2k (sin® cosk-2)), ﬂ7;-n(tan$ cosE +

a
n@sing +sin2k (sin® cosk-2)), ﬂ7;-n(tan$ cosE +

.
a
(7; Sin’E - cosZE)> ,O]

[sinw sini, cosw sini, cosi]-

a _[a . ) !
+-F-COS¢ (7;s1n E-cos E) , 0

2

2

[sinQsinw sini,sinQcosw sini,sinQ cosi]-
[FcosQ sinw sini,

|

[Sihw cosi,coSw cos i

|

2.4.5 Determination of the inverse Y

2
a ) _
"= sink Lo ncose cosk , O

2
a ) _
il sink Lo ncose cosk , O

2
a ) _
il sink Lo Ncose cosk ,O

a?

a?

a?

-cosQ cosw sini

, -sini] -

|

|
|

T

, ~cosQ cosi]-

T

T

(2-90b)

(2-90c)

(2-91a)

(2-91b)

(2-91c)

According to (2-60) has the following linear system of equation of dimen-
sion 6 to be solved with respect to Vv

|

Using Cramer's rule the element v;

X

X

.

|

of vector v

serting the right hand side of (2-92) in column i
maxtrix, built-up of the corresponding sub-determinant, and division by the
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is determined by in-
of the coefficient



determinant of the coefficient matrix. Thereby we have to note that
y=x, (2-29a).

column i

[ a><1 8)(1 0 8)(1 T

a—\/l 8_\/2 .......... 8_\/6

aXZ aXZ 0 8)(2

a—\/l 8_\/2 .......... 8_\/6

aX3 aX3 0 8)(3

X a—\/l 8_\/2 .......... 8_\/6

i = (2-93)

Sl IS : oy,
a\/l 8V2 ..... 1 e 8v6

9, % ; 9y,

a\/l 8V2 ..... 2 .. 8v6

9ys 95 ; 93

a\/l 8V2 ..... 3 e 8v6

) (2-94)

. 1
T deta <a1 v,

Using the special properties of the introduced canonical elements, in
particular (appendix B, eq. (B-10)),

detd = 1 (2-95)

and considering (2-54a,..., f) the explicit sub-determinants (2-94) are
easily constructed.

According to (2-61) we have
V() = Y(v).t) a(v(t).t) (2-96)

where Y is given in terms of Poincaré elements p, q by
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and in terms of modified Poincaré elements
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Il

The partial derivatives of
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e

) 8)(1

oG
aXl
OH
8x1

01
aXl
0

8x1
oh

oL

B

. aXZ

oG
) 8)(2
oH
aXZ

01
aXZ
0

aXZ
oh

can be found in

. aX3 8)(3

) 8)(3

oh

(2-76) to (2-82c).

2.4.6 The solution by the method of successive approximations

(2-97a)

(2-97b)

In the following we are concerned with the determination of the vector
is known as function of time, the posi-

v =v(t)

tion vector
ly determined using the transformations (2-26a

from (2-96).

If

x and the velocity vector Xx

the accelerations a

We rewrite (2-96) in the form

v(t)

(L)

Y (v(t).t) a(x(v(t).t) . x (v(t).t) t)

Y (v(t),t) a(v(®).t)
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f), (2-27a,...,

and

(2-98a)

(2-98b)



(2-98b) is derived from (2-98a) by replacing x and Xx in the accelera-
tion vector by the coordinates v

(2-98b) represents a nonlinear 6 x 6 differential equation system for the
unknown vector v(t) . Since a (2-6) is considerable small in compari-
son to VW, (2-4b) (for low satellites we have approximately |al| /IViW,|=
0.002, Picard"s iteration method by successive approximations is suited
for the solution of (2-98b). For that purpose we write (2-98b) in the form
of an integral equation

t
v(t) = 10+f1(1(t),t) a(v(t).t) dt (2-99a)
to
where
v(ty) = v . (2-99b)

0

The constant vector v, 1s considered as initial condition at time t,
for the solution of (2-98b). The integral on the right hand side of (2-99a)
represents the variation of the orbital elements v in the time interval
(t-t,) . Considering further the position vector x(v(t),t) and the ve-
lTocity vector x(v(t).t) at t=t, , we recognize that by ﬁ(loﬂw) and
X(vy,t,) and (2-99a,b) we just obtain the solution (2-20) of the homogeneous
problem (2-8). Thus, the space curve x(v(t),t) 1is osculating the Kepler
ellipse of the homogeneous problem at t=t, . (Position and velocity
vector of the satellite coincide with the corresponding values of the
Kepler ellipse at t=t, .)

By Picard's approach successive functions lkﬁj of (2-99a) are con-

structed which are converging under certain prerequisites towards v(t)
The principle is simple. Starting with v = v, in the integral of (2-99a)

and solving it for the time interval (t-t,) yields the first solution v,

which again will be used in the integral, v = v, - Repeating the inte-

gration and the whole procedure k-times leads to the following iteration
scheme.

t
v = v [V (r®.1) 3 (v,0.1) dt (2-100)
to

where
k = {0,1,..., m} and v (t=0) = v,

Thus, the successive approximations are determined.

t
v =y fi(lo,t) a(v,.t) dt (2-101a)

(v,(0),t) dt (2-101b)
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t

V() =y 4 fi(lm_l(t),t) a(y, (.t) dt (2-101d)

to

lkﬁj is converging to v(t) 1in the interval [t;.,t,] , containing t,
if Cauchy's theorem of existence is fulfilled. Thus, necessary and suffi-
cient condition for the convergence is the existence of the solution with
initial conditions wv(t,)) =v . This is certified, if

0= Y (v,0.t) a (v, m.t)

is continuous in a domain in the vicinity of P(to,lg)e R’ , e.g. if
[t-t,] < €,
oow ] <

(Branstein-Semendjajew, 1975, p. 383, p. 375).

In principle, the boundedness of the norm |y_-10| can be interfered

by possible singularities in the differential equation system (2-61). It
is known (Arnold, 1970, p. 28-29) that those singularities exist for small
excentricities e when using Kepler elements.

Solving the problem by Poincaré orbital elements v , one can show that
no singularities exist for e = o0 , by expanding v;(t) 1in a series with
respect to the excentricity e and the inclination i . In fact, some
of the partial derivatives (2-69a,..., 2-74f) containing sin(®@/2) and/or
sin(i/2) 1in the denominator are singular at the very first sight. Those
singularities, however, can be removed by multiplying the corresponding
elements of 0x/dv by the ones of 0x/ou (2-76) and the subsequent sum-
mation.

The method of successive approximations can be applied analytically or
numerically. Using an adequate acceleration modell a meeting the require-
ments of modern satellite geodesy does not allow to perform an analytical
integration due to the complexity. Merson (1961) has derived two iteration
steps pf (2-100) analytically with considerable effort using only zonal
spherical harmonics, which do not yield the necessary geodetic accuracies.
Therefore numerical integration might be the only way to solve the integral
in (2-100).

A sequential algorithm of successive approximation of (2-100) can easily
be derived avoiding that all quantities qu(t) at step k have to be

stored in a computer.

By applying a quadrature formula to (2-100) we get
n
Vet = vt h Y oY (v ), t) a (0 t) (2-102)
i=0

By h the integration step size is denoted. o; are the appropriate
constants for the type of quadrature. For the case of the trapezoid rule
we have
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0.5 for 1i=0 and i=n
oy = (2-103a)
1 for i=0 and i#n
h=(t-to)/n (2-103b)
Using the expressions above, (2-102) changes into
lkﬂ(ti*l) - lk+1(t1)+
h
o (Y (00 t) a (v, (k) t) +Y (v, () i)
a (vt i) ) (2-104a)
For the initial quantities at time t=t, holds
ll(to) = lz(to) = ... = lm(to) =V, (2-104b)
and the indices i, k are
i={0,1,..., n}
(2-104c¢)
k = {0,1,..., m}

(2-104a) allows to determine v at each time t; by m iteration steps.
By the final vector lkﬂ(tﬂ the position vector i(lkﬂ(tﬂ,ti) as
well as the velocity vector of the satellite g(lkﬂ(tﬂ,ti) can be com-

puted. Because of the small order of magnitude of a , m will be con-
siderable smaller than n , m«n

In principle, all higher order quadrature formulas can be used to solve
(2-102). However, this will be not discussed further in this context.

3. THE ACCELERATION MODELL

In order to determine the position vector x and the velocity vector Xx
of a satellite with sufficient accuracy for nowadays purposes, it is nec-
essary to take into account still other acceleration types besides the gra-
vity acceleration. In this context five different acceleration types are
discusses acting on the satellites. These are

(i) 11 ... gravity acceleration of the solid earth, U
(i1) f, ... acceleration due to the air-drag of the atmosphere,
(iii) f, ... acceleration due to the solar radiation pressure,

2

D" Note, that the vector j s the gradient of the model potential (U-U,) ,

and not the one of the actual gravity potential (W-W,) . This is im-
portant to know when using the Tinearization step of integrated geodesy,
see also 4.3.
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(iv) j3 ... acceleration due to the attraction of sun and moon, and,

(v) f, ... acceleration due to the tides of the solid earth.

Depending on the specific purpose of orbit determination further types of
accelerations have to be introduced, like e.g. oceanic tides, indirect
solar radiation pressure, etc.

3.1 Coordinate reference frames

In order to derive the observation equations of satellite geodesy, deter-
mining the earth's gravity field and threedimensional positions on the
earth's surface, two reference systems have to ne defined.

(i) For the purpose of satellite orbit determination an inertial reference
frame is needed. In such a system Newton's Taws of classical mecha-
nics hold in good approximation. The inertial system was already
used in paragraph 2., but not yet very well defined.

(i1) In this paper points on the earth's surface as well as the gravity
potential are considered as time-independent. They refer to an earth-
fixed coordinate system. The International Polar Motion Service
(IPMS) and the Bureau International de 1'Heure (BIH) determine the
instantaneous pole position from quasi-continuous observations of the
astronomical latitude and refer it to the Conventional International
Origin (CIO) and BIH-pole, respectively.

Between system (i) and (ii) transformations can be defined using time-depen-

dent rotation matrices. For both reference systems the origin is taken to
be identical.

3.1.1 The inertial reference system

The inertial reference system (better: quasi-inertial system) used here
is the instantaneous astronomical system at time t=t, ."

The coordinates in this system are denoted by
x = [x1.%2,%x3]" (3-1)
and their orthonormal basis by

el. &), &} (3-2)

D Time t, 1is identical with the lower integration 1imit in paragraph 2.
and 4., e.g. where the orbit integration starts.
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g; ... s the unit vector of the equinox ¢y at t=t, ,
e ... g =eXxe , and
e* ... 1s the unit vector parallel to the true rotation

axis w of the earth at t=t,
The origin is identical with the geocenter, the mass center of the earth.

The so-defined inertial system is free of rotations for t2>t, . Its
basis (3-2) is space-fixed.

In principle, the system (3-1), does not represent a real inertial system
which is in rest or is uniformly moving. Neglecting relativistic effects,
the earth is moving in space. This movement of the origin is an accele-
rated movement, contradicting the definition of an inertial system. 1In

order to get Newton's Taws fulfilled, an inertial acceleration (—X@) has

to be introduced. As usual in satellite geodesy, (-XO) is taken into

account when determining the acceleration f, due to sun and moon. For

that reason only the relative acceleration with respect to the geocenter

will be considered in f, . The attraction due to other planets can be

neglected in that context since the integration interval [t,t,] 1is short
and only the difference in accelerations is considered. Thus, it is as-

sumed that by the correction (—ZO) the inertial reference system is suf-
ficiently approximated.

3.1.2 The earth-fixed reference system

The earth-fixed reference system is defined by the Conventional Interna-
tional Origin (CIO) of the International Latitude Service (ILS), Interna-
tional Polar Motion Service (IPMS) or by the BIH origin of the Bureau In-
ternationale de 1'Heure (BIH), and by the astronomical meridian of Green-
wich. Both origins coincide within < 1 m.

The coordinates of the earth-fixed system are denoted by

.
y = [Y1.¥,.95] (3-3)
and their orthonormal basis by
el.e). &} (3-4)

where

el ... s the unit vector in the astronomical meridian plane
of Greenwich, el -elX=0,

y Y = ¥ X oY
e S =gl Xel, and

e ... [1s the unit vector parallel to the Tine geocenter - CIO.

The origin, again, is identical with the geocenter, the mass center of
the earth.
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3.1.3 Transformations

The transformation between the coordinate vector x in the inertial re-
ference system and the vector y in the earth-fixed system is given by

(appendix D, eqs. (D-9a.,,,, d)

|
Il

R ¥y (3-5a)
y = R'(t) x (3-5b)

where the orthogonal rotation matrix R(t) 1is defined by

R(E) = N(to) P(to) P'(t) N'(t) R, (-@(D)) S(t) (3-5¢)
and the following relation holds

R = RY(D) (3-5d)

For the explicit definition of the rotation matrices in (3-5c) see appen-
dix D.

For the consideration of the earth's gravity potential we introduce be-
sides the vectors x, y an earth-fixed spherical system (r,¢,2) , where

r ... 1s the radial distance between the geocenter
and the considered point in space,

@ ... 1s the Tatitude of the point in space referenced
to the coordinate system y , and

A ... is the longitude of the point in space referenced
to the coordinate system y

Between the vector y and the spherical coordinate the simple reflation
holds

COS@ COSA
y =r|cose Sinai (3-6)

sine

The inverse relations are given by

0.5
ro= (XTZ) = | X' (3-7a)
sine = y; /1yl (3-7b)
- 2 210"
cose = (1-yi/1yl?) (3-7¢)
sinA = . ggsq) = Y2 N (3-7d)
| (1-92/]x])
COSA = 1 = 1 — (3-7e)

ly| (1-92/1u])
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Partitioning the rotation matrix BTUJ

vectors, leads to a simple relation between

(3-7a,..., e).

= [x"RORx]"T = (

ry(t)x

(zi x/1x1) ]

0.5

riyx

| x| [1*(£§(t)5/|5|)2]

ryt
y, = rj®x
Y, = ryt)x
Y3 = ﬁ;(t)x
o= (yy)
. ri®) x
sing = ———
| x|
SinA =
x| [1-
COSA =
Formulas (3-10a,...

x of the satellite into the spherical earth-fixed coordinate system

E},w,X).

0.5

X

in (3-5c¢) with respect to row
(r.e. 2

(3-8)

(3-9a)
(3-9b)
(3-9¢)

(3-10a)

(3-10b)

(3-10c¢)

(3-10d)

d) are necessary for transforming the position vector

3.2 Gravity acceleration of the solid earth

Using the model potential

W(x.t)
logue to (2-6) by

U(x.t)

i, = grad, (U-U,) = grad, U;

By U,

the radial-symmetrical part of the gravity potential

approximating the actual potential
in first order, we get the vector of gravity acceleration in ana-

(3-11)

is denoted

which has to be separated for the solution of the homogeneous problem (2-8).
The index of the gradient operator indicates differentiation with respect
to the coordinate directions of the inertial

In general,

tion

Uy =U-U,
fering to an earth-fixed system.

grad, U; = B(t)gradyul
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X

is given in the form of spherical harmonics re-
Therefore we have to use the transforma-

(3-12)



where R(t) 1is given by (3-5c¢).

coordinate system r =1[r,e,A]" we get

or’ [au; au; au; 1
dy | or " 3¢ *on

gradyul =

Introducing the earth-fixed spherical

(3-13)

Inserting (3-13) into (3-12) yields the desired representation of J in

the inertial system

J, = R(t) 3 o T’ o (3-14)
where R(t) s given by (3-5c¢c) and
or or or COS@ COSA , COS@ SinA , sing 7
ay, ay, ay,
dr d¢ d¢ d¢ ] sing cosA  sing sinA  cos¢
?BZ ) 9y, 9y, 9y, B r r S 5-1>)
oA oA oA ~sinA CcosA 0
[ dy, 9y, dy, | r cose r cos@
The spherical harmonics expansion reads
n u R“
Ur(r,@,n) = kM z Z T Puw(sing) (c, cosva + s, sinva) (3-16)
p=2 v=0
and its partial derivatives with respect to r,e,A are
ou, Do R ) )
5 = kM Z Z m(;ﬁl)Pw (sing) (cu COSVA + 5,,5inV2) (3-17a)
u=2 v=0
aU, Lo REO0P, (sing) ,
o kM zz 7 5o (cp COSVA + 5,,5inVA) (3-17b)
u=2 v=0
oU; So R . .
—— = kM 2; VP, (sing) (s, cosvAa - ¢, sinva) (3-17¢)

oA

put2

o

p=2 v=0

Pw (sineg)

in (3-16) to (3-17a,b,c) represent the so-called associated

Legendre polynomicals (see e.g. Sigl, 1973, p. 141).
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Pw(sing) = cos¥e 28 3o sint V% (3-18)
0=0

The partial derivative of (3-18) with respect to spherical latitude is
given by

K

dP, V-
Vo= -\ - _ v : Hv-Z20 _
30 E Ao L (u-v-2)cote - vtano} cos’y sin @ (3-19)

o=0
where

_ (-1)° (2p- 20)! _
o T T (n-o)! (n v 20)! (3-20a)

H-v . .
5 if u-v s even,
K = (3-20b)
p-v-1 . .
— if w-v s odd

3.3 Acceleration due to air-drag

On the satellite flying in the atmosphere acts an acceleration opposite
to the direction of movement and proportional to the satellite's velocity
squared. This leads to a reduction of potential energy of the satellite.

For a spherical-shaped satellite the acceleration due to air-drag is
(Cappelari et al, 1976, (4-73))

f,= 0.5C (A/mMp X | 4. (3-21)
where

Cp e is the force coefficient,

(A/m) ... is the relation of effective surface to the mass

of the satellite,

p e is the density of the atmosphere, and
Ko . is the velocity of the satellite relative to the
atmosphere in the inertial system. ng is ap-

proximately the velocity of the satellite relative
to the earth when assuming that the earth rotates
with the same angle velocity like the atmosphere.

In principle, eq. (3-21) holds also for non-spherical satellites. In
that case, the geometry of the satellite, the orientation of its surface

D For =0 - cote 1is undefined. The singularity can be removed be-

cause either (p-v-2)=0 , or the factor sin””Y“@ can be premulti-
plied.
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with respect to the velocity vector, and the resulting aerodynamic behavi-
our have to be taken into account when determining Cy

3.3.1 Velocity of the satellite relative to the atmosphere of the earth

Let x be the position vector, x the velocity vector of the satellite
in the inertial system, w the vector of angular velocity of the earth,

and X, the relative velocity vector of the satellite with respect to

the earth. We assume that the angular velocity w, of the earth's atmos-
phere is defined in first approximation by the angular velocity vector w
of the earth.

The basic relation between the vectors mentioned above is

X=Xt eXx (3-22)

Rewriting the vector product on the right hand side of (3-22) in matrix
form, yields

w XX = QX (3-23)
where
o= [0, o, 0] , (3-23a)

the skew-symmetrical matrix Q 1is given by

[ 0 O] (,02]
9 = w3 0 OV (3‘2313)
O (OF] 0
Q= -0f (3-23c)
By differentiation of the transformation (3-5a) we get
X =Ry+Ry (3-24)

where 'y is the position vector, y s the velocity vector of the satel-
lite, both in the earth-fixed reference system.

Inserting the inverse transformation (3-5b) in (3-24) we get
x = RR'x + Ry (3-25)

By comparison of (3-22) with (3-25), and considering (3-23) the following
identities hold:

@Xx = RR'x (3-26a)
X, =Ry (3-26b)
Q = RR' (3-26¢)

Thus, eq. (3-22) can be rewritten using (3-26a,c).
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X = x-Qx (3-27a)

—rel =

The norm of irﬂ is given considering (3-23c) by

0.5 .
= (%, %.) = (x+2xax-xT0%) (3-27b)

—rel =rel

|lre1

The time derivative of R in (3-26c) is determined by differentiation
of (3-5c).

R(E) = N(to) P(to) B'(t) N'(t) R,(-O(1)) S(b) +

+ N(to) P(to) PT(E) B (1) R (-O(1)) S(B) +

(3-28)
+ N(to) P(to) PT(t) N'(t) R,(-@(1)) S(b) +
+ N(to) P(to) P'(1) N'(t) Ry(-0(1)) S(t) +
Since
(i) the interval [t,t,] of orbit integration is considerable
small and, therefore, the earth-rotation vector w shows
only very small changes due to precession, nutation and
polar motion in that intervall, and
(ii) the density models commonly-used are only a rough approxi-
mation,
the position and velocity vector in (3-26a,..., c) does not need a very high

accuracy. Thus, it is justified to neglect in the air-drag model preces-
sion, nutation and polar motion, and to approximate the rotation matrix in
(2-28) by

R(t) = R, (-0(D)) (3-29a)
and consequently, (3-26c¢c) by
o = R (-em) Rl (-em) (3-29b)

Replacing the angular velocity component © by the angular velocity GA of
the atmosphere, we get using (3-29,a,b)

w, = [0,0,0,] (3-30a)
O '@A O

Q@ =16, 0 0 (3-30b)
0 0 0
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Thus, the vector X, 1s defined by

X =X‘QX=[X1+®AX2,X2‘®AX1,O]T (3‘313)

—rel - —A-=

3.3.2 The modified Harris-Priester model atmosphere

In order to compute the acceleration f, ., the density p of the atmos-

phere at position x = x(t) of the satellite has to be known.

In principle, the density p can be considered as a function of position
(e.g. the altitude above the earth), of time and of further model parameters.
From the various models we will discuss the modified Harris-Priester model
because of its simple structure. It is described in detail in Cappelari
et al (1976, p- (4-53)FF.). Therefore we Tike to outline it here only
shortly.

(i) The model considers the energy flux of the extreme ultra-violet
light and other corpuscular heat sources.

(ii) The annual and semi-annual variations of density as functions
of Tatitude are averaged.

(iii) The variation of density due to the variation of the extreme ultra-
violet Tlight is not considered.

(iv) The modification of the original Harris-Priester model consists of
the consideration of the day/night effect by a cosine function bet-
ween a density profile of maximum and minimum density.

(v) The models use a table of minimum and maximum density profiles as
function of discrete altitudes between those the values are inter-
polated exponentially.

The density p 1is given according to Cappelari et al (1976, (4-132)ff.)

by
p(h.t.p, 1.A) = [1+7; cos*W/2) ]| {pa(m) +[pn(h) - pn(h) | cosFw/2) } (3-33)

where h is the altitude of the satellite above the earth’s surface, e.g.
in first approximation above the earth’s ellipsoid,

h = |x]|-Re (3-34a)

x is the position vector of the satellite and Ry 1is the geocentric radius
of the sub-satellite point on the ellipsoid,
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Re = RA-1) (3-34b)

) [1 -(2f - fz) cc>52<p]0'5

R is the mean earth radius, f the flattening of the mean earth ellipsoid,
and ¢ s the spherical latitude refering to the earth-fixed reference
system.

The angle ¢ s given by
cosy = u'x/|x| (3-34c)

where the unit vector u of the point of the density maximum of the atmos-
phere is defined by

cosds cos(astA)
U = | cosds sin(as+d) | with  Ju| =1 (3-34d)
lsinSS J

os = as(t) , & =8s(t) are the rectascension and declination, respectively,
of the sun in the inertial system at time t . A is the phase lag of the
density bulk with respect to the movement of the sun in the equator

(A = +30°) .

The minimum and maximum density values p,(h;) , pu(h;) given in tables
as function of altitudes h; can be interpolated at h , hy<h<hiyy , by

pn(n) = pu(hy) e(ti-n)/n (3-34e)

pu(h;) e(hi-n/ (3-34F)

pu(h)

where H, , Hy are interpolation constants,

W hi ~hin (3-349)
" In pyChis) = Tn py(hs)

hi - hiq

(3-34h)
In py(hiz) = In py(hy)

HM=

B, p; in (3-33) are additional model parameters.
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3.4 Acceleration due to solar radiation pressure

Considering only the direct solar radiation pressure, the corresponding
acceleration f, s givven according to Cappelari et al (1976, p. (4-60)ff.)
by

X = X
- 2 = = )
f, = vka§ ———= (3-35)
|5"55|
where
k = Ps(A/m)cy (3-36a)
P = S/c (3-36b)
Cp = 147 (3-36¢)
C0Sdg COS ag
X = Is C0S &g Sinag (3-36d)
Sinds
r¢ = as(1-escosks) (3-36e)

The quantities in the formulas presented above are

k e is a model parameter,

1 1if the satellite is outside of the earth's
shadow,

’ o . 0 if the satellite is within the earth s shadow,
as e is the semi-major axis of the mean orbit of the earth,

S e is the mean energy flux of the sun in [Wm?] ,

C .. is the velocity of light,

n e is the quantity describing the optical properties of the

material of the satellite (e.g. for aluminium n = 0.95),

A/m . is the relation of effective surface of the satellite
to its mass,

rs e is the distance of the sun with respect to the geocenter,

s, 8 ... is the rectascension and declination, respectively, of
the sun in the inertial reference system,

es e is the excentricity of the orbit of the earth,
Es . is the excentric anomaly of the earth, and
X is again the position vector of the satellite in the

inertial system.
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Depending on the accuracy requirements, further effects related to the
solar radiation have to be considered:

(1) Indirect solar radiation pressure, caused by reflection of the sun's
radiation on the earth's atmosphere (Albedo effect),

(2) Direct radiation pressure of the earth,

(3) Yarkovski/Schach effect, caused by the one-sited heat-up of the sur-
face of the satellite in direction to the sun,

(4) Poynting-Robertson effect, a relativistic correction to (3-35).

3.5 Acceleration due to the attraction of sun and moon

The acceleration acting on a mass point (satellite) due to the attraction
of a planet H , relative to the geocenter, is given by

XXy Xy
i3H = 7ka 3 + 3 (3’37)
| x - x, | x|
where
k .. is the gravitational constant,
My e mass of the plant H ,
X, position vector of the planet H 1in the inertial system,
and
X is again the position vector of the satellite in the

inertial system.

For the question, why (3-37) is treated as relative acceleration see also
the explanation in paragraph 3.1.1.

Considering here only the attraction of sun and moon, the total accelera-
tion on the satellite 1is

L, =1f,+1% (3-38a)
[N WY [T S-SR (3-38D)
|5"5M |5M| |5"is| |ﬁs|
where
My e is the mass of the moon,
Mg e is the mass of the sun, and

are the position vectors of the moon and sun,
respectively, in the inertial system,
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[ COSOy COS oy ]
= ry | Cosdy sinay (3-38¢)

Sindy

[ COSOg COS ag ]

X = Is C0S &g Sinag (3-38d)
Sinds
ry = ay(1-eycosky) (3-38e)
r¢ = as(1-escosks) (3-38f)
oy, Oy o is the rectascension and declination, respectively,
of the moon,
s, 05 ... is the rectascension and declination, respectively,
of the sun,
ry,rs ... are distances geocenter-moon, and geocenter-sun,
respectively,
ay,as ... are the semi-major axes of the moon and the earth,
respectively,
en,es ... are the excentricities of the orbit of the moon
and the earth, and
Ev,Es ... are the mean anomalies of the orbit of the moon, and

respectively, of the sun.

3.6 Acceleration due to the tides of the solid earth

The elastic earth is deformed by the attraction of sun and moon. The so-
caused mass variations produce at the orbit of the satellite an additional
gravity potential 8U(x) , which can be expressed by (Lambeck, 1974, p. 44)

(e

*® o+l
_ My R R

sU(x) = k > ke Py (COS 8) (3-39a)
|£H| =2 |5H| |§|
XT . éH

cosdy = ——— (3-39b)
x| |5H|

where
Kg . are Love numbers. The index o indicates the frequency

dependency of Love numbers,

Ps e is the Legendre polynomials of first kind
(zonal spherical harmonics), and

R A is the mean earth's radius.
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For all other quantities in (3-39a,b) see the chapters before. The index
H at some quantities stands for the specific planet H (sun or moon) under
consideration. Tides of the solid earth means here, that oceanic tides are
neglected.

In high altitudes above the earth's surface, (3-39a) can be approximated
by the form o =2, e.qg.

R5
SU(x) = kmy k, — P, (cosdy) (3-40)
ERNES

Since the point of maximum deformation is not in direction to the planet
due to inner friction of the earth's body, thus showing up with a certain
time delay At , the actual position x, of the planet has to be replaced

by a fictitious one, X, considering the corresponding time delay At

The equatorial Kepler elements are corrected by

QH = QH'(QH'(’.‘))At (3_413)
(T)H = (L)H'(i)HAt (3_41b)
MH = MH_MHAt (3_41b)

and thus, XH , is given by (2-22):

[ cosBy-eqy ]

- I
%y = an Ry (-0) R, (1) Bz("T’H)[(l-eﬁ)o’SsinFH‘ (3-42a)
0
where

MH = EH'eHS-inEH (3_42b)
N x' - X

cosdy = ———— (3-42¢)

x| |%,]

The acceleration of the satellite caused by the elastic deformation of
the earth is determined by the gradient of (3-40).

f,, = grad, 3U(x)

(3-43)

= ka kg

|5H| X

55



where the Legendre polynomials and its derivatives are given by

P, (cosdy) = 0.5 (3cos?sy-1) (3-44a)
, - oP,(cosd -
P, (cosdy) = _?ﬁ%ZEiiﬁg' = 3cosdy (3-44b)
, - 0P5(cosd -
Py (cosdy) = ﬁ = 1.5(5c0s%5,-1) (3-44c¢)
Thus, the resultant acceleration of sun and moon is derived by adding
their specific terms of (3-43), H: =moon M , and H: = sun S
4 = f45+i4M (3‘456)
R kms ! - X ! - X
I, = 2 7 3 P2 (COSSS) — P3 (COSSS) m +
2" { ]x] || x
(3-45hb)
k ’ ~ SZ ’ ~
+ mM3 P, (cos&y) — P53 (cosdy) =
%, | %] £

4. THE OBSERVATION EQUATIONS OF SATELLITE GEODESY

In this paragraph we will derive the observation equations of satellite
geodesy in the model of integrated geodesy. In detail, the following
types of satellite observations are treated:

Type S1: d ... direction measurements

S2: S ... distance measurements from terrestrial ground
station to a satellite

S3: dS/dt ... Doppler observations of a satellite at a
ground station

S4.1: ds/dt ... satellite-to-satellite tracking (Doppler type)

S4.2: s ... satellite-to-satellite tracking (intersatellite
laser distances)

SH: 1 ... interferometric time delays

S6: 1 ... interferometric Doppler differences

S7: h ... altimetric heights (distances from a satellite

to the sea-surface)
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We will assume that above mentioned quantities can be considered as more
or less original observations. The introduction of further parameters, like
e.g. atmospheric parameters, clock errors, etc., however, is possible in
this approach. It can be easily done. Since those parameters might depend
on the different types of instruments used, it will be not discussed fur-
ther on.

The basic reference system used in the derivation of observation equa-
tions, is the inertial reference frame x defined in paragraph 3.1.1.

4.1 General form of observation equations

Every satellite observation 1; <can be considered as nonlinear functio-
nal depending on the three-dimensional position vector x and on the ve-

locity vector x of the ground station G and of the satellite Q , re-
spectively.

T (xR X0 ) (4-1)

The position vector X of the ground station can also be expressed in

the earth-fixed coordinate system, e.qg., Xe .

Introducing the approximate coordinate vectors ig,gg,ﬁg,gg in the
decompositions,

X, = Xg t 8%, (4-2a)
Xy = 38 + 6%, (4-2b)
Xe = Xg t 98X, (4-2¢)
Xy = 124-656 (4-2d)

as well as considering the corresponding approximate observations 1%
-lj = ]?"‘611 (4-2e)

and expanding &1; 1in a Taylor series neglecting higher order terms, leads
to

_— o1, °
i aéo

° s+ o1,

° ol

The partial derivatives with respect to the vectors ﬁg,gg,gg,gg are
nothing else than the gradients

(4-43)

ol; [ o154 o154 ol ]

0%, OXjy 0% = OXyg
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ol; [ 91; 91, ol ] (4-4b)
aio L ailo ’ aéZQ , a&30 E
ol _ [ 91y 01y 31; ] (4-40)
0X¢ | OX¢ 7 9%, T OXyq |
ol; [ 91, 91, ol ] (4-a4d)
aie L aile ’ aiee , 8&36-

Since the position vector x and the velocity vector Xx of the satellite
is a function of dynamical parameters, e.g., parameters of the acceleration
model (see chapter 3) and of the gravity potential, the linearization pro-
cess should result in a linear functional of the form (see also Moritz
(1980, p. 226 ff.))

81y = bisy +alsp+ Li(D (4-5)
where
3y - is the vector of residual coordinate unknowns of

the ground station in the earth-fixed reference
frame (see 3.1.2),

dp .. is a vector of residual dynamical parameters, e.g.,
parameters of the acceleration model,

L:(T) ... is a linear operator of the residual (or disturbing)
potential, and

a., b e are coefficient vectors of the unknowns SZG , Op

The linear relation between 8x,, 8x, 1in (4-3) and &p, L(T) in (4-5)
can only be derived by considering the coordinate vector v resulting from
the successive approximation (2-100).

= x,(¥(®).t) (4-6a)
= x,(v(t).t) (4-6b)

)

Decomposing v(t) into an approximate vector v°(t) and a residual
(linear) vector 8v(t) ,

v(t) = v°(t) + 8y(t) (4-7)

it follows from (4-6a,b)

ox
Xy = % (0. 1) + (D). 1) Su(D) (4-8a)
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o
Xy = X)) + %(X"(t),t) 3V (1) (4-8b)

The Jacobi matrices 850/81 , 850/81 are already explicitly given by
(2-76) and (2-84) in connection with (2-68). The meaning of the approxi-
mate vector vO(t) s discussed later.

Usinf the abbreviations X , X for the mentioned Jacobi matrices (see
also 2.4.3 and 2.4.4)

X (8) = x (v°(8),t) + X(v°(t). t) dv(t) (4-9a)

X, (8) = 2, (v08), 1) + X(v°(8).t) v(t) (4-9b)
Thus, we find for &x, . 86X, 1in (4-2a,b) the relation

6X, = X 8V (4-9c¢)

%, = X 8v (4-9d)

4.2 The vector p of model parameters

The vector p (or its residual vector SE) forms together with the ground

station coordinates the deterministic unknown part of model (4-5). It is
defined by the introduced acceleration model. Here we restrict ourselves
to the general force modelling given in paragraph 3. It is obvious, that
further parametrization is possible.

For the following considerations we partition p 1in five sub-vectors,

:
pl.pl.plplpl] (4-10)

is the vector of the initial state of the satellite at t =t,

here defined by the modified Poincaré elements,

= [10. 9,0 hos Los Gou Ho ' (4-11a)

is the vector of gravity potential parameters (spherical harmonic
coefficients of an earth model of order n),

= [CZQ,Cgl,...,Cnn,SZQ,Sgl,...,Snn]T (4-11bh)

is the vector of all other remaining parameters of the different
parts of the introduced acceleration model, e.g.,

= [6.Co. Py, L K, Ky, AL] (4-11c)

is the vector of earth rotation parameters (pole coordinates
¢, mn, and sidereal time © ),
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p, = & 0f (4-11d)

and the vector p consists of their variations with time

p, = [t 4. 0] (4-11le)

The vector p and its sub-vectors have the following order:

0(p) = [11+(m+1)-(+D]x1 =mx1 (4-12a)
0(p,) = 6x1 (4-12b)
0(p,) = [(+D-(+2) - 6] x 1 (4-12¢c)
0(p,) - 8x1 (4-12d)
0(p,) = 3x1 (4-12e)
0(p,) = 3x1 (4-12f)

4.3 Determination of &v(t) by the linearization principle of integrated

geodesy

According to (2-7) the resulting acceleration vector a 1is given by

a = grad, W, + f,
where W; =W-W, and W, = kM/|§O|

The Linearization principle of integrated geodesy consists of two steps:
(i) Wy =U +T (4-13)

Uy in (4-13) is the so-called normal (or model) potential U reduced for
the radial-symmetrical part U, = kM/r , consequently U;=U-U, , and

T s the gravity disturbing potential of the earth. p° 1is the vector of
approximate parameters of p , see (4-1la,..., e).

Thus, the gradient of the gravity potential W; (4-13) is
grad, W, = grad, U; + grad, T (4-15)

or using the formerly introduced notations of Hein (1981, p. 43),

9, =3 +39 (4-16)
where

g, = grad, W, (4-17a)

11 = grad, U; (4-17b)

dg = grad, T (4-17¢)
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Introducing (4-16) in (2-7) we get
a = g1+-j = Jj +f+38g (4-18)
Note, that the vector &g in (4-18) is already of first order.

Next, we insert (4-18) in the successive approximation series (2-100),
resulting in

t
v @ = v [V @01) [4, (5 0.8) + £ (v,0.1) + 5 (1, m).1)] at
" (4-19)
or
t
v, = v +f v, (D), t [J v (), t) + f(v 1), t)] dt +
to
t
f v, (D), t 6g v, (D), t) (4-20)

Linearizing (4-20) by (4-14) having in mind the functional relationship

v, =uv(p) (4-21a)
i =i (yw.t.p) (4-21b)
89 = 89(v,().t.p) (4-21c)
£ = f(v@.t.p) (4-21d)

(4-21e)

<<
~
i
N~
Il
|<
=~
VN
+
|©
N——
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The integrals in (4-22) depend not only on the integration parameter t
but also on p . The question whether the Tast two integrals (4-22) may be

partially differentiated with respect to p can be answered by the follow-
ing.

Partial differentiation under the integral sign is always possible, if
the corresponding expression is continuous in the domain G: {t; <t <t
Els E_S_BZ} , and continuously differentiable with respect to p,
(Bronstein, Semendjajew, 1975, p. 348). Without proof we will assume that
these conditions are fulfilled.

Considering the Tast integral in (4-22), which is already of second order
due to the first-order term &g 1in the product, and using eq. (C-12) of

appendix C, we get

Ji— tY dg dt 6p = t—é— Y 8g) dt & (4-23a)
op Jl‘ 2 B f op (- 9) P °
L S

o (Y Sg) = [ ox 39 or 89 or dg| +Y %9 (4-23b)
dp == py = 0dp, = 7T op, =] T Op

According to appendix C eq. (4-23b) is the Jacobi matrix of the product
Y d8g with respect to p , which is also of first order. By post-multi-

plying (4-23b) with SE_ (see (4-23a)) results in second-order terms which

can be neglected if the approximate values were sufficient for the lineari-
zation process. Consequently, the integral offers the possibility of prov-
ing this fact after estimation of op and 39 .

Recording of (4-22) using (4-23a,b) results in

1k+1 (t ’E) lk+1 (t ’EO) + 81k+1 (t ’BO) (4-24)

Y (£07) = w(Ep7) +

t
*‘Jﬂl(lk(t»Eo)-t) SQ(Ek(t,EO),Ef,t) dt (4-24b)
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With the above mentioned expressions we are able now to define the linear
variations &x,,8%x, (4-9a,b) as functions of &p and &g . Eq. (4-24a)

in connection with the normal (or model) gravity vector ll and the appro-
ximate vector p° form the approximate vector v°(t) in (4-7).
ve) = v, (t.p°) (4-25a)

su(t) = oy, (t.p°) (4-25b)

—k+1

4.4 The determination of the necessary_Jacobi matrices

The Jacobi matrix Jv/dp

The matrix standing left to the vector op in (4-24b) is nothing else
than an approximation of the Jacobi matrix al/aE in the iteration step
k+1

Thus,
9 oy 9 g
Yoo YL _ : -
i llothfi(ilJrj)dt] (4-26)

In order to determine a!/aE we use the partitioning of p introduced

already by (4-10). This is reasonable since the vectors v , il, f in
(4-26) depend on different systems of parameters.

Y, = lo(Bl) (4-27a)
Yo = X t'Bl'BZ’E3’E4) (4-27b)
4 7 il(X«(tlt’Eg’E4) (4-27¢)
fo=f(ymtp) (4-27d)

v, and v do not depend on the sub-vector E4 (4-11e). The sub-vector

94 was introduced in order to get a consistent representation later on.

It is needed in the transformation of the velocity vector of the ground
station between inertial and earth-fixed reference frame (see (4-132b)).

Thus, dv/dp consists of the following block matrices:

alkﬂ _ [ alkﬂ alkﬂ alkﬂ alkﬂ alkﬂ (4‘28)
% %, %, % o, %
The dimensions of the matrices are
O,y
0|l—=——| = 6 X6 (4-29a)
agl
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k“) = 6X[(n+1)(n+2)-6] (4-29b)

oy
—k+1> w3 (4-29d)

ov
o( a—g“) = 6x8 (4-29¢)

'k+1> e x3 (4-29¢)

6X14+(n+1) (n+2) = (6 Xm) (4-291)

(@n]
/
Q
O)L<
< |5
x
N———
I

Considering (4-26) and the functional relationship (4-27a,...d) the
block matrices in (4-28) can be defined as a successive series of Jacobi
matrices, j=1{1,2,3} .

T - o2 (o) ¢

’ 2’23’t) ’t) 11 (lk (21’22’23’t) ’Ez’t) dt +

+
| =<
~
|<
=~
N
o
|

p,.p.t).t) £(x,(p,.p,.p .t).p .t)dt

+
| =<
~
|<
=~
N
o
|

(4-30)

After partial differentiation under the integral sign, and using (C-16),
we get with 8-/a1k= d0-/dv according to (2-100)

alkﬂ _ alo +

821 821

0 oY . Y ' Gl ' al
+.f[aﬂ (L&i), 8@ (%+i)""'37;(ﬁfi) ?ﬁﬁdt+

(94, of
+f y =L 4y 2= gt (4-31)
831 GEl
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%, =0 (4-31a)
821 =
i =0 (4-31b)
P B
alkﬂ _ 8lo +
822 822
0]
* f(i 5y ﬂ%) 5 4t
to - -
o]
oY oy . oY . ov,
—— i — —— — dt +
" f[avl (i1+i) oV, (i1+£) T dvg (i1+i) aEz
to
0 a~
; f(_% +1§_f>dt (4-32)
2 P, P,
where
alo =0 (4-32a)
aEz
of _ (4-32b)
P, B
alkl _ alo +
op op,
0]
* f(i 5y ﬂ%) 5 4t
to - —
o]
oY oy . oY . ov,
—— i — —— — dt +
" f[avl (i1+i) oV, (i1+£) T Ovg (i1+i) 833
to
[0] a
+f Y %, +Ya—i dt (4-33)
to =3 3
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v, )
833 -
ail .
op =
=3
alkﬂ alo
824 op
0
|
to
6]
-]
to
0
|
to
where
v, )
834 =
of
—_ = g
B,
Wy _
824 =
Eqg. (4-35) holds,
v, 0
824 =
ail .
N
=4
of 0
ap =

since
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(4-33b)

(4-34)

(4-34a)

(4-34b)

(4-35)

(4-353)

(4-35b)

(4-35¢)



The matrix equations (4-31) to (4-34) are given in a series of successive
approximations similar to those for v, (t) . Since (4-31) to (4-34) are

Jacobi matrices building up the coefficient vector for ép . some few

iteration steps might be sufficient. As already known from adjustment theo-
ry coefficient or design matrices have not to show a high accuracy.

The Jacobi matrix ayﬂ/apl as starting sequence in (4-31)

According to (4-11a) the vector p consists of the six modified Poin-

caré elements at t =t,

Bl = [-lo’go’ hO’ Lo, GO’ HO]T

The vector v, is then given by (2-36a,..., f) in connection with (2-28a,
...,f) as function of p

(1, -kt /L0 T
9o

¢ (4-36)

o

o

h
L
G
Ho

The Jacobi matrix of (4-36) with respect to p is then

ov, [ Jv ov ov ov ov ov
— —0 —0 —0 —0 —0 —0
agl | 01, ag, oh, L, oG, oH,
4
t
1 0 0 322 o0 o0
Lo
0 1 0 0 0 0
= 0 0 1 0 0 0 (4-37)
0 0 0 1 0 0
0 0 0 0 1 0
- 0 0 0 0 0 1
Eq. (4-37) can be rewritten in matrix form by
ov,
3 = l-+'93(t0) (4-37a)

—1
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where I is the identity matrix and

0 -Q(t,
Q. = 0 0 (4-37Dh)
- g 0
and
+3t, 0 O
Q(ty) = 0 0 0 (4-37¢)
0 0 0

Matrix Q 1is according to (2-41d) defined for t=1t, by == t/a’

The Jacobi matrix 82{/81

Using the chain rule for Jacobi matrices in Appendix C, we can define
811/81 by

9, _ 9 x 4-38

v~ 9 v L)
where 0x/dv is already given by (2-76) in connection with (2-66f).

OX _ %% ou (4-38a)

Oy Ou oy i

In defining (4-38) the transformation between inertial and earth-fixed
reference frame and additionally, the transformation between spherical
and cartesian coordinates have to be considered.

According to (3-11) we have

i = g U, - [ 9U 9L T (4-39)
l1 gra x o1 8)(1 aXZ 8X3
Thus,
9] 9j. 9j, dJ
=1 _ T _ =1 =1 =1 )
3% grad, grad, U; [ 3%, Ox, Oxs l (4-40a)
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9°U, 9°U, 9°U,
aX% szaxl 8X38X1
A, | v 3%, 3%, (4-40b)
aﬁ leaxz axg aX3aX2
9°U, 9°U, 9°U,
0X10X3 OX,0X3 0x4

For the transformation from the inertial into the earth-fixed reference
frame we use the rotation matrix R (3-5c¢),

9] CN
—L = Rgrad, grad; U; R" = R —= R’ (4-41)

and expressing (4-41) in spherical coordinates r =1[r,q@,A]" using

T

. or
il = grady U, = 3y grad, U; (4-42a)

rad = [ 9 9 o ]T (4-42b)
g y ayl ayz ay3
o 9 o |
gradr = W % a (4-42h)
results in
T2 ad vy =2 grad vy =L gradu, | +
al ayl az gra Y1, ayza gra r Y1 ay3a gra r vl
82U1 azul azul
Ar? dgor oAOr
T 2 2 2
Lot du, du 'y | or (4-43)

dy oroeg dp? o0Ade | 9y

?’u, 3%y, ?%u,
3roA  O@dr  on
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where the matrices of second derivatives of spherical coordinates are given
by

or 0 A
ay? oy{ oy{
o o'r o' 02 (4-443)
9y, 0y 9y, 9Y, 9y, 9y, 9y, 9Y,
or 9 A
dy, 0y, dy, 0y, dy, 0y,
or 0 A
dy, dy, dy, dy, dy, 9y,
o o'r o' 02 (4-44p)
9y, 0y oy} oy} oy}
or 9 A
dy, 0y, dy, 0y, dy, 0y,
9r 0 A
dy, 9y, dy, 9y, dy, 9y,
_or’ _ o'r o 0 (4-44¢)
9y, 0y 9y, 9Y, 9y; 9Y, 9y; 9Y,
or 9 A
ay;5 ay; ay;

The scalar values in the matrices (4-44a,b,c) are obtained by differentia-
tion of (3-15).

or sin’e cos?A + sin‘a
- = (4-45a)
ays r
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2 ) )
o°r cos?A + sin‘A sin‘e

2
ay; r
Gk 2
r _ cos‘e
— =
ays r
o%r ~cos’e sin?2A
dy, 9y, 2r
3°r _sin2¢ cosi
dy, 0y, 2r
o°r ~sin2¢ sinA
ay, 0y, 2r
az(p tan(p (2 2)\ p) . 2)\)
— = COS“A CcOS“@ - sin
2 2
ay; r
o tane . )
2%@' = = (ZCOSZ@ sin“a - coszh)
2 .
0@ _sinZe
oy} re
82¢ tang sin2a
= 2cos?e + 1
dy, 9y, 2r? ( ® )
82@ _ COSA cosZ¢
dy, 0y, r?
82¢ ~sind cos?2¢
ay, 0y, r?
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(4-45¢)

(4-45d)

(4-45e)

(4-45f)

(4-46a)

(4-46b)

(4-46¢)

(4-46d)

(4-46e)

(4-461)



%A sin2A

o7 = T cosle (4-47a)
9% ~sin2a (4-27b)
ay;5 rZ cos’e
jiit 0 (4-47c¢)
= -47¢
oy}
) COS 2A
= - 4-47d
dy, 9y, rZ cosle ( )
——Ef&—— 0 (4-47¢)
= -47e
dy, 0y,
aZA = 0 (4-47€)
dy, 0y,

The six independent partial second order derivatives of the model or

reference potential gl with respect to spherical coordinates are defined

by differentiation of (3-17a.,b,c).

d°u SR RY 3P, (51N @)

1 v ]

312 = kM Z Z (pt1) (ut2) e L a(p [CquOSVA + Sp\;S]nVA] (4-483)
u=2 v=0

3%, o RY 9P, (510 @) _

Soor = -kM zz 2; (ut+1) poTeS; 3o [cocosvAd + s, sinva] (4-48b)
p=2 v=0

0°U, by R , .

or 'kMZ Zv(uﬂ) 7 Pw(sing) [sycosva - ¢y sinval (4-48c)
=2 V=0

3%, Lo R*3%P, (sing) .

0¢? - kMzZ e} “8@2 [CWCOSVA-%SWS1HVA] (4-48d)
=2 V=0

9°U, - RY 3P, (sing) _

Soar - KM ZEZV pvs 5o [swcosvA - ¢y sinvai] (4-48e)
p=2 v=0

aZU n H RH

avl = kM EZVZTIH-PW(Siﬂw)[SWCOSVA - CSinva] (4-48F)
p=2 v=0
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The associated Legendre polynomials P, (sine) as well as their first

derivatives are already given by (3-18), (3-19) and (3-20a,b). The neces-
sary second order derivatives are

azPuv(sin(p)

o2
K 2 . 2 2 . 2
B vesinte - v (u-v-2o0) coscp - 2vsin‘e-1
= Qo | —0zg + (u-v-20) — :
s @ sin“e
- cosvsint TV (4-49)

where the coefficients a,, are already given by (3-20a,b).

The Jacobi matrix 0f/dv

In the following the necessary matrix 0f/dv for the determination of

81/83 (4-31) will be derived. The accelerations f are primarily func-

tion of the position vector x =x(v) and of the velocity x = Xx(v) , see
chapter 3.

Using the chain-rule for differentiation (see appendix C) we get

of _ of ox , of X (4-50)
Oy Ox oy 0% Ov

where
ai _ ail aiz ai3 aill 4 1
Ox  0x " 0Xx " 0Xx i X (4-51a)
ai _ ail aiz ai3 aill 4 1b
3x  ox T ox T ax (4-51b)

Matrix dx/ov 1is given by (2-76) in connection with (2-68), whereas
0x/ov is given by (2-85) together with (2-68).

The detailed matrices Of,/ox and Of /0x have still to be defined.

Using i1 (3-21) we are looking for

of of of  of

0x - Ox; = Ox, ' Oxj (4-523)
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of of of of
-1 _ -1 -1 —1 (4-52b)
ox 0%x; ' 0%, T 0Xj
Matrix (4-52a) can be given explicitly using outer products.
-1 _ : : —rel : . —rel _
X B 7 Co H ( ﬁre? ﬁre? a te ox ﬁre? + pﬁre? oOX > (4-53)
where the density derivative with respect to x , 9dp/ox 1is
0
?;l = grad, p (4-54)

Considering further the density p as functional of Xx according to
(3-33), we find

dp _ OJp oh op Oy .
W_WQ-FW@ (4-54a)

where the scalars and finctions are derived by partial differentiation, e.g.
by the gradients of (3-34a,..., h).

0 _ 5 3 3 )
% = (1+51 Cosu%) [ aphm " ( aphM ) 8th > COSH%] (4-54p)
apm __ Pm _
oh  Hy (4-54c¢)
apM _ PMm 7
oh  Hy (4-54d)
S 5 (4-54¢)
ER ox ox e
d|x] X!

R (4-541)
ox ]
dR RE (2f-
aXE = I‘\;((l f)z) |X|32 |X|32 XT : §§T . §§T =[0,0,1] (4-549)

B i X X
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Inserting (4-54f) and (4-54g) in (4-54e) results 1in

oh TORE(2fF-F°
22 EZ( ) A iRy (4-54h)
ok Ran? |y x|
Further,
9p [T _— — - . :
3$-= “?S1H§C0ﬂIEWpM*%+p1%+2pﬂW’%)UB“§] (4-541)
v o1 U kX (4-543)
ox sing x| \ 7 |M2 !
agrﬂ/ai in (4-53) is derived by partial differentiation of (3-31a).
Pt g (4-55)
ox =A
The derivative of the norm of |5rm| with respect to x 1is
aé 1 XTQ ’XT
Ll - == =0 (4-56)
0x M —A
—rel

where the matrix Q, of the components of the earth rotation vector w is
given by (3-26c¢) or, in approximation, by (3-30b).

Matrix (4-52b) is given by

of 1 A ox o |x
-1 _ Zrel | . —rel _
3% TCDW"<3—§ Brer| ¥ X Tz (s

where (using (3-31a,b))

%
_?ﬁ%_ =1 (4-57a)
9 |x '+ %' 0 X!
5;’“ = - - ~rel (4-57b)
- “=rel ﬁrel
Thus,
ai1 _ 1 A g g ireTXIeT
_X = ’7CDHP |lre1|l+lre1x— (4-57¢)
- —rel
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was given by (3-35).

The acceleration f,
of, [ of, of, Of,
ox | 0x, ~ 0x, ' 0x, |
of, [ of, of, df, -
ox | 0%, ~ 0%, ~ OX, | =
In detail,
.
of, _ vkaf I (5_55) (5_55)
ax T [1°3 2
B |5_5J |5'5J

The acceleration

was given by (3-38b).

of, [ 9f, of, of,
ox - | Ox,  Ox,  Ox,
of, [ 9f, of, of,
x| 9%, 9%, o, | T2
In detail,
of,  kmy -3 (xx,) (x-x,)
al i |3 .- |2
AEAY AEAY
4 _Kms (xx) (ﬁ’ﬁs)T
kx| x|

The acceleration f,
of, _ [ of, of, of,
ox | 0x, ~ 0x, ' 0x, |
of, _ [ of, of, of,
9% ok, ' 9%, ' 3%, |

76

I[ts derivatives are

(4-58a)

(4-58b)

(4-59)

I[ts derivatives are

(4-60a)

(4-60b)

(4-61)

Its derivatives are

(4-62a)

(4-62b)



In detail,

of 1 e X1 x R!
=L = 3kmsk, — |- (1-50¢) 1-50 5 2 == I
* || 1 %[ 1 x][%]
T o ol
7US_ ) 552 + XS 52 +
| x| R
1 SZM XT XS(\T
+ 3|<ka2 c 2 (1’5UM)I’5UM — — __/Pj +
1%, | 1] |z, 121 x|z,
TR R
705-1) 255 ¢ 2 (4-63a)
U 9
where
. xTx
Us = cosog = (4-63b)
IxIIX |
. xR
Oy = CoSoy = ——— (4-63c)
| x1]%,]
The Jacobi matrix 0Y/dv in (4-31)
Using the modified Poincaré orbital elements in the form (2-36a,..., )
K4
1 = 1(V1,V4) = V1+—3t (4-66a)
Vi
g = g(vy) = v, (4-66b)
h = h(V3) = V3 (4-66cC)
L = L(V4) = Vy (4-66d)
G = G(vg) = vg (4-66e)
H = H(V6) = Vg (4-6671)
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Q

Q|
— (=<

Q
~

(4-67a)

(4-67Db)

(4-67c)

(4-67d)

(4-67e)

(4-671)

(4-68a)

(4-68b)

(4-68c)

(4-68d)

(4-68e)

(4-681)

(4-689g)



Using the abbreviations (2-64a,b) and (2-63)

;

q=1[la.9,.9] =01,9,n]" (4-69a)
T

p=1[p.p,.py] = [L,G,H] (4-69b)

Uu=1[u,uUp,Uz,Us,Us,Ug]" =[M,a,Q,w,e,i] (4-69c¢)

we can systematize the derivatives. For the first-order derivatives of the

components x, of the vektor x,, k={1,2,3}, see (4-72b), with

respect to the Kepler elements uj

i={1,...., 6} we get
0 0
—a;k =X —apﬂ (4-70a)
0 0
—a:k =X —aqﬂ (4-70b)

and for the second-order derivatives of Xy k={1,2,3} with respect to
the modified Poincaré elements we have

O _ ol du g du (4-71a)
9p; 9p; dp; =k Jp, | dp; 9p; °
%X, ou’ au du

= — X, = + X ——— (4-71b)
9q; 9p; dq; —* dp;  ~* dq;0p;
%X, ou’ au d’u

= — X, = + X ——— (4-71¢)
9p; 94, op; ~* 0g;  ~* dp;0q;
%X, ou’ ou . du
3909, _ dq. 23, "X 3 9q. (4-71d)

J 1
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where

80

82xk azxk azxk azxk 82xk 0" Xy
8U§ 8u1 8u2 8U1 8u3 8U1 8u4 aul 8u5 aul 8u6
82xk azxk azxk azxk 82xk 82xk
du, du; ou} du, du;z  dUp AUy  OU, dUs AU, Aug
82xk 82xk azxk azxk 82xk 82xk
dus Ouy du3 U, ou} duz dus  Ouz3dus  Ousz dug
(4-72a)
82xk 82xk azxk azxk 82xk 82xk
duy Ouy duy U, duy QU3 ou} duy OUs  Ouy Jug
82xk 82xk azxk azxk azxk 82xk
Jus du;  Ousduy  OugOUs  OUs Oly ou Jus g
82xk 82xk azxk azxk 82xk 82xk
| aU6 aul 8u6 aUZ 8u6 8u3 8u6 aU4 aU6 aU5 SUE
OXy OXy OXy OXy OXy OXy ] )
8u1 8u2 8u3 8u4 8u5 8u6 e
au1 aUZ aU3 aU4 aU5 aU6 !

4-72
op; op; 9p; 9p; op; op; ] ( ¢)
ou; du, dus ouy dus Jdug !
op; ap; ap; op; ap; op; ] e
au1 aUZ aU3 aU4 aU5 aU6 !

4-72
9q; 9q; 99 oq; 9q; 9q; ] ( e)



3 0 0 0 0 9 9 !
u o _ | our ouz. Ous Oug. Us Ous. (4-72F)

i i

The second-order derivatives of the Kepler elements u with respect to
the Poincaré orbital elements P. g in (4-71) can be found by the following
way: Rewriting (2-68) in the abbreviated form (4-73) and differentiating

with respect to the Poincaré elements, yields six matrices of second-order
derivatives.

ou

u oy ou Ou Ou OJu OJu Jdu
9‘[agag]‘[—1—g—hTa—e—H] (473

3 i 2 2 2 2 2 2
y - A _[%u 9w ou du oy du (4-74a)
- 1 | 912 0l0g 0d1oh 01dL 010G 01 oH

o) i 2 2 2 2 2 2 1
y - 2 _ | %y Sy du du du  du (4-74b)
=9 dg | 9901 097 dgoh 0goL 0goG OgoH |

aU i 2 2 2 2 2 2
u = —=— = u Ju Ju Ju Jdu Ju (4-74¢)
=N h | ohol ohdg gp? ohdL o0hdG ohoH

au I 2 2 2 2 2 2
u = —=— = u Ju Jdu Ju Ju Ju (4-74d)
—t L | 0LO1 dLdg odLoh Q312 0LoG OLOoH

3 i 2 2 2 2 2 2 7
y - X _[Q2u du ou Ju du Ju (4-74¢)
g G | 9601 0Gog 0Goh 0GoL g2 0GoH |

a [ 2 2 2 2 2 2
g - X _ | %u 0w Jdu Jdu Ju Odu (4-74F)
= oH | OHO1 OHOg OHOoh OHOL O0HOG gH? |

The second-order derivatives of the Kepler elements with respect to p, g
can be found by taking the corresponding (column) vectors from (4-74a,..., ).

Assuming that the second-order partial derivatives of the Kepler elements
with respect to the Poincaré elements are continuous in the specific domain
of interest, we can interchange the sequence of differentiation. Thus, it
holds for (4-74a,..., f)

Al = Al (4-75a)
9p; 9p; op, dp,
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823 B 823
dq; op; dp; 99,
azg_ _ ng
Sqﬂqj quaqi
823 B 823
op; 9q; dq; 9p,
and for (4-72a)
_ T
X = %

As a consequence, not all of the vectors
each other.

of X

Matrix

_K *

X

(4-75a, ...,
(4-76) is uniquely determined by the

(4-75b)

(4-75c¢)

(4-75d)

(4-76)

d) are independent of

Using (4-72a) and the vector u (4-69c) matrix X, is given by
ale ale ale ale ale ale
OM? oM 0da oM oQ oM dw oM de oM a1
ale ale ale ale ale ale
da oM da? 0a 0Q da dw daoe da d1
ale ale 82X1 ale ale ale
0Q oM 00 da 002 00w oQ de 0Q Ji
ale ale ale 82X1 ale ale
dw M ow Ja ow 0Q ow? ow oe Jw 01
ale ale ale ale ale ale
de oM oe da oe 0Q de dw oe? de J1
ale ale ale ale ale 82X1
di oM 01 da oi o0 d1 dw oi de 9i?

82

upper or lower triangle

(4-77)



The elements of (4-77) are derived by partial differentiation of (2-77a),

(2-78a), (2-79a), (2-80a), (2-8la) and (2-82a). X, 1is uniquely determined

by elements of its upper triangle. This is due to the possibility of inter-
changing the sequence of differentiation.

3 x
GM; =[cosQcosw -sinQ sinw cosi,-(cosQ sinw+sinQ cosw cosi),sinQsini]:-
a* a* !
. [7:;(COSE6),7§-COS¢ sink, 0] (4-78a)
3°x
?Wﬁi; =[cosQcosw -sinQ sinw cosi,-(cosQ sinw +sinQ cosw cosi),sinQsini]:-
a . a T
. [-7751HE,-F-COS@ coskE, O] (4-78b)
3 x
8M8;2 =[-(sinQ cosw +tcosQ sinw cosi), sinQ sinw -cosQ cosw cosi,cosQsini]-
32 a2 T

: [-jr-sinE,-77-c05@ cosE, O] (4-78c)
3°x
8M8; =[-(cosQsinw +sinQ cosw cosi), sinQ sinw cosi -cosQ cosw,0] -

a’ a’ !

: [-jr-sinE,-77-c05@ cosE, O] (4-78d)
3°x
GMaz =[cosQcosw -sinQ sinw cosi,-(cosQ sinw +sinQ cosw cosi),sinQsini]:-

at . 2 a* 2 2 '

. [_W S]nE(ZCOSE'e(l"PCOS E)),m(e + cosSE -e COSE(l-‘rCOS E)),O:|

(4-78e)
82x1 =[sinQsinw sini, sinQcosw sini,sinQ cosi]
oM 01 @ ’ @ ’
a? a’ !

: [TT-STHE,-7T-COS¢ coskE, O] (4-78f)
Ty (4-789)
da? g
9%x
-égiif =[-(sinQ cosw tcosQ sinw cosi), sinQ sinw -cosQ cosw cosi,cosQsini]:-

-[cosE-e,cose sinE, 0] (4-78h)
3°x
3353==POmstinm+sﬂm2awmcosD,ﬂaninmcmﬁ -cosQ cosw,0] -

-[cosE-e,cose sinE,0]" (4-781)
3°x
Gaaz =[cosQcosw -sinQ sinw cosi,-(cosQ sinw +sinQ cosw cosi),sinQsini]:-

a ., asink ! )

. -(1+——s1nE),——————(cosEfe),O (4-783)

r rcos
3
X1 . . . . R . .
Sa o7 =[sinQsinw sini, sinQ cosw sini,sinQcosi]-

-[cosE-e,cose sinE,0]" (4-78k)
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2
8 X1
=[sinQ sinw cosi -cosQ cosw, CcosQ sSinw+sinQ cosw cosi,-sinQsini]-

00’
-[a(cosE-e),acose sinE,0]" (4-781)
82x1 . . . . . .
m=[smgsmw7cos£}coswcos1,s1chosw+costmwcos1,O]-
-[a(cosE-e),acose sinE, 0]" (4-78m)
9% x
ﬁ =[-(sinQ cosw +cosQ sinw cosi), sinQ sinw -cosQ cosw cosi,cosQsini]-
2 . T
a . o acsint
-[a(1+—s1n E),—(cosEfe),O (4-78n)
r r cosg
az
X1 ) . . .
300 =[cosQ sinw sini, cosQ cosw sini,cosQcosi]-
-[a(cosE-e),acose sinE,0]" (4-780)
3°x
8@21 =[sinQsinwcosi -cosQ cosw, SIiNQ cosw cosi +cosQsinw,0]-
-[a(cosE-e),acose sinE, 0]" (4-78p)
82X1 . . . . . .
30 96 =[-(cosQ sinw +sinQ cosw cosi), sinQ sinw cosi -cosQ cosw,0] -
2 . T
a . o acsint
-[a(1+—s1n E),—(cosEfe),O (4-78q)
r r cosg
82X1 . . . . . . .
EPVE =[sinQcosw sini, -sinQsinw sini,0]-
-[a(cosE-e),acose sinE, 0]" (4-781)
3°x
Ge; =[cosQcosw -sinQ sinwcosi, -(cosQ sinw+sinQ cosw cosi),sinQsini]-
a® ., qa o a’sink /r ., ataneg
| = sin E(—esm E*3cosE),2—(—f3s1n E+ ——— -
r r ré cose \ a r cosq
(cosE-e)?), 0] (4-785)
82
X1 . ) . . . . .
Sear =[sinQ sinw sini, sinQ cosw sini,sinQcosi]-
2 s T
a . o, acsint
~[-a<1+—s1n E),—(cosE—e),O] (4-78%)
r r cosq
82
X1 . . . . . . .
=[sinQsinwcosi, sinQcosw cosi,-sinQsini]-
912 [ Q Q Q ]
i
-[a(cosE-e),acose sinE, 0]" (4-78u)
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Matrix X,

Using (4-72a) and the vector u (4-69c) the matrix X, is given by

aZXZ szg aZXZ aZXZ szg szg
S OMoa  oMdq  oMow  oMoe  omMa

aZXZ aZXZ aZXZ aZXZ szg szg
da oM da? da oQ 0a dw da de da d1

aZXZ szg aZXZ aZXZ szg szg
0Q oM 0Q da 02Q 0Q dw 0Q de 0Q 01

X, = (4-79)
aZXZ szg aZXZ aZXZ szg szg

ow oM dw da dw 0Q ow? Jw oe dw 01

aZXZ szg aZXZ aZXZ szg szg
de oM de 0da de 0Q de dw de? de di
aZXZ szg aZXZ aZXZ szg szg
5ToM  919a 9100 91de  9i9e  3:

The elements of (4-79) are derived by partial differentiation of (2-77b),
(2-78b), (2-79b), (2-80b), (2-81b) and (2-82b). X, is uniquely deter-

2
mined by the elements of its upper triangle.

3°x
aM; =[sinQcosw +cosQ sinw cosi,cosQ cosw cosi -sinQsinw, -cosQ sini]-
a4 a4 T
' [‘j:;(COSE'e),-73—COS@ sink, o] (4-80a)
3°x
aMaZ =[sinQ cosw +cosQ sinw cosi,cosQ cosw cosi -sinQsinw, -cosQ sini]-
a . a T
. [-7751nE,-F-cos¢ cosE, O] (4-80b)
82x2 . . . . ) ' . o
IMaq L cosQcosw -sin@Q sinw cosi, ~(cosQsinw +sinQ cosw cosi) ,sinQsini]-
a’ 32 T
. [_F-sinE,-77-cosw cosE, O] (4-80c)
azxz 3 h . . . .
sﬁgg-=[cochoswfs1an1nwcosw,f@ostwnw+x1nQCOSwCosw,oy

a’ a? !
: [-jr-sinE,-77-c05@ cosE, O] (4-80d)
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=[sinQ cosw +tcosQ sinw cosi,cosQ cosSw cosi -sinQ sinw, -cosQ sini]-

oM de
a’ 2 a’ 2 2 '
. [F smE(ZcosE-e(1+cos E)),m(e + cosE-e cosE(1l+cos E)),O]
(4-80e)
9% x
ﬁ =[-cosQsinwsini, -cosQ cosw sini, -cosQcosi]-
a’ a’ !
~[-TsinE,Tcos<p cosE,O] (4-8071)
3 x
2
=0 4-80
da? ( g)
9% x
aaazz =[cosQcosw -sinQ sinw cosi, -(cosQ sinw+sinQ cosw cosi),sinQsini]-
-[cosE-e,cose sinE,0]" (4-80h)
9% x
m =[cosQcoswcosi -sinQsinw, -(cosQ sinw cosi +sinQ cosw),0] -
-[cosE-e,cose sinE,0]" (4-801)
9% x
8a82 =[sinQ cosw +cosQ sinw cosi,cosQ cosw cosi -sinQ sinw, -cosQ sini]-
a .o asinkt ! )
. -<1+—sm E),—(cosE—e),O (4-807)
r r cosq
9% x
ﬁ =[-cosQ sinw sini, -cosQ cosw sini, -cosQ cosi]-
-[cosE-e,cose sinE,0]" (4-80k)
3 x
8(222 =[-(sinQ cosw +cosQ sinw cosi), sinQ sinw -cosQ cosw cosi,cosQ sini]-
-[a(cosE-e),acose sinE, 0]" (4-801)
82X2 . . . . . .
9% =[-(cosQ sinw +sinQ cosw cosi), sinQ sinw cosi -cosQ cosw,0] -
-[a(cosE-e),acose sinE,0]" (4-80m)
3% x
8982 =[cosQcosw -sinQ sinwcosi, -(cosQ sinw +sinQ cosw cosi), sinQsini]-
a . afsink !
. fa(1+—s1n E),—(cosEfe),O (4-80n)
r r cosg
3 x
— =[sTnQ sinw sini, sinQ cosw sini,sinQcosi]|-
3001 L ® ® |
-[a(cosE-e),acose sinE, 0]" (4-800)
3 x
sz =[-(cosQ sinw cosi +sinQ cosw), sinQ sinw - cosQ cosw cosi,0]:

-[a(cosE-e),acose sinE, 0]" (4-80p)
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=[cosQcoswcosi -sinQsinw, -(cosQ sinw cosi+sinQ cosw),0] -

Oow ode
> . T
a .o acsink
-[-a(1+—sm E),—(cosE—e),O (4-80q)
r r cose
82X2 . . . . .
——— =[-cosQ cosw sini, cosQ sinw sini,0]-
Ow 0
-[a(cosE-e),acose sinE,0]" (4-80r)
aZXZ . . . . . . . .
e =[sinQ cosw +cosQ sinw cosi, cosQ cosw cosi -sinQ sinw, -cosQ sini]-
al a a’> sinkE /r a tan
| = sin’E (—esinZE-BcosE),—(—-351'r12E+—(p~(cosE-e)3’),O]T
r? r rZ cose \ a rcoseg
(4-80s)
82X2 . . . .. .
——— =[-cosQ sinw sini, -cosQ cosw sini, -cosQ cosi]-
de 0i
> . T
a .o acsink
-[-a(1+—sm E),—(cosE—e),O] (4-80t)
r r cose
82X2 . . . . .
372 =[-cosQsinwcosi, -cosQ cosw cosi,cosQsini]-
j
“[a(cosE-e),acose sinE,0]" (4-80u)

Matrix X,

Using (4-72a) and the vector u (4-69c) the matrix X, is given by

82X3 82X3 82X3 82X3 82X3 82X3
OM? GIIGE oM 0Q oM dw oM de oM 91

82X3 82X3 82X3 82X3 82X3 82X3
da oM 0a? da 0Q da ow da de da o1

82X3 82X3 82X3 82X3 82X3 82X3
0Q oM 0Q da 220 0Q dw 0Q de 0Q di

X, - (4-81)
82X3 82X3 82X3 82X3 82X3 82X3

ow oM Jw 0a dw 00 ow? Jw oe Ow 01

82X3 82X3 82X3 82X3 82X3 82X3
de oM de da de 0Q de dw de? de 91

82X3 82X3 82X3 82X3 82X3 82X3
3ToM Jioa 9100 Jiow 97 oe 372

87



The elements of (4-81) are derived by partial differentiation of (2-77c¢),
(2-78c), (2-79c), (2-80c), (2-8lc) and (2-82c). Again, ﬁ3 is uniquely
determined by the elements of its upper triangle.

82X3 . . . . P .
e =[sinw sini,cosw sini,cosi]-
a* a* !
. [-7:;(COSE-Q),'73-COS¢ sink, O] (4-82a)
2
0 X3 =[sinw sini,cosw sini,cosi]-
oMoa :
a a
. [-7751nE, 7;605q)cosE, O] (4-82b)
82X3
R (4-82¢)
3% x
——i-=[wswsWH,fﬂnwsm1,0y
oMow
a? . a’ !
. ﬂ7;-s1nE,-7;-c05¢ coskE, O (4-82d)
82X3 . .. .. .
e [sinw sini,cosw sini,cosi] T
e sink (2005E-e(];+c052E)),———ii——-(e2+-cosE-e cosE(l-%coszE)),O
r3 r3cos ¢
(4-82¢e)
82X3 . . . ..
ST [sinw cosi,cosw cosi,-sini]
a’ a’ !
. [-—F—sinE, —F—COSq)COSE, O] (4-82f)
2
0% _y (4-829)
da?
82X3
200 0 (4-82h)
3% x
——i-=[wswsWH,fﬂnwsm1,0y
dadw
-[cosE-e,cose sinE,0]" (4-821)
82X3 . .. .. .
Sa0e =[sinw sini,cosw sini, cosi]
a .o asinkt ! )
. -(1*———s1n E),——————-(cosE -e),0 (4-827)
r rcose
3 x
EEE%— =[sinw cosi,cosw cosi, -sini]-
-[cosE-e,cose sinE,0]" (4-82k)
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— =0
00’
82X3 -0
0Q dw
82X3 _
0Q de
82X3 _
0Q 01
9% x
- [-sinw sini, -cosw sini, 0]~
dw?
-[a(cosE-e),acose sinE,0]"
9% x
SE [cosw sini, -sinw sini,0]-
dwoe
a a’sink !
.2
-[-a(1+——s1nE),——————(cosE—e),O
r r Ccosq
9% x
— = [cosw cosi, -sinwcosi,0]-
Owa1i
-[a(cosE-e),acose sinE,0]"
9% x
ae; =[sinw sini,cosw sini,cosi]-
at a o, a’> sinkE /r o a tane
‘| —sin E(—esm E-3cosE>,—(—-35m E+ —
r? r rZ cose \ a r cos @
9% x
3 . : : .
——— =[sinwcosi,coswcosi,-sini]-
0ed [ @ @ | .
a ., a’sink
. fa(1+——s1nE),——————(cosEfe),O
r r cosq
9% x
SR [-Ssinw sini, -cosw sini, -cosi]-
9i°

-[a(cosE-e),acose sinE,0]"
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(4-821)

(4-82m)

(4-82n)

(4-820)

(4-82p)

(4-82q)

(4-82r)

- (cosE-e)*), 0]
(4-82s)

(4-82t)

(4-82u)



The matrices U, gg, U. Y. U. U,

Only 21 of 36 column vectors the above mentioned matrices (4-74a) to (4-74f)
consisting of, are independent. These vectors should be derived in the
following.

Going for the second-order derivatives of the Kepler elements with respect
to the Poincaré elements one has to consider that the first-order deriva-

tives (2-69a,..., f), (2-70a,..., f), (2-71a, ..., f), (2-72a,..., f), (2-73a,
.,f) and (2-74a,..., f) are given as function of the Kepler elements.
aUﬁ an
TS (u) (4-83a)
8u1 _ an
5. " 3q (u) (4-83b)

Thus, the second-order derivatives of (4-83a,b) can be computed using the
rules

u 0 <8u1> ou 9 <8u1> dup .0 <8u1~> OUs 4 g4a)

9p, Op; du; \op; /) dp,  Oup \9p;/) dp, 77 dus \ 9p; ) 9p,

3°u; o (du;\ du; 0 <8u1> du, 3 <8uﬁ> dug
= + o + (4-84b)

Spkaqj ou; <8qj> op, OJup 8qj ap, dug 8qj ap,
u 0 <8u1> ou 9 <8u1> dup .0 <8u1~> s 4 g4c)

9q, 94 du; \dq;/ dq,  dup \9q; /) dq, 77 dus \9q; /) 9q,
u 0 <8u1> ou 9 <8u1> dup .0 <8u1~> s 4 gad)

9q, 9p; du; \op; ) 9q,  Oup \9p; /) dq, 77 dus \ 9p; ) 9q,
Using (4-84a,..., d) the 21 column vectors determining the matrices U, Qg,

U. Y. U. U, aregiven by (second-order derivatives which disappear are

set already to zero)
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2 -
oM 0 0 0 0 0 0 8_M
912 ol
3 a da
0 0 0 0 0 0 -
912 ol
2
o0 0, 0,0 ,0,0,0 9
912 ol
- (4-85a)
2
o 0 0 0 0 0 0 9
912 ol
de de
0 0 0 0 0 0 -
912 ol
2.
o 0o, 0, 0,0, 0,0 il
91% o1
SR T Y NN L W AN - W
91 9g * Qda\dg © 0Q\Jdg " Jdw\Jdg * 0de\dg ’ a1
da da
_ 0 0 0 0 0 0 -
o1 dg 01
2
o 0 0 0 0 0 0 oQ
o1 dg 01
Yo | |, 2\ 2wy SEe) ey | e
91 dg da \dg 0Q\ dg dw \ g de\dg 31
e | | 2y 2y dEey  ape | e
o1 dg da \dg oQ\adg dw \ g de \dg a1
Sl o 9 (9 0 (91 9 (91 0 (91 0 (91 01
| 371 0g | | " da\dg/) ~ o0Q\dg Jdw \dg de \dg 01 \0dg a1
(4-85b)

91



0 0 , O 0
0 [0Q 0 [0Q 0 0 [0Q
da\oh oQ\ oh de\oh
0 [Jw 0 [Jw 0 0 [Jw
da\oh o0\ oh de\onh

0 0 , O 0

0 (0i o (o1 0 0 (0i
ga\oh) = oal\on) - ' oel\oh

0 0 , 0 0
d (0a 0 0 0
da\oL

0 0 , 0 0

0 0 , 0 0
0 [oe 0 0 0 [oe
da \oL de\oL
0 (01 0 0 0 (01
da\oL de\oL
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0
oi

0
E

[

(_

o1
oh

oi
oL

)|

)




SRV - 9 <8M> 0 <8M> d <8M> ) <aM> 1 1 am
0, —(=] , == ., =(=) ., =[(=) , 0 oM
3736 da\oG o0\ oG Odw \0G de \ oG 3
da 0 0 0 0 0 0 93
010G o1
2
o 0, 0 , 0 , 0 , 0 , 0 o0
010G o1
3w 0 0 [Ow 0 (dw 0 [dw 0 [Ow 0 dw
3790 9a\aG 20\ o6 dw\ 06 0e\aG o1
d%e ) d [de J (de J (de d [de 0 de
3196 0a\dG 0Q\aG dw \0G Je \aG o1
3% ) d (01 d (oi d (01 d (01 d (01 o1
L 97196 | | © © 29a\dG) ° 2Q\dG Jw \0G e \oG 91 \3G o1
(4-85e)
3%M 0 0 0 0 0 0 M
o1 oH o1
9%3 0o 0 , 0 , 0 , 0 , 0 da
o1 oH o1
3 /00 o (00 d (00 9 /00
el |03 20 0 20 @)
e Oa \ O 0Q \ oH Je \ o 01 \oH e
o 0 i(iﬂ)) i(i@) 0 i(%) i(%) dw
3790 da \ oH oQ \ oH de \ oH o1\ oH 37
2
d'e 0 0 0 0 0 0 oe
o1 oH o1
324 ) o (01 d (i ) 9 /0oi 9 (0o 91
[ 3727 | I ' QJa\oH/) * 2dql\oH) * Qelon) - ailen) ] L 37|
(4-85F)
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C o ] [ o (oM 3 (oM 9 (oM o (oM )
32 ' da\dg) ° 0Q\dg) ' Odw\dg) ° 0del\dg)
9%a
oa 0 0 0 0 0 0
0g?
3’0
o 0 0 0 0 0 0
0g?
3w 0 0 [Jdw 0 (Jdw 0 (dw 0 (Jdw 0
992 da\dg oo\ ag dw\dg de\dg
de ) 9 (de o [de o (de o (de )
992 da\dg 30 \9g dw \dg oe\og
gﬁ_ . 9 (91 9 (i 9 (9 3 (91 9 (di
dg? da\dg 30 \9g dw \0g de\dg) * 9i\dg) |

8l ] 0, 0 , 0 ., 0, 0 , 0
dg oh

9a 0o, 0 , 0 , 0 0 , 0

dg oh

20 ) J /00 J /30 ) J /30 J [3Q
- * 2a\on/) * o9al\on/) * de\on/) * 9i\oh
dg oh

3° 0 (800) o) (800) 0 (800) 0 (800)

w 0 , (= . — = , 0, == . — =

Saon da \oh 00\ oh de \ dh 01 \ah

82

9& 0 0 , 0 , 0, 0 , 0

dg oh

0% . 9 (3 o (3 ) 3 (9 9 (0
| Sgon | i * Qda\on) * oalon) * QJe\oh) * 9i\on/ |
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3°M 0o, 0 , 0 ., 0 0 , 0 oM
dg oL g
0 (0a
2 — —_—
9%a o, aa<aL) ., 0 ., 0 0 , 0 da
og oL ag
k) o . 0o ., 0 . 0 ., 0 ., 0 )
ogoL dg
Ow 0 0 0 0 0 0 dw
og oL ag
e ENEE ENEE de
FEIR 0 aa<aL) 0 0 36 \ar 0 5
9%4 0 d (di 0 0 d (di J (i o
| g oL | I * dal\oL ’ ’ * Qdel\dL ©a3i\oL) ] L ag |
(4-851)
o Lo () omle) o ome) w6 o ]
Jg oG @ og
az—a 0 , 0 , 0 , 0 s 0 s 0 a_a
990G dg
2
o o, o0 0 , 0 0 .0 oQ
990G ag
3w 0 0 [Jdw 0 [Jdw 0 [Jdw 0 [Jdw 0 8_(n
Jg oG Ja\ oG aQ\ a6 dw\ 3G e\ 3G dg
e NN CE 3 (de 3 (de 3 (de . de
99 oG * 9a\dG) > 090\dG) ° Odw\oG e\ oG 99
aZ. . . . . a]
1 9 0 [0 o (0i o (0i d (01 0 (01 or
L 090G | |~ » 3a\ag)  2al\de) © Jw\oG Je \ oG 3i\ag) ] L 99
(4-857)
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0 0 0 0 0
0 [0Q 0 [0Q 0 0 [0Q o [0Q
da \oH 0Q\ oH e\ oH 91 \oH
0 [Jw 0 [Jw 0 0 [Jw 0 [dw
da \oH 00\ oH de \oH 91 \oH

0 0 0 0 0

d (01 d (i ) d (01 d (01
da\oH) * oa\oH) ' de\oH) * 9i\oH/ |

0 0 0 0 0

0 0 0 0 0
o0 [0Q 0 [0Q 0 0 [0Q 0 [0Q
da\oh oQ\oh de\oh 9i\oh
0 [Jw 0 [Jw 0 0 [Jw 0 [dw
da\oh o0\ oh de\onh de\onh

0 0 0 0 0

d (01 d (01 . d (01 3 (01
da\oh) ' oa\on) * de\oh) * 9i\on) |
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N 0 0 0 0 0 0 on
3noL an
2 0 o (28 0 0 0 0 3
0 a 3\ ' ’ ' %
3noL an
°Q 0 0 0 0 0 0 o0
3noL an
’w 0 0 0 0 0 0 0w
3noL an
el oo 20 L0 e 2@ o ||
3noL da\oL de\ar e
32 ; 3 (3 ; . 3 (9 9 (0 31
| n ol | I * Qa\oL ’ ’ * Qdel\dL * ai\aoL) | L on |
(4-85m)
_ o 3 (oM 3 (oM 3 (oM 5 (oM :
R I e T I T
- 3a \36 30 \3G 30\ 3G Je \36 -
3 o . 0o . 0 .0 .0 .0 oa
3n 96 3h
2
Ja o, o ., o ., o ., o ., o oQ
3n 96 an
3w 0 0 {dw 0 [Jw 0 [Jw 0 (Jw 0 dw
on a6 9a\ oG 00\ a6 dw\ oG de\ oG onh
e ) d (Oe J (e CEE d (de ) de
oh 96 * 0a\oG) * 0a\dG) ° dw\dG de\aG oh
9’ ; 3 (9 3 (91 3 (91 3 (91 3 (91 oi
- 0h dG A |~ 7 2a\dG) ° 23Q\dG) ’ dw\oG e\ 36 3i\ag) | b oh
(4-85n)
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oh oH

3a
oh oH

oh oH

L dh OH -

0 0 0 0
0 [0Q 0 [0Q 0 0 [0Q
da \oH 0Q\ oH e\ oH
0 [Jw 0 [Jw 0 0 [Jw
da \oH 00\ oH de \oH

0 0 0 0

0 (0i o (o1 0 0 (0i
ga\oH) = oa\oH) ' Oel\oH

0 0 0 0
d (0a 0 0 0
da\oL

0 0 0 0

0 0 0 0
0 [oe 0 0 0 [ode
da \oL de \oL
0 (01 0 0 0 [0i
da\oL de \oL
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0
oi
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[0 200 AE) 2. o (e
S 33 \36 30\aa 30 \36 3e\36 =
d’a 0 0 0 0 0 0 oa
oL oG oL
2
o 0, 0 , 0 , 0 , 0 .0 00
oL oG oL
o S i) 0 (Ow 0 (Ow ENEQ) 0 Jw
JLaG * 9a\oG) * 29Q\dG/) ’ Odw\aG de \ 3G oL
d%e ) 9 (de 9 (de 9 (de 9 [de ) de
oL 06 0a\oG o0 \aG Jw \ oG Je \ oG oL
9’ NG 3 (o1 9 (o1 3 (3 3 (31 o1
L 9L a6 | * 2a\oG/) * 0a\oG Jw \ oG Je \ oG 01 \aG oL
(4-85q)
2 0 0 0 0 0 0 oM
3L on L
325 0 0 0 0 0 0 %
3L on L
3 (30 3 /90 3 (30 3 (30
ol s s )|
oo 33\ on Jo\an 3e \ o 37 \on -
o 0 2(%% E«i% 0 E(%? E(%? o
—— 33 \3H 50\ an 36 \ 31 37 \3H =
2
d'e 0 0 0 0 0 0 oe
3L on L
9’ 0 9 (o1 0 (o1 0 9 (of 9 (o1 of
 5tor ] LY 0 Ga\on) © dal\sH) © Je\on) * oi\on) ) Lard
(4-85r)
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L 0G oH

d (oM d (oM 3 (oM
9a\0G) ' 0Q\dG) ~ OJw\dG

o0 (oe o0 [oe o0 [oe
0a\oG) ° 2a\oG Jw \ 06
0 [0i o (01 o (01
0a\aG) ° oaal\aa dw \0G
0 0 0
0 0 0
0 [0Q 0 (00 0
da \oH 0Q\ oH
0 [Jw 0 [Jdw 0
da \oH 00\ oH
0 0 0
0 [0i o (01 0
da\oH) * 09Q\oH)
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CEL
0e\06

(@)

Q
|
/-~
Ul @
D[ e
N——

0 (i
de \oH

0
o1

&) |




0 0 0
0 0 0
0 [0Q 0 [0Q 0
da \ oH 0Q\ oH

0 [Jw 0 [Jw 0
da \oH oQ\ oH

0 0 0
o (01 d (0i 0
da\oH) * o9Q\oH)

0 r oM
oH

0 0a
oH

@) |«
! oH
fi(@ﬁ) ow
oi \oH 50
0 oe
oH

0 [di o1
oi\oH/) | L oH |
(4-85u)

The vectors of first-order derivatives of Kepler elements with respect to

the Poincaré elements on the right hand sides of (4-8ba

using the Jacobi matrix (2-68).

d
da

oM

dg

>=

o sin(w+Q)

k2 cos(w+Q)

k% = kM
8 L%/ sin%

/2 ;. P
2L sins

) sin(w+Q)

/2 ;. @
2L s1n2

cot?2 cos(w+Q)

2

) K2 sin(w+Q)

2 LM% sin¥

412 sin% CoS @

k% = kM
R sin%

cos(w+Q)

2
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..... u) are derived

(4-86a)

(4-86b)

(4-86c)

(4-86d)

(4-86e)

(4-86f)



ow

0 a_M _ cos(w+Q)
96 217 sing

o /oM cot%sin(m+9)
%( )

oG

412 sin%cosw

88a=1
9a \aoL/) L

0 [0Q K’ cosQ )
3 \an) - 1 o
d 8 L% cosl/2g sing
0 (89) B sinQ
o \ oh 8 L2 cosl/2g sin%
0 (89) o tane cosQ
de \oh 4 LY cos3/2g sin%
o) (39) cos()cot%
di \oh 4 LY cosl/2g sin%
0 [0Q K’ sinQ ,
5 \am) - 1 o
d 8 L% cosl/2g sing
0 (SQ) o cosQ
o \ of 2 LM% cos/2¢ sin%
0 (89) o tane sinQ
de \ oH 4117 cos¥/2¢ Sjn%
3 (39) sin()cot%
d1 \ oH 4 LY cosl/2g sin%
0 [Jdw K2 cos(w+Q) )
Da \2q/) = o 7 . @ K= kM
d 9 8L sin

0 (8@) sin(w+Q)
2112 sin%
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(4-869)

(4-86h)

(4-87a)

(4-88a)

(4-88b)

(4-88c)

(4-88d)

(4-88e)

(4-88f)

(4-88g)

(4-88h)

(4-89a)

(4-89Db)



sin(w+Q)

1/2 s, P
2L s1n2

cot% cos(w+Q)

412 sin% Cos @

2

K cCosQ

8 L°/% cosl/2g sin%

sinQ

8 L% cosl/2g sin%

tang cosQ

4 LY2 cos3/2g sin%

;
cosQ cot?

5/2 i P
8L sm2

4 LY cosl/2g sin%

K2 sin(w+Q)

cos(w+Q)

/2 s @
2L smz

cos(w+Q)

P V)
2L sinz

cot% sin(w+Q)

412 sin% Cos @

k2 cosQ

8 L%% cos/2g sin%

cosQ

2 LM% cosl/2g sin%

tang sinQ

412 cos3/2g sin%

. i
SinQ cot?

412 cosl/2g sin%
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(4-89c)

(4-89d)

(4-89e)

(4-89f)

(4-899)

(4-89h)

(4-891)

(4-897)

(4-89k)

(4-891)

(4-89e)

(4-89n)

(4-890)

(4-89p)



k2 cos@ sin(w+Q)

5/2 [}
4 L°"“cos 5

cos@ cos(w+Q)

1/2 [
L~“cos 5

cos @ cos(w+Q)

1/2 [
L“cos 5

tan% (2+ cose) sinfw+Q)

2 L1? cos% cos @

Kztan% Cos @
2L°

1-sing tane

L(1+ coseg)

K’ cos @ cos(w+Q)

4 L5/Zcos%

cos@ cos(w+Q)

1/2 [
L~“cos 5

cos @ cos(w+Q)

1/2 [
L cos 5

tan% (2+ cos) cos(w+Q)

2 L2 cos% Cos @

Kzsin% tan% sin(w+Q)

2 L5/2coscp

251’n% tan% cos(w+Q)

Ll/zcos<p

251’n% tan% cos(w+Q)

Lwcos<p

cos% (2 -cos ) tan% sin(w+Q)

LY? cose

104

(4-90a)

(4-90b)

(4-90c)

(4-90d)

(4-90e)

(4-90f)

(4-909)

(4-90h)

(4-901)

(4-907)

(4-91a)

(4-91Db)

(4-91¢)

(4-91d)



o [ 0i
91 \9g
o [ 0i
Da \oh
o [ Oi
20 \oh
o [ 0i
de \oh
o [ 0i
91 \oh
o [ 0i
Da \oL
o [ O0i
Qe \ oL
o [ O0i
91 \oL
o [ O0i
Da \ oG
d [ 0i
20 \ a6
o [0i
dw \ 3G
9 (oF
oe G
o [ 0i
91 \ oG
o [ O0i
Da \oH

sin% sin(w+Q)

1

L% cos ¢ cos? 5

k2sinQ

4152 cosl/2g cos%

sinQ

_ Ll/Z

.i
cosl/2¢ cosy

tang sinQ

2 LM% cos3/2g cos%

i
tan? SinQ

2 L° Ccos @

) tane tan2

2 L% cosl/eg cos%

2tand
K tan2

1

L cosle

1

2L cose cosz%

KZS'iﬂ% tan% cos(w+Q)

2 L5/? cos @

251’n% tan% sin(w+Q)

Ll/zcoscp

Zsiﬂ% tan% sin(w+Q)

Ll/ZCOS(p

cos% (2 -cos) tan% cos(w+Q)

LY cos3e

sin2 cos(w+Q)

2
1

L% cos ¢ cos? 5

k2 CcosQ

4 1°% cosl/2g cos%
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(4-91e)

(4-911)

(4-91qg)

(4-91h)

(4-911)

(4-913)

(4-91k)

(4-911)

(4-91m)

(4-91n)

(4-910)

(4-91p)

(4-91q)

(4-91r)



oi

Matrix 0Y/0l

3Y/91

Q|
_||_<

where the 18 elements are

sinQ

_ Ll/Z

:
cosl/2¢ oS>

tane cosQ

2 LM% cos3/2g cos%

;
tan?-cosQ

2 LM% cosl/zg cos%

is derived by partial differentiations of Y

) ale 82X1 ) aZXZ aZXZ

oloL ' g1e 1oL " g1e
) ale ) aZXZ

019G 019G

ale ) aZXZ

01 oH 01 oH

ale aZXZ

a1° a1°

ale aZXZ

o1 dg o1 dg

ale aZXZ

01 0h 01 0h

defined by (4-71a,..., d)
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(4-91s)

(4-91t)

(4-91u)

(2-99b).

82X3
91°

) 82X3
o1 adL

T

) 82X3
019G

82X3
o1 oH
(4-92)




3°x, ou’
o1 dL o1
3°x, ou’
o1 dL o1
3” x5 ou’
o1 dL o1
3°x, ou’
019G o1
3 X, ou'
a1 a6 ol
33 ou'
a1 a6 ol
3°x, ou’
o1 oH o1
3°x, ou’
o1 oH o1
3” x5 ou’
o1 oH o1
3°x, ou'
912 ol
3°x, ou'
912 ol
3" x5 ou’

(4-93a)

(4-93b)

(4-93c)

(4-93d)

(4-93e)

(4-93f1)

(4-939g)

(4-93h)

(4-931)

(4-937)

(4-93k)

(4-931)



- = = T -
3799 ~ 31 21 3q "X FTag (4-33m)
%, _ ', ou g du (4-93n)
3139 31 22 3g %2 3109 "
%y _ ou, B, O (4-930)
3139 31 2339 %3 3109 0
0 _ o, A, . du (4-93p)
31 ah a1 %1 3n %1 3T0n P
%, _ ', ou . du (4-93q)
31 anh 31 22 3n %2 3T on g
0% _ ou, B, . du (4-93r)
31ah 31 23 3n %3 310n :
Matrix 0Y/dg
0Y/dg is derived by partial differentiations of Y (2-97b).
) ale +3 ale . aZXZ +3 aZXZ . 82X3 +3 62X3
9goL  ““9gal °  dgaoL  ~‘dgal °  dgoL  Fagol
) ale . aZXZ . 82X3
Jg 06 3906 * 9906
) ale . aZXZ . 82X3
5y ) dg oH dg oH 0g oH ot
ag 2 2 2
a X1 a X2 a X3
Jg 01 ' Jgol ' Jgol
ale aZXZ 82X3
g2 ’ g2 ’ g2
ale aZXZ 82X3
dg oh ’ dg oh ’ dg oh
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where the 18 elements are defined by

3°x, ou’
dg oL ag
3" X, ou’
dg oL ag
33 ou’
dg oL ag
3°x, ou’
0g oG ag
82x2 ou'
0g oG ag
9 x4 ou’
g oG Gl¢
9°x, ou’
0g oH ag
9 x, ou’
og oH ag
3” x5 ou’
0g oH ag
9°x, ou’
og a1l ag
3°x, ou’
0g 01 ag
9 x5 ou’
0g 01 ag
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(4-95a)

(4-95b)

(4-95¢)

(4-95d)

(4-95e)

(4-95f)

(4-959)

(4-95h)

(4-951)

(4-957)

(4-95k)

(4-951)



3°x, _ ou' y
g2 dg 1
3°x, _ ou' y
g2 dg 2
3°x, _ou' ;
0g? dg 3
3°x, _ ou'
dg oh og !
3”x, _ou'
dg oh og 2
33 _ou'
dg oh og 3

Matrix 0Y/oh

dY/oh is derived

2
aXl

2
aXl

" dhoL

+ 31

oh a1

by partial differentiations of Y (2-97b).

) aZXZ +3 SZXZ ) 82X3 +3 82X3
ohoL ~"8hol * 9hoL ' ahal
) aZXZ ) 82X3

oh 06 ’ oh oG
) aZXZ ) 82X3

oh oH ’ oh oH

aZXZ 82X3

oh o1 oh 91

aZXZ 82X3

0hog 0hdg

82X2 82X3

on’ oh’
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(4-95m)

(4-95n)

(4-950)

(4-95p)

(4-95q)

(4-951)

(4-96)



where the 18 elements are defined by (4-71a,..., d)

aa;glL N aaHhT l1%+ﬁ aiza%_ (4-97a)
S
aa;gi N aaHhT —3%+§; aiza%_ (4-97¢)
- Fudeaak
- Fu sk
aahzng - aa_hT llg—ﬁﬂ% (4-97)
- Hon s
aa;g; - aaEhT —3%*& aizaEH (4-971)
- s S
R
- Hn g
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9%, ou’ ou d%u
= — X — + X —
oh dg oh =1 9g =1 ohoag
x5 ou' . du . du
= X, =— +Xx
oh dg oh =2 9g ~2 ohoadg
3°xs ou' . d°u
= — X —— +x —
oh dg oh =3 dg =3 ohodg
°x; ou', ou O
= — __+X —
oh’ oh =1 dh =1 gp?
3°x, ou' au T d°u
= — _ + X! —
3n2 oh =2 9n =2 3p?
9%, ou’ ou . 9y
= — l __+l —
on? oh =3 oh 3 3h?

Matrix 0Y/dL

Again, 0Y/dL is derived by partial differentiations of Y (2-97b).

by one has to consider that t=1’t/L" with «? = kM
[ 9°x b0 O, 9%, - %%, a0 e, 3%, ’ RS
312 L 01 dL a1 912 oL a1 dL a1 912
. ale . aZXZ
JL aG oL oG
. ale . aZXZ
oL oH oL oH
Y _
oL
ale aZXZ
oLal oL dl
82X1 azxz
oL ag oL adg
82X1 aZXZ
dL oh dL oh
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(4-97m)
(4-97n)
(4-970)
(4-97p)
(4-97q)

(4-97r)

There-
is also a function

+3 (i _8)(2 tt=—

(4-98)




The second-order derivatives in (4-98) are defined by (4-71a,..., d). For
the first-order derivatieves of the position vector with respect to 1 see
(2-76) and (-68).

W = ’4?1: (4’99)
Pxg _ w3y (4-100a)
oL’ oL “1 3L " H1 317 i
3°x, ou' ou 3°u
i R T (4-100b)
34 ou' ou 3°u
302 T 3L X3—L+§3W (4-100c)
O _ o ou, . O (4-100d)
3LoG oL 136 %1 73L06
3°x, u’ ou du
50a6 ~ oL %236 "% 3rag (4-100e)
33 ou' ou du
50a6 ~ oL %236 "% 3rag (4-100F)
O _ o ou, . O (4-100g)
3L oH 3L 2130 %1 3lon g
3°x, ou'  du . du
SCon ~ oL e am tX Bron (4-1000)
xs _ o' ou, . (4-10017)
3L oH 3L 23 3H %3 3Lon 1
O _ o ou, . du (4-1007)
3L o1 3L 2131 A1 73Lo !
3" x5 ou' ou du
5CaT ~ oL %31 tX Bran (4-100k)
xg _ o ou, . (4-1001)
3L o1 3L &3 31 % 3Lo
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O _ dul, du o du (4-100m)
3L dg oL 21 39 %1 3log m
O, _ 2wl du g du (4-100n)
3Ldg oL 22 3g %2 3Log "
O _ dul, du . du (4-1000)
3L dg 3L 23 3g %3 3log ©
0 _ du du . (4-100p)
3L on 3L 21 3n %1 3Lon P
0%, _ 2u du . (4-1009)
3L on 3L 22 3n %2 JLon d
xa _ duy du, g Bu (4-1007)
3L on 3L 23 3n %3 3Lon r
Matrix 0Y/dG
Again, 0Y/0G 1is derived by partial differentiation of Y (2-97b).
) 82X1 +3 82X1 ) aZXZ +3 SZXZ ) 82X3 +3 82X3
9GoL ' 2Gal 3GoL ' oGal 9GoL  r3Gol
) 82X1 ) 82X2 ) 82X3
9G? 9G? 9G?
) 82)(1 ) aZXZ ) 82X3
oy 0G oH 0G oH 0G oH
e = (4-101)
82)(1 aZXZ 82X3
0G0 0G0 0G0
82)(1 aZXZ 82X3
0G og 0G dg 0G og
82)(1 aZXZ 82X3
oG oh oG oh oG oh
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where the 18 elements are defined by

3°x, _ou' au 3°u
9GoL oG 1 oL 1 aGoL

3°x, _ou' au du
0GoL oG 2 oL “? 9Gal

3” x5 ~ou' ou T d’u
3GoL oG 22 oL %3 3Gol
3°x, _ou' y ou T d°u
967 06 “1 36 M1 ¢
3°x, _ou' y ou T d°u
062 oG 2 oG % 36°
33 _ou' y ou T 3°u
9G2 36 %336 % 962
2 T 2
d0°x; _ ou £E£.+XT o°u

3 X, _ou' y ou T o°u
3G o 3G 22 OH %2 3G oH
3" x5 _ou' y ou T o°u
3GoH oG 23 oH %3 3G oA
a°x, _ ou’ y ou T d’u
3G a1 3G 2131 213000
3°x, _ ou’ y ou T d’u
3G a1 3G 22 31 %2 3001
3" x5 _ou' y ou T o°u
3Gal a6 23791 %3360
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.....

(4-102a)

(4-102b)

(4-102c¢)

(4-102d)

(4-102e)

(4-102f)

(4-1029)

(4-102h)

(4-1021)

(4-1027)

(4-102k)

(4-1021)



3°x, _ ou' ou T 3’u
3G og 36 “13g %1 3aog
x5 _ou' ou T 3°u
3Gog 3G 2 39 %2 3Gag
33 _ ou' ou T 3’u
3G og 36 =2 3g %3 3aog
3°x, _ou' ou T 3°u
3Goh oG “1 ah %1 3Gon
x5 _ou' ou T 3°u
3G on 3G 22 3n %2 3G on
3°xs _ou' y ou 3°u
3G on 3G 23 on %3 3G on
Matrix OY/oH
0Y/oH s derived by partial differentiation of Y (2-97b).
) ale +3 ale . aZXZ +3 aZXZ . 82X3 +3 82X3
oHoL  ~'HOol oHoL  ~' Mol oHoL  ~'OHOl
) ale . aZXZ . 82X3
oH oG OH oG oH oG
) ale - aZXZ . 82X3
3y oK’ oK’ oK’
R
ale aZXZ 82X3
oH o1 OH a1 oH o1
ale aZXZ 82X3
oH dg OoH 9g oH dg
ale aZXZ 82X3
oH oh OoH oh oH oh
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(4-102m)

(4-102n)

(4-1020)

(4-102p)

(4-102q)

(4-102r)

(4-103)



where the 18 elements are defined by (4-71a

3°x, _ou'
oHoL — oH
3°x, ou’
OH oL OH
3” x5 ou’
oH oL oH
3°x, ou’
OH 06 oG
3°x, ou’
0H aG 06
3” x5 ou’
0H 96 06
3°x, ou'
JH? oH
3°x, ou'
OH? oH
3°x, ou'
OH? oH
3°x, _ou'
oHol — oH
3°x, ou’
OoH 91 oH
82X3 u

OH 91

.....



O _ ', ou g du (4-104m)
3H dg 31 21 3g %1 BHog m
x5 ou' au d°u
= = = gy = -
SHag ~ on %2 3g "% Brag (4-104n)
Oxs _ ', ou g du (4-1040)
3H dg 3 22 3g %3 BHog ©
3°x, ou' au d°u
= = = 4! = -
SHan ~ “on %173n T2 Bren (4-104p)
x5 ou' au d°u
= = = 4! — -
SHan ~ “on %2 an "% Bren (4-1049)
3°xs ou' au d°u
= = = oy = -
SHan ~ “on % an "% Bren (4-104r)
The Jacobi matrix 811/832
The model gravity vector 11 (3-14) is not only implicitly dependent via
the spherical coordinates (r,¢,A) and the coordinates v from the model
parameters 91’ Ez’ 23 , it is also an explicit function of Ez
Using for p  the expression (4-11b) the vector 811/832 has the follow-
ing form
8;{ _ ail 8i1 8;1 8i1 8i1 8;1 (4-108)
832 O0Cpg ~ OCpy T OChy " 0Spg ~ 0SSy T 0Sun

where the partial derivatives of
monics coefficients ¢

with respect to the spherical har-

w and s, - see (3-16) - of the model gravity

potential U; are given using (3-14) by
aj arl 9 T 17
1 = U U 9 (4-106a)
OCy — dy OJcy, | or dg oA
0] T - 17
OS — Jdy OS, | or Jde OA
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6] ou R¥
( 1) = kom(uﬂ)pw(sTn(p) COS VA (4-107a)

o (ou;) R Op,, (sTne)

5o \Te ) ~ kM e 5o COS VA (4-107Db)
0o oU; R* . .

5 ) - -kM7$;rv P (STN@) sinva (4-107¢)
nv
0o oU; R* . .

~—|35) - -kMWm;?(u+1)pw(s1n@)s1nvk (4-108a)
nv
o (U, R dp, (sine)
0o oU; R¥ .

5\ ) kM7$;rv P (STN@) cosva (4-108c)
nv

The vectors GQ{/SE, Gil/an, 811/8®

The above mentioned partial derivatives of with respect to the pole

coordinates &, m, and the sideral time © ,

Lol 4-109
ap, - 0t~ dn ’ 00 (4-109a)
and derived from the rotation matrix R(t) in (3-14).

0] 3R ar’ [au, au, au 1
1 = = = 1 1 1 )
3 £ Oy [ or * ¢ ° oA ] (4-109b)
N T T
4, _ OR ar [ 9, , U, | o, s 100t
on on dy | or " de oA
9, oR or’ [ou; AU au |

- Je ’ ’ (4-109d)
00 00 Jy ar GI0) oA
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where (see also (3-5c), appendix A, (A-3), appendix D, (D-4))

OR(t) 95(t)

_ T T
5 - Mt P BN (DR, (-0(D) 3 (4-100a)
oR(t) _ T T os(t)
Sn - Mo () BID N(E) R, (-0(8) — (4-100b)
OR(t) Tron T 95(t)
o~ Nt P PN (W Ry (-0(1) 5 (4-100¢)
o 0 -1
9% (4-111a)
5t 0 0 0 a
1 0 0
0 0 0
oS
—= =10 0o 1 (4-111b)
om
0 -1 0
-sin® -C0s 0O 0
RO i 4-111
00 = cos® -sin® 0 ( c)
0 0 0

The Jacobi matrix 8j/8£3

Also the resultant acceleration vector f depends not opnly implicitly

via the transformation 5-2'5(1(21’32’33’BA)> and x = 5(1(9{,32,33,24)>

on the model parameters p ,p ,p ,p , it is also an explicit function of

p. . Using (4-1lc) we geE- o
f=1f+f,+f,+1f, (4-112a)
f,=f,(04, Coupr. B 1) (4-112b)
f,= 10k (4-112¢)
f,= £, (k. At) (4-112d)

The acceleration f, 1is not introduced as parameter in this context.

f, s a function of the masses of sun and moon and their orbits, as well

as of the gravitational constant. It is assumed that f, can be sufficient-

ly accurate determined by other methods of celestial mechanics.
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The matrix 8j/8£3 is then determined by

of of, of, ~of ~ of  of of, of, of,
= = . = — = (4-113)
ap 06, oC, 0op; Om o ok ok, oAt

where the partial derivatives of jl are given using (3-21), (3-31a,b),
(3-33) as well as (3-34a,..., i).

afl 1 c A aﬁrM 4y a|§re1 (4-114)
a(;)A B o D P aeA lrel 5re] aGA
ox
ﬁi] = [x,,-x1,0]" (4-114a)
a|ﬁ.re1 _ XZXl 'X1X2+29A (ﬁTﬁ_Xé) (4-114Db)
aGA 2 &re1

of, 1A
GCD B _EW p lrel —rel (4_115)
oL L Ao, (4-116)
aﬁl ? 0 m af_)l ire1 ﬁre?
op U 2V
_ = B - = -
5 = costy {pm(h) + [pu(h) pm(h)]cosuz} (4-116a)
ajl ~ A dp .
aﬁ B __CD Wa_ﬁérlﬂ —rel (4_117)
dp .
- = — rR_ .
B Tn cos—= cos 5

'{51 pn(M) + [pu(h) - pr(M) 1+ 251 [pu(h) - pr(h) ] cosr‘%} (4-117a)
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¢ 1is the angle between the position vector of the satellite and the
point of maximum density expansion of the earth's atmosphere. For
¢ <n, cos(P/2) > o the 1In - function in (4-117a) exists. For the case
y=mn , it holds after (3-33) p=p,(k) which means that the density at
the orbit of the satellite is a minimum. Thus, it holds OJdp/dp=o0 .

-1 _ A ap
on 7_CDHﬁére1 =rel (4-118)
dp  Jdp oY ]
X oY ox (4-118a)
dp fl U ] _ _ v
ET sins cost 1§ [pM(h) - pn(h) +P1pn + 291 (pu(h) *pm(h))COS“g] (4-118b)
3 T

vo_o 1 o= ]

oA siny | x| (4-118c)
ou’ _ _ _

Sl [ -coss sin(as+d), cosd; cos(as+A), O] (4-118d)

The partial derivative of iz with respect to k is given by using
(3-35)

2 S (4-119)

whereas the partial derivative of f,with respect to the Love number
k, can be found using (3-45b)

of R® km . X . X
aki _ . A~53 pé(COSSS) AS _pg(COSSS)]i?T] +
R 2] x
k . X .
+ AWM3 pé(coSSM) |:M| —p%(cosSM) |§| ] (4-120)
|5M| Zy -
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The contributions of sun (S) and moon (M) are represented separately in

the derivative df,/0At (in contrast to (3-45b)),
of of of
= e+ = (4-121)
oAt oAt oAt
where the part coming from the sun is given by
of R5 X o X! N Y'S(\T X - X'
aZf = 3kms k, - | ———+cosds(1-5—="F -5=""— | +
BNEAmEEE 1z Iz
+ (25 cos?8s - 3) X% | %% (4-1224)
cos?8s - 12734
BRI S
oxX o0X. aQ 0X. 3B O0X. oM
oS oS S g os OBy os O (4-122b)
At 0f, OAt | Omds OAL | oM, OAt
oxX oR.(-Q _ 1 _ T
aﬁz — a %55)31(‘15)33(-65)[cosEg-eS,(l-eé)/ZsinEg,O] (4-122¢)
ox ~ .. OR,(-®s) = Y, . !
GS = asR,(-0s) R (-15) ——%§5;—— [cosESfeg,(lfeg) 251nES,0] (4-122d)
. N 3 SUVIPURDRR VIS
— = asﬂg(’ﬂs)ﬂl(’1s)33(’ws)iﬁq— [fs1r1ES,(lfeS) cos ES,O] (4-122e)
N
-sinQs  -cosQs 0
R, (-0s) [ ]
———— = | cosf, -sinf 0 (4-122f)
S
[ 0 0 0 J
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[ ~Sind®s - C0S B 01
OR, (- ®s) | |
e = | COS g -sin®s 0 |
| 0 0 0 |
oF; 1
oMs 1-es cosEs

_(i)S

oAt

and the part coming from the

moon is given analogously

of R5 X + X X+ X
—aM 2 =M o AM o 2T A
FIX: 3 kmy ko TP |X‘||X|-+COSGM [-5 2 5 |xf
| x| |5M | Zull= |§M | X

~T ~

- R, ox

+ (25 cos?8y - 3 l

( M ) 5 | « | | 2 | Ot

9%, _ 9%, o0y _ 9%, dw, _ 0%, My

oAt 0q, oAt oy OAt aMM oAt

The partial derivatives in (4-123b) can be found using (3-42a

(3-41a,..., c).
9%y _ _3( Q)
0Qy S

R (-1w) R,(-dw) [cosEM ey, (1- eM)/Zs1n Ey O]
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.....

(4-1229)

(4-122h)

(4-1227)

(4-1223)

(4-122k)

(4-123a)

(4-123b)

c) and

(4-123c)



Q
[><)

M

~ . OR,(-3y) = Y, . =
o ay R,(-Qy) R, (-1w) ——%%E;—— [cosEM-eM,(l-eﬁ) 2smEM,O]

T

(4-123d)
2, N 1 SRR VA
S~ MR CBIRCIIRCB) o | -sinf. (1ef) “cosBu 0| (4-123e)
-sinQy  -cosQy O
o8, (-0) [ ]
_3 — . P~
SV ] 4-123f
5, [ cos Qy sinQy 0 J ( )
0 0 0
-Sin®y - COS Dy 0
AR, (- &)
=3 _ . IR i
——7§§;—— COS By sin @y 0 (4-1239)
0 0 0
oEy 1
— = = (4-123h)
OMy 1 - ey cos ky
ELLT (4-1237)
oAt M !
oy (4-1233)
At o J
My (4-123k)
oAt .

4.5 Numerical determination of the

derivatives of the coordinate vector v

with respect to the parameters

Analogously to the computation of v the above-mentioned Jacobi matrices
of v have to be derived by the method of successive approximations
(Picard's method). Thereby the integrals in (4-31), (4-32) and (4-33) have
to be computed numerically. Assuming that in iteration step k+1=m the
necessary accuracy is derived, we get
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k+1(ty) =

ov,
op

—J

n
+ At Y a; Y (v, (t).t
;Oﬁ (Vk i i

n
- At;aii(xk(m,ti)

(v, (t).t:) +

(4-124a)

(4-124b)

(4-124c¢)

(4-124d)

(4-124e)

Using, for example, the trapezoid rule for the numerical integration of
the integrals in (4-31),



FALY aa—é (vt t) {3, (b @n.te) £ (v, t0.11) }
i=0

+ Atzn:ou i(lk(ti):ti) % (lk(tw’):ti) +
=0

—J
i of

£ 00 a ¥ (1, (00, 1) == (1,50, 1)
=0 =]

where

At = (t-tg)/n

and «; 1s defined by (only considering the trapezoid rule)

a; =

{0.5 for 1i=0 and 1= n}

1 for 1i#=0 and 1 #n

—J

6]
a—ﬁ“(xk(tﬂ),tﬂ) +

(4-125a)

(4-125b)

(4-125c)

Analogously to (2-104a) a simple rule can be found for the determination

of v, /9 . J={l.....4}

ov
L (L) =

an
ov,,
= —a£j1 (ti) +
.
+ %i(xk(tﬁ),tj) 8% (v, (t.ty) 2—§k (v, (t0.t5) +

—J

j 0
+ ATtl(lk(twl)ytiﬂ) 8_\/1 (lk(tw—l):tiﬂ) a—ék (lk(ti+1):t1’+1) +

of

0
+ ATt i(lk(tw’ﬂ)»tiﬂ) @ (lk(tiﬂ)’tiﬂ) a—ik (lk(tiﬂ),twl) +

—J
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At OY
ml

3
t S v 0, t) {3, (v @0 t) +£ (v, (0. t) } a—ék(lk(ti)’ti) .

—J

o G (e ) {1 (1) + £ (5 b)) 52

—J

(lk(tiﬂ)’tiﬂ) +

B (0t (4 (00 (0 .5)) B u o) -

—J

+ Az_ts_\i (lk(tw—l):tiﬂ) {Ql (lk(tiﬂ)’tw-l) +f(lk(ti+1),t1+1)} a—;k

(lk(tiﬂ)’tiﬂ) +

.
%tx(xk(to,tﬁ) %;(vk(to,tﬁ) +

3
+ ATt l(lk(tiﬂ),tiﬂ) aigl (lk(tiﬂ),twl) +

—J

+ %tx(xk(to,tﬁ) aa—f (vt 1) +
—J
+ Az—t l(lk(tiﬂ),twl) aaTi (lk(tﬂ—l)ytiﬂ) (4-126)

J

(4-126) is only valid when using the trapezoid rule for the integration.
For higher-order quadrature formulas similar expressions can be found.
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Generally, the algorithm (4-126) can be used in the following way:

(i) For all matrices and vectors th initial states (k = 1 = 0)
have to be put in.

(ii) Computation of GMJ/Spj(tn) using (4-126) in the
integration interval [t,,ty]

(ii1) Intermediate storage of matrices dv /9p, (t;) for all
knots t;

(iv) New iteration with initial matrices ayq/Sp.(ti) ,
—J

resulting in 812/8p_(tn) , etc.
—J

The intermediate storage of 814/8p_ can be avoided when - similar to
—J

the computation of v - first the k+l1 iterations at t; are carried

out, and then by using this sequence of matrices the k+1 iterations at
ti;1 are performed. Of course, in that way the k+1 matrices at t;
have to be stored. However, they can be scratched after having done the
computations at ti;; . In addition, k+1 will be much smaller as n
From experiences with analytical orbit integration one can expect that
with k+1 = 2 or 3 the necessary accuracy is obtained.

For t=1ty » At =0 according to (4-125b). This means, that all ini-
tial values 8y&/apj(k+1) at ty; are the same for al steps of iteration.

Yy = 2y = 2y Wi (4-127)
a— 0 = a— 0 = a— 0 = e e e e e = a— -
P 3 P b
For j={1,..., 43} we have according to (4-31), (4-32), (4-33)
ov
-0 _ ~
ziz: ;_+-g304) see (4-37a)
810 _ 810 _ 810 -

aEz 833 GE4

4.6 Numerical integration of the vector &g

The vector ©6v(t) needed for the set-up of the Tinearized observation
equations, is besides &p dependent also on the vector &g (4-17c) de-

fined as the gradient of the disturbing potential T .

The vector &g is needed after multiplication with matrix Y (2-97a,b)
and subsequent integration over the interval [tg,t] for defining &v(t) .
Expressing the part in (4-24b) generated through &g by o(t) .
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n

o®) = [ ¥(x,®.t) 83 (v, (0).t) dt (4-128)

to

we get using the trapezoid rule,

n
a(t) = AtZaﬁ ¥ (v, (8. t) 89 (v, (t) . t) (4-129a)
=0
where
0.5 for i=0 and 1 =n
a; = { } (4-129b)
1 for 1 #0 and 1 #n
and
At = (t fto)/n (4-129c)

For practical reasons (use of covariance functions) it is convenient to
transform the vector &g =48g(x,t) in the earth-fixed frame with spherical

coordinates r =1[r,e,A]" (see also chapter 3.2). With 8g =gradT we get
according to (3-14)

55 = R(H) oF' [ oT 1 aT 1 ot (4-130)
4= ov | or "r d¢  rcose OA
. . o S
The rotation matrix R(t) is given by (3-5¢). v is found to be
(see 3-15) -
o7 COS@ COSA , ~-Sine CosA , -sinA
r
é@ = cos@ sinx , -sine siniA , COSA (4-131)

sine , Cos @ , 0

The transformation of the components of the position vector x into
spherical coordinates is already given by (3-10a,..., d).

4.7 The position vector of the ground station, its Tinearized form

and corresponding_time-derivative

Most of the observations in satellite geodesy are between a ground sta-

tion X and a satellite. Thus, the corresponding observation equations

are non-linear functions of the position and velocity vectors of both.

The vectors x. . X, and their Tinearized forms &x, ., 8X, are referring
to the inertial system when introduced into the observation equations.
Since those vectors then due to earth's rotation are functions of time, it
is reasonable to express it in the earth-fixed reference frame. Via the

necessary rotation matrix R(t) in the transformation between earth-fixed
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and inertial coordinate system the parameters ©,&,n of earth's rotation
can be introduced in the observation equations as unknowns.

For the position vector X and the velocity vector &G of the ground

station we have according to (3-5a)
= R(t)zG (4-132a)
= Ry, + RO, (4-132b)

We will assume in this context that the position ZG of the ground sta-

tion in the earth-fixed reference system is time-independent, e.g., the
earth is assumed to be rigid.

=0 (4-132c¢)

From (4-132b) follows with (4-132c) that

X, = ROy, (4-132d)
Using
p, = [&.n. 0] (4-133a)
b, = [5.49.6] (4-133b)
and
Yo T [yle’yze’y3e]T (4-133c)

we can express the vectors &x. and 8x. by

0X, OX,
R W by, (4-134a)
0X, 0X,
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where &p s defined by (4-10) and the necessary Jacobi matrices are given
by

=6 _ -

- R(E) (4-135a)
—G

oX
=G _ ¢ -

E RCE) (4-135b)

X, _ Ox, Oxy 0%, OX; = Ox, (4-135c)
ap op. " op. " 9p. ' Op  Ip
i 0 2 =3 —4 —4
OX ox o o O ox
a_G _ [ ~ d a_G , a_G = 6 . & ] (4-135d)
P P P, Py L B
0Xx,

-0 (4-135e)
831 =
0Xx,

. (4-135f)
832 -
0X, 0 (4-1359)
823 - g
9%, _ [ oR oR oR (4-135h)
op, 58 Lo * 3n Lo * 30 Lo
0X,
s _ g (4-1351)
834 =
0X, j
o - 0 (4-1353)
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G B}
3 0 (4-135k)
=2
85(;
=5 - (4-1351)
823 =
X _ [ 2R o ok (4-135m)
op, N [a_zle’ﬁ—e er] m
% [a—E ok, R ] (4-135n)
3, ot Lo’ O Lo 6 Lo "
The partial derivatives of the rotation matrices R(t) and R(t) in
(4-1a,..., d) can be found using (3-5c) and (3-28).
a%—(;) = N(tg) P(to) PT(t) N' (LR, (-0(1) as(t) (4-136a)
a%;t) = N(tg) P(to) P'(t) N' (LR, (-0(1)) as(t) (4-136Db)
oR(t) _ T o OR,(-e(t)) ]
—o— = N(to) P(to) PT() N () —55—= S(1) (4-136¢)
oR aS(t)
N = N(to) P(tp) P p’ N (DR J(-e() 3 +
oS(t)
+ N(tg) P(to) P PI(1) N (R ( e(t)) 5% +
+ N(to) P(to) PT(E) NT(E) R J(-e(t) as(t)
aS(t)
+ N(tg) P(to) P PI(1) N (R ( e(t)) 3t (4-136d)
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= N(t) P(t) P () N (D) R ,(-e)

+ N(to) P(te) PT(0) 1 (1) R, (-0(1))

+ N(to) P(to) P'(E) N'(t) R, (-0(1))

+ N(to) P(to) PT() N'(D) R, (-0(D))

= N(to) P(to) P () NT(L)
+ N(to) PCt) PT(t) 1 (1)
+ N(t) P(to) PT(E) N' (D)

+ N(to) P(to) PT(E) N'(D)

_3(

= N(t) P(to) P () N (D) R ,(-e)

+ N(to) P(to) PT(D) N N (L R,(-0(D)

+ N(to) P(to) P'(E) N'(t) R, (-0(1))

+ N(to) P(to) PT(E) NT(t) R, (-0(1)) —==
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S(t)

95(t)

om

(t) .

95(t)

)

R, (-e(t)
00

)

oR,(-0(t)
00

)

OR,(-0(t)
00

1)

om

S(B) +

S(t) +

S(B) +

M)

aS(t) N

S(t) N

oS(t) N

0%
a5(t)

0%

(4-136e)

(4-136f)

(4-1369)



GR _ 5T T } 95(t)
R OLC St
oS(t
+ (o) Pt PT0)  (1) Ry(-0(1)) 51)
(t)
+ N(tg) P(tg) P pT ) N ()R R ( G(t)) +
aS(t
+ N(to) P(te) P10 N (D) Ry(-0(1)) 51)
% = N(to) P(to) P () N' (L) ‘3( )S(t>+
T .l _3( )
+ N(tg) P(to) PT(E) B (1) —2 2 S(t) +

aR.(-e(t))

+ N(to) P(te) PT(t) N'(t) *T S(t) +

_3( ®) .

+ N(tp) P(to) ') N (D)

We have further according to appendix D, eq. (D-4),

defined to be

10 -E
§(t)l0 1 +n‘

& 1
0 0 £
S = [ 0 0 +1 }
le 5 1 |
0 0 1
s
a—zloo 0‘
1 0 0
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(4-136h)

(4-1361)

S(H)

(4-137a)

(4-137b)

(4-137¢c)



0
?52 = 0 0 1 (4-137d)
n
0 -1 0
oS
— =0 (4-137e)
on =
oS
% -
as
i 0 (4-1379)
N
on =
3¢ 0 0 -1
=== = 4-1371
3% 0 0 0 ( i)
1 0 0
3¢ 0 0 0
= = 0 0 1 (4-1373)
om
0 -1 0

According to appendox A, eq. (A-3) we have for R,(-0)

cos® -sin®@ 0
R,(-8) = [ sine® cos® 0 (4-138a)
0 0 1
The time derivative R (-0) is then
-sin® -cos® 0
R,(-0) = 6| cose -sine 0 (4-138b)
0 0 0
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and all other necessary partial derivatives of R.,(-@) are

3R -sin® -cos 0O 0
—3 _ ~ . ~
30 cos @ sin® 0 (4-138c)
0 0 0
833
= =0 (4-138d)
00 =
. -cos 0O sin® 0
o8, : ' 4-138
S0 O] -sin® -Cc0s® 0 ( e)
0 0 0
. -sin® -cos 0O 0
o i (4-138f)
30 cos® -sin® 0
0 0 0

4.8 Further parametrization of the vector of earth rotation parameters

and of its time-derivative

The linearized form of the earth rotation parameter vector p and its

time derivative 94 is given by (4-133a,b)

834 = [6E,8n,80]" (4-139a)

5, = [68.61.80] (4-139b)
where

p, =P, (4-140a)

P, = P® (4-140b)

For the determination of P, - p4 one can assume that approximate values
pjﬁj , pjﬁj for the pole coordinates and for the sideral time as well as

for their time-derivatives are available. By introducing (4-139a), (4-139b)
as unknowns, it is possible to estimate improved earth-rotation parameters
by satellite geodesy.
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In general, two possibilities can be mentioned:

(1)

Determination of 824 , 894 as discrete functions of time, which

means, that for every discrete time t, the pair of vectors
6p, = [85.8n,.50,]" and &p = [68.61,.60,] has to be intro-
duced as unknowns.

Determination of &p (t) and &p (t) Dby a regression series.

For example, the following expansion of &,m,0 and &,7,0 might be
reasonable.

88 = 8 + (t-tp) 88 + (t-t)? 88, +

n

+Z [sink vi(t-te) 88, + cosk vi(t-te) 88y ] (4-141a)

k=1

8n = 8ng + (t-te)dmy + (t-tp)?ém, +

n

+ Z [sink vp(t-to) 8n1e + c0S K vy(t-tg)-Snay ] (4-141b)

k=1

80 = 80) + (t-ty) 860, + (t-t()? 80, +

n

+ Z [sink va(t-t) 801, + COSK vs(t-tg) 80 ] (4-141c)

k=1

8§ = 8% + 2(t-to) &g, +

+

n
k=

1

&M = omp + 2(L-ty)dm, +

n

+ Zkvz [Cosk vp(t-to) 8nye - Sink vo(t-to) Sma ] (4-141e)

k=1

8@ = 8@1 + Z(t‘to) 8@2 +

n

+ Zkv3 [Cosk vs(t-to) 801, - Sink vs(t-to) 80, ] (4-141F)

k=1
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4.9 Final expressions for the linear observation equations of

satellite measurements

By using the derivations in the paragraphs before it is now possible to
write down explicitly the Tinear observation equations for the satellite
techniques presently available. We are using index Q for quantities
(especially the position and velocity vectors) referring to the satellite,
and index G for those ones referring to the ground station.

Since we are able now to express all satellite observations by the vectors
Xq» 50, Xs» X, derived before, we repeat them again for clearness. Although
the integrals in (4-142a,b) have to be computed numerically - integrals will
be sums - we still have the integrals for the reason of shortness.

Thus, we have by (4-9c,d) using &v (4-24b) the following expression
for the position and velocity vectors:

ox. (t

5x,(1) = 2, oy(t) b+ fv(t)ag(t)dt (4-142a)
ov(t) odp = (t)
0%,(t) dv(t)

. _ Q - _
Ox.(t

5x,(t) = ﬁae( ) 8p + R(t) 8y, (4-142¢)
9% (t

6%, (t) = Ag() 8p + R(t) 8y, (4-142d)

oF' (t) oT 1 917 or' (1)
89(t) = R(D) = R(b) t(t)  (4-142e)

dy(t) ar "1 0@ rcose OA ® = dy(t)

Type S1: u(t) (a(t),8(t))...direction measurements 1)

The topocentric unit vector u from a ground station G to the satellite
Q 1is given by

X, (1) - X, (1)
| X, (1) - x, (D]

lu| =1 (4-1433)

D'Note that by u we do not denote here the Kepler elements as used in
the first chapters.
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u . topocentric unit vector

position vector of ground station (G)

XQ e position vector of satellite (Q)

Fig.

2

Direction measurements (Type S1)
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In general, wu(t) 1is determined photographically with respect to the
surrounding stars. In other words, rectascension a(t) and declination
8(t) with respect to the inertial system defined earlier are computed from
the photographic image. Thus we get u(t) from

cos &(t) cosa(t)
u(t) = | cosé(t) sina(t) (4-143b)
8§ sinéd(t) a

and the inverse relations are found from the three components of u(t) .,

u(t) = [ui(t), ua(t), us( 1 (4-143¢)
a(t) = arctan Ejgg (4-1444q)
8(t) = arccos [ud(t) +ud®)]”” (4-144b)
8(t) = arcsin us(t) (4-144c¢)

where (e, .e,,e, are the unit vectors forming an orthonormal basis of the

inertial system)

3

u(t) = eju(®) (4-1453)
uz(t) = e, u(t) (4-145b)
us(t) = e;u(t) (4-145c)
sup(t) = e du(t) (4-146a)
up(t) = e} 8u(t) (4-146b)
us(t) = e} du(t) (4-146c¢)

For &u(t) we get by differentiation of (4-143a)

sut) = 20 5, 1y + LD g (4-147)
u(t) = ox, X, (1) ox X, (1)

where the Jacobi matrices are explicitly defined by
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;
ou 1 I (ﬁo’ie)(ﬁo’ie) (4-148a)

850 |iofﬁe| - |KQ’§G|2

;
ou _ 1 [ (lo’ﬁe)(io’ﬁe) (4-148a)
9xg | X, - % %0 x|

ou au
- = -— (4-148c¢)

and

x,(t ax,(t
su(ty = 2u®) { [ X, (1) o (t) X, (1) l 5

aéo(t) ov(t) SE SE
- R &y A+
ax.(t) [
_Q -
(0 Jﬂi(t)Sg(t)dt } (4-149)
0

The observation equation for a(t) and &(t) are derived by decomposing
the corresponding quantities into approximate values a°(t) , 8°(t) , and
linear variations &a(t) and &88(t)

a(t) = a®(t) + 8a(t) (4-150a)
8(t) = 8°(t) + 88(t) (4-150b)

where the approximate values are given by

ud(t
a’(t) = arctan 5() (4-151a)
u

(4-151b)

8°(t) arcsin u§(t)
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and  68a(t) , 88(t) by

Sau(t) [cosa(t) e] - sina(t) el | su(t) (4-152a)

cos 8(t)

1
- - T : T .
86(t) ST e [cosaﬁj_@l+—s1na(t)§2]8gﬁj (4-152b)

Inserting (4-149) into (4-152a,b) yields the final form of the observa-
tion equations

cosa(t)e) - sina(t)e] du(t)

Sa(t) =
|50-§G| cos &(t) aLQ

p -

(] ox(®) av(t)  9x (D)
ov op op

- RSy +

ox,(t) [
- fl(t)Sg(t)dt (4-153a)
v

cosa(t) el - sina(t)e] du(t)

|io"ﬁe| siné&(t) aﬁo

86(t) = -

. ” 0x (1) oyv(t)  9x, (D) l b -

av. op op
- R8sy +
ax,(t) [
+ 3 fl(t) 8g(t) dt (4-153b)
oy
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Type S2: S ... distance measurements from a terrestrial ground station
to a satellite

The distance S(t) , usually observed by laser, is given by the norm of
the difference of the corresponding position vectors KGUJ , 5003 .

S(1) = | x,(0) - x, (D] (4-154)
Decomposing S(t) by

S(t) = S°(t) +8S(t) (4-155)
where the approximate value S°(t) is given by

S°(D) = | x3(0) - x| (4-156)
results in the Tinear part &S(t)

_9S(h) 3S(t)
BS(0) = 5 B0+

8x,(1) (4-157)

where the gradients explicitly defined by

T T
o5 (x-%) _ (x-x) (4-158a)
9Xq | x, - x| >

T T
oS (% -%) _ (% %) (4-158b)
O |£Q"£G| >

The final form of the linear observation equations is derived by inserting
again (4.142a,c) into (4-157).

- - (4-158c)
X
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distance from terrestrial ground station
to a satellite

position vector of ground station (G)

position vector of satellite (Q)

Distance measurements (Type S2)
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~0S() (] 9x,(8) av(t)  Oxg(t) ]
8S(t) = ING) {[ 5y op o 8p
- R(W)sy +
ax,(t) [
T J-i(t)SE(t)dt (4-159)
to
Type S3.1: Af(t) ... Doppler observation of a satellite at a ground

station: Doppler frequency shift Af
(range-rate S )

With respect to the Doppler frequency shift between a received satellite
signal and a reference signal in the receiver of the ground station two
observables can be introduced.

In the first the instantaneous frequency shift Af(t) 1is used which is

porportional to the time-derivative S of the distance S between ground
station and satellite. Neglecting atmospherical time delays of the satel-
l1ite signal we have the basic relation

f .
A(T) = -—E-S(t) (4-160)

where f is the transmitted frequency of the satellite signal and ¢ 1is
the velocity of Tight.

In order to get the linear observation equation of (4-160) we have to

determine the time-derivative § first. For the distance S we have
according to (4-154)

50 = |20 x,®] = {[2O- Lo ] [0 xm]) (4-161a)

S0 = [x)0x,0 - 2x® %, + O x,] (4-161b)

and for S(t)

[x,0 - x,®] [%,0) - %,0®]
S(Y)

d_S = S(t) =

S (4-162)
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Af Ll doppler frequency shift

f .. frequency

C ... velocity of light

S ... range-rate

Xg e position vector of ground station (G)
XQ eeeen position vector of satellite (Q)

Fig. 4: Doppler frequency shift (Type S3.1)
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Decomposing

S(t) again in an approximate part S(t) and a residual

8S(t) , and inserting it into (4-160) we get

A(T) =

or

Af(t) =

where

AFO(E) = -

and

SAT(t)

L [So(t)+83(t)] _ . ° §°(t) - il 8S()
C C C

AFO(L) + SAF ()

]
folem-xm] [Km-xm]
< O)

7 8S(t
- )
f [ 0S() aS(t) os(t) .
s —aﬁo 5%, (1) + —aﬁe 8x, (L) + _8&0 6%,() +
aS(t) .
+ —7525—'5£G(t)

The gradients in (4-165) are

5¢ (%, X )T '

S X, X S T

0x, S : 7 (50"56)

3¢ (X P )T ) 3¢
S X, X S T S
e A ™
a$ _ (—ﬂ '5G)T

0%, S

35 (x-x%) 8

ox. S © Ox.
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(4-163b)

(4-164)

(4-165)

(4-166a)

(4-166a)

(4-166c)

(4-166d)



Inserting of (4-166a,..., d) and (4-142a,..., d) into (4-165) results in
the final observation equation for Af(t)

SAT(L) =
(oS | 9x,(8) av(t)  9x.(b) . oS(t) | 9%,(t) ov(t)  9x (1) 5o +
I aio(t) av(t) SE SE 850(‘5) ov(t) SE GE P
f [ aS(b) aS(t) .
TlEme Y e o oy, -
. . t
O f [ aS(r) 9x,(1) aS(t) 0x,(t) ]
T ,® w®  Ro am tf 1) 8g(t) dt (4-1e7)
Type S3.2: B ... Doppler observation of a satellite at a ground station:

Doppler count B

The Doppler count B is derived by integration of Af(t) over a certain
time interval At =1t,-t; (see e.g. Arnold, 1970, p. 75)

.F
B = (fo-f)(t,-ty)+ ?;(52‘ S1) (4-168)

By f we denote again the frequency of the satellite signal and by f,
the reference frequency of the receiver at the gropund station. The dis-
tances S;(t) and S,(t) are given according to (4-154) by

S1(t1) = | %4t - x, (8D | (4-169a)

Sa(ts) = | xy(t2) - X, () | (4-169b)
Decomposing (4-168) into

B = B°+3B (4-170)

where the approximate value B° of the Doppler count is given by

.F
B = (fo-1) (tz‘t1)+'7;(58‘5?> (4-171a)
S ECVREHCN] (4-171b)
SR E CORES{C] (4-171e)
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B ... doppler count

f ... signal frequency
fo ..... receiver reference frequency
.ty L time epochs
C v velocity of Tight
g eeens position vector of ground station (G)
XQ e position vector of satellite (Q)

Fig. 5: Doppler count (Type S3.2)
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results in the final observation equation for the residual &B when con-
sidering (4-159) and neglecting atmospherical parameters.

8B = %(552—551) (4-172)
5= 0S(ty) [ 90X (t2) ov(t,)  O9x (t) |
o | 0x,(t) | vt 3p op
C0S(ty) [ 9x(t) av(ty)  9xg(t) | 5o+
ax,(t) | ox(tD) ~ op op £
f [ 9S(ty) ~9S(ty)
+ ? i alo(tl) B(tl) 8§Q(t2) B(tZ)] 8ZG+
K ox,(t) [
f S(ty) 9x,(te )
I NN tf H(E)6g(tydt
L 0
3 ox,(t) [
©0S(ty) 9xy(ty ]
9x,(t1) v (t) tf ﬂt)aﬁ(”dt‘ i)
0
Type S4.1: s ... Satellite-to-satellite tracking (SST):

Intersatellite laser distances s

Doppler observations as well as laser distances cannot only be obtained
between a ground station and a satellite, but also between two satellites
if appropriate equipment is on board of the satellites. In principle we
may have two different observation configurations: high-low and low-low mode
depending on the attitude of the two satellites. For satellites in high
altitudes the acceleration model, in particular, the acceleration due to the
earth's gravity field, can be simplified. Thus, the vector &p may consist
then only of a few coefficients of a spherical harmonics expansion of the
earth's gravity potential.

The abobe-mentioned satellite configuration are not distinguished in the
formulas given below. 1In all cases the parameter vector 8p is introduced.

Let Xq, be the position vector of satellite Q; and X, the corres-

ponding one of satellite Q, . Then, the distance s between Q
and Q, 1is given by (see also (4-154))
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s(t) = ﬁoz(t) fﬁol(t) . (4-174)
Linearizing of (4-174) yields
s(t) = s°(t)+6s(t) (4-175a)

where the approximate value s° of the distance Q;Q, 1is determined by

the approximate positions Xg, » X, of the satellites Q; , Q

s°(t) = | x5, - x5 @] - (4-175b)
This results in the Tinear part &s(t)

os(t) os(t)
TSﬁoz(t) + aX 8501(1',) (4'175(:)

—Q —

8s(t) =

The gradients in (4-175c) are determined analogously to (4-158a,b)

;
o5 _ (5027 501) (4-176a)
0x, S
2
:
o5 _ . (5027 ﬁol) (4-176b)
8501 S

Thus, the final form of the observation equation for &s(t) is found by
inserting (4-176a,b) and (4-142a) into (4-175c).

8s(t) = os®)_ | aéQ?(t) aloz(t) . aﬁol(t) alol(t) 8p +
8&02(t) | alQZ(t) aE 8101(45) aB P
ast) [ 9%, ¢
EETNON EING) fioz(t) 89, (D) dt -
2 | p) £o
ax, () ¢
v, (O tflol(t) 89, (D dt (4-177)
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Distance: s |, DopplerSth:Af=-%$

Q
Q RN Q
S ... intersatellite laser distance
§ ..., range rate
Af L. doppler shift
L time epochs
C v velocity of light
501 ..... position vector of satellite (Q;)
X, o position vector of satellite (Q,)
Fig. 6: Satellite-to-satellite tracking (Type S4.1, S4.2)
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Type S4.2: Af(t) ... Satellite-to-satellite tracking (SST):
Doppler type (range-rate ¢$ )

In order to get the observation equation for the Doppler frequency shift
Af(t) observed between two satellites we first derive the time derivative
$ of the distance s between the satellites Q; and Q, . Analogously
to (4-162) we get for the distance s

S(1) = [ x,(0) - %, (D) (4-178)

and for its time-derivative

:
dst) 2,0 x, W] 2,0 - %, ©)]

S(t) = e (O (4-179)

Further, in analogy to the decomposition (4-163b) and the formulas (4-165)
we can write

£ [0 %, ®] [5,0 % ©]
c

i T -
are= O) (4-180a)
snft) = — |20 5w B0 g LEE sy

( ) C aﬁoz 502( ) aél 501( ) al 2 502( )

IS (4-180b)
al : 101( )
where the gradients in (4-180b) are
T
ds (5027501) S T
85% o So 7-2?_(5027501) (4-181a)
T
88 (5027501) $ T 85
SKQV - So +'§?'(loz 101) B 8502 (4-181b)
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- S (4-181c)
2
;
) X, " X S
5 ( 0 %) _ 08 (4-181d)
0%y, S 0%y

The final observation equation can be derived by inserting of (4-18la,...,
d) and (4-142a,b) into (4-180Db).

SAF(t) =
o f { 9s(t) [Bzoz(t) dv,, (1) dx, () axol(t)l
c Gﬁoz(t) 8102(1:) dp alol(t) op
as(t) [ 9%, (1) dvy (1) 9%, (t) dy, (1) 5
0%, |, ® .  d,® op |f"
£ [ asm 9%, sy 9%, ¢
T [azo © 0y, (0 | 9%, (0 v, (O [ENOLNOLIS
2 2 2 2 to
£ [ asm %M aswy %M ] ¢
- — [% CRTRCRC W GIETING flol(t)s%l(t)dt (4-182)
2 1 2 1 to
Type S5.1: =t ... Interferometric time delays

In satellite interferometry the observations are taken, in general, at
two ground stations G; , G, observing one satellite Q . Observables can
be the time delay <t or the Doppler difference i by using a comparison
between the phase of the transmitted satellite signal with that one of a
reference signal generated by a frequency standard in the receiver at the
ground stations.

Extensive use of this mode and variations of it is made using the satel-
lTites of the Global Positioning System (GPS). Since the observation equa-
tions with regard to GPS are outlined in detail in Hein and Eissfeller
(1986) the main principle is only discussed in this context.
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T ... time delay

S1.5, ... ranges

c .. velocity of light

Xg, oo position vector of ground station (Gy)
Ko, oo position vector of ground station (G,)
Xq  eeees position vector of satellite (Q)

Fig. 7: Interferometric time delays (Type S5.1)
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The basic relation for interferometric time delays is given by

(t)

where

so(t) =

si(t) =

s2(t) - 51 (1)
c

| %, () - x,, () |

| %, () - x,, () |

(4-183)

(4-184a)

(4-184b)

By t we denote here the time when the satellite signal was transmitted,
e.g., it is the time which is used as upper integration Timit of the orbit

integration.
set the signal

In principle, we have to consider in (4-184a,b) the time off-
needs for the distance satellite to ground station, e.g.

S
Ko = %, (0 = x, (t+ == (4-184c¢)
S
X, = %, (t) = x, (t+ == (4-184d)
Using the common Tinearization principle we get
T(t) = 1°(t) + 6t(t) (4-185a)
xg() - x2 (O - [x5(t) - xg (1)
o) = — AOINE o (4-185b)
6s,(t) - 8s1(t
secty = —o2(t) . s1(H) (4-185¢)
Using #6s,(t) and 6&s;(t) according to (4-157) we get from (4-185c)
[ 9sp(t)  9sqi(b) ds ds1(t)
st(t) = [ alo alo ]Sﬁo(t) + 85(;2@) 3x 85(;1@) (4-186)

where the gradients are given by

851

.
(50 _ﬁel)

850

S

(4-187a)



X
= - = - (4-187h)
8561 S1 aiGl
T
0 Xy~ X
2 (2 %) (4-187¢)
aéo S2
.
X, = X
8852 _ (—o —Gz) _ 8852 (4-187d)
26, S2 LY
Inserting (4-187a,..., d) and (4-142a,b) into (4-186) yields the final ob-
servation equation for interferometric time delays.
se(t) = 1 9s,(t)  9s1(t) | 9% (1) Qv (t)
O T UTEO o] o e
9s,(t) 9%, (0 Bsy(r) 9%, (B)
% (O op ox.m op (%27
%, ¢ P Xq, P
1 [ 3s,(0) ~0sy(t)
+ ? -aﬁez(t) B(t) SXGZ alGl(t) B(t) SXGl +
1 [8s,(t)  3si(t) ] 9x,(t) [
1 S? ~0Sg 2q f ,
+ - | Sgo(t) 85O(t)] MO t Y(t) 6g(t) dt (4-188)
0
Type S5.2: 1t ... Differenced interferometric time delays

(Doppler differences)

The non-Tinear observation equation for Doppler differences is derived by
differentiation of (4-183) with respect to time,

(1) = M (4-189)
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§..8, ...
C ...
ﬁcl,ﬁaz .....
Xg e

differencedtime delay

range-rates

velocity of Tight

position vectors of ground stations (Gl,GZJ
position vector of satellite (Q)

Fig.

8:

Differenced

interferometric time delays (Type S5.2)
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where the derivatives $; , $, are given analogously to (4-162)

[2,0) - %, (O] [2,(0) - 2, (0]

$1(t) = (4-190a)
1(H) o)
[x,(0 %, ] [2,0) -, ©]
X - X X - X
. 2q 26, 2q 26,
$,(t) = (4-190b)
2(t) ”e)
Using the common decomposition and linearization we get
T(t) = t(t) + &§t(t) (4-191a)
where the approximate value +t°(t) 1is defined by
) L ) T
wry - L [xw-x o] [Ko-xo]  [go-gol
c s5(t) s7(t)
ENCRENG]
. _Q _Gl _
5300 (4-191b)
and the residual (4-191c) by
83,(t) - 85¢(t
sict) — 222 - 851D (4-191c)

C

Inserting &6%; , 6%, analogousloy to (4-180b) into (4-191c) results 1in

35,(t)  35,(1)

o1 (05 8511 .
si(t) = — {[ % % ]65Q(t)+ % | B ¢
95,(t) 95,() . 95.1(t) 95, (1) .
" Ty () T 8k () - T e () - e 8k ()

(4-192)
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S;Z - _QSZ_GZ 2_2(50562)T (4-193a)

T
SZ - (_OSfGl) - (%-2,) (4-193b)
SZ - (ﬁostz)T (4-193c)
g; - (ﬁo_stl)T (4-193d)
aa;i T (_ngez)T * zz (ﬁo’iGZ)T (4-193e)

851 _ (—Q_iel)T +S—(X . )T (4_193f)
Ix S <2 \ 20 2g
26, 1
T
03 Xy T X
- = (2 %) (4-1939)
Xe, S1
.
08 Xy~ X
L - L %) (4-193h)
Xe, S2
Inserting (4-193a,..., h) and (4-142a,..., d) into (4-192) we derive the

final observation equation for Doppler differences +t
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_ 1 (s [9x,® avr) %, M) 85, [9%,M Buwy 9%, M
c aéo(t) i ov(t) GB SE' | aﬁo(t) i ov(t) GE' 83
95,(t) [ 9%, (1) av(t) SO S 05 (1) [ 9%, () ov(t) 0%, (1) -
0%, () | ov(® op op | ox,M | ov® op op B
[ 95,(1) 95,(t) . ]
+ = T R(L) + %, B(t)_f%z’
1 [ 9s,(t) 95:(t) . ]
T T, RO g ROy ¢
1 05,(t)  095;(t) | 9x,(t) 05,(t)  95;,(t) | 9%y (L) ;
T O o w®m [ago(t) 9%, (1) | Bv(® }tf 1ty eglr) dt
0
(4-194)

Type S6: H ... Altimeter measurements

Assuming that the radar altimeter instrument in the satellite Q s di-
rected parallel to the gravity vector g 1in Q , then the basic observable
is the distance satellite Q to the geoid neglecting atmospherical and
other instrumental effects as well as sea-surface topography, the deviation
of the equipotential surface W =W, from the sea-surface. In this con-
text we will not discuss the implications due to these effects. The inter-
esting reader finds an extension of the main principle outlined here and a
proposal for a vertical datum solution in Hein and Eissfeller (1985).

We begin with the basic decomposition
H(t) = H°(t) + SH(t) (4-195)

where H°(t) is an approximate value and &H(t) the corresponding linear
variation. The derivation of @&H(t) 1is basically done in two steps.

In the first the straight-line condition QG with respect to the

unit vector n. 1in direction of the vector in G (G 1is a point on the

geoid W =Wy here) is used. The second step consists then in the Tineari-
zation of the gravity potential W, of the geoid.
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Q

\

adar-
Itimeter

-

Sea-Surface

H ..., radar-altimeter reading

position vector of sub-satellite point

Xg s
on sea-surface (G)

Xg eeee- position vector of satellite (Q)

[¢ PR gravity vector at sea-surface

Fig. 9: Altimeter measurements (Type S6)
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Step 1.

In the inertial system (see paragraph 3.1.1) the following relation
holds

X, = X

X +Hn, (4-196)

Q

As mentioned above, n. s the unit vector in the altimeter foot point

coinciding with the gravity vector at the geoid in the inertial system.

In the earth-fixed reference frame ng has the form (Hein, 1982a, p. 37)

cCos®d CosA

n, = -|cos®sinA (4-197)

sind

where @& and A are the astronomical latitude and longitude of the alti-
meter foot point. According to (3-5a) we have the transformation

n, = R(®) ng (4-198)

between ﬂz (in the earth-fixed reference frame) and n. (in the inertial

system) where R(t) 1is the rotation matrix (3-5c¢). Note, that R(t) is
a function of earth rotation p (4-11d).

Linearizing of (4-196) at 58 , xg and p° results in

8x, = 6504—6Hﬂg4—H°8gG (4-199)

where the variation SQG is given by

sn. = —= §p + Rén, . (4-200)

Since n, depends only on the subvector 34 of p we get for the Jacobi

matrix on./dp

on, on,
=10.,0.,0, . 0 (4-201a)

—n. , =—n. , ==n ] (4-201b)
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The partial derivatives of the rotation matrix R with respect to the
earth rotation parameters are given already by (4-136a,..., c).

Using the approximate values ¢ , A" (normal latitude and normal Tongi-
tude) for @& , A (see Hein, 1982a, p. 39,40) and the corresponding decompo-
sition

d = @ + 8P (4-202a)

A+ 8A (4-202b)

=
I

*0

we get for the variation &n, =n;-n,

8n, = n, 6@ + n 8A (4-203)
with
cosA” sing
n, = sind” sing’ (4-204a)
-Ccos @
sinA” cosq@”
Ny = | -cosi” cosg’ (4-204b)
0

n, and n  was derived by partial differentiation of (4-197) at (¢", ") .

The approximate vector n? is analogously to (4-197) given by

cose” cosoA”
n? = -| cos%’" sin°A" (4-205a)

sine”
and the normal coordinates ¢" , A* (Hein, 1982a, p. 39, 40) by
(%)
0y,
( U >2 . ( U >2
ay, ay,

(4-205b)

arctan

RS
[

0.5

ou”

(%)
= arctan ———X%—— (4-205c)
(%)

>
*
|

ay,
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The star (%)

in the formulas above indicates that the quantities refer to
the earth-fixed reference frame, where the normal gravity potential
given here by

S
U= Uy + Uy + 2 (4-205d)
with Uy = kM/r and the centrifugal part Z=0.5w’r’cos?e (for U; see
eq. (3-16)). For convenience we use for GU/SZ* the expression
ou” o ou"  aU ] or
al = [ or a(p © Tom ]W (4-205e)

since U 1is usually given in a spherical harmonic series.
vant expressions in (4-205e) see (3-15) and (3-17a

oy _ [ kM o
ar re o7

For the rele-
We have further

(4-205f)

Q
~N

5 [ w2 rcos?e , -0.5w’r’sin2¢ , 0]

(4-205qg)
and &® , S8A

in (4-203) can be found analogously to Hein (1982a, p. 39,40)

T T _
8 = ¢ GZG+-£®LG (4-206a)
— T T _
8A = A SXG4-£A§G (4-206b)
where
o T A
@ 5 [ sine” cosA™ , sing sinA” , -cose¢" | Sy (4-207a)
1 L 9]
AT = = = [ sind” , -cosA” , 0] == (4-207b)
= j cose dy
with
ou’
T _ _
J Ti? (4-207¢)
0.5
io=1(4'9) (4-207d)
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ai T *
?57 = gradygradyU =
rl o= < [ sing” cosX
1
T — - . *
r Tcose [ sina
. oT 1 o7
=G or r ode
COS@ COSA
or . A
3y sing cos

-sinA
Inserting &® , 6A

8n; = N18ZG+_NZEG

where
_ T4 T
N =n,¢ +n,2
_ T4 T
L L I L

o%U” %" U

oy’ 9y,0y, 9y;0y,

U U U
9y,0y, SYE 0y;0Y,

U U 3°U”
9y 0y, 0y,0Y, oy}

, sing” siniA

, ~cosA” , 0]
1 oT
r cose OX

COS@ SinaA
-sing sinA

COS A

. OF
, ~cosq | Sy

or

3y

T

(4-206a,b) in (4-203),

sineg
CoS @
0

we get for the variation

(4-207e)

(4-2071)

(4-2079)

(4-207h)

(4-2071)

én,

(4-208)

(4-208a)

(4-208b)

Note that the products in (4-208a,b) are vector products (dyadic products).

Thus, for &n,

n
= _—G
én,, aE

8 + RN, By, + R 1L,
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Step 2.

The gravity potential W, at the geoid in G 1is linearized by

Wy = Ug + Tg = const (4-210)

where Ug = UE(EJX@) = UE(EQ’E4’XG) . For p and p se (4-1lc,e).

=2 =4
Using the approximate values B; , EZ , ZZ we get by the Taylor series of
(4-210)
. oUg G
= O —_— —_— -
WO UG + aB SB+ aXG SXG +TG (4 211)

For the determination of GUE/GXG see (4-205e). (GUE/GE) is given in
consideration of (4-10) and (4-11la,..., d)

U
&~ ¢ (4-212a)

* * * * *

3 6 3 ) 3 3 3
Ue U V U V V . / (4-212b)

822 aCZQ ’ aCZl T aCnn ’ 8520 ’ 8521 T asnn G

_ o (4-212¢)

(4-212d)

— =[0.,0, wr?cos?e ] (w0 = 0) (4-212e)

For the elements of the vector (4-212b) we find

ou” RH ,
= kM—F;T-RW(s1n¢)COSVA (4-213a)
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ot R" . .
35 " kM T Pw(sing) sinva (4-213b)

Y

In order to get &8H(t) we insert (4-209) into (4-199). Thus, we get

on
— ¢} —G 0 0 _
8x, = 8x, + 8Hnp + H 7§E_SE-+ H B-N18ZG'+ HR N, t. (4-214)

Using further for &x. on the left hand side ofe (4-214) the expression
(4-134a), results in

%5 +R8y = &x +8Hn°+HO%8 +H°RN 8y +H°RN. t (4-215)
ap E - ZG =Q —G ap E - —1 XG — —2—=G

Solving (4-215) with respect to SXG by left-multiplication with
R'(R'R) =1 yields

N.R"8x + 8HN_R ' no+ N_R"[HC ong 9% Sp + HON. N, t (4-216a)
3= "=q =3-= =G =—3- op op P =3 =26

8y
where

- (1-wn) (4-216b)

The final form for &H can be derived by rearranging (4-211) and insert-
ing (4-217) into (4-216a,b)

Wo - U - T - oUg sp = oUs 5 (4-217)
. oUg
_ o* _ T
HEH = Wy - Ug ?ET'N3B &x, *

L9V o 9% 4o oUsg .71 9y dUg 5o
dy, 7~ dp dy, =~ op  dp ) =
oUg
- HOWNBNZEG - TG (4’2183)
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where

3
H = a—yGN3BT_G (4-218b)

Furthermore we insert &x, (4-142a) into (4-218a) and consider the time-

dependence of the relevant quantities.

SH(Y) = % {Wo - V() +
%Mt)fm aﬁgét) H(t) EB N R aﬂgft)
) %Mwmw aaio((tt)) aé(Et) ’ 2;28 l 5p -
: au*g WO () f y(0) R(Y) JEB £ (t) dt -
- H(D) au*g NN, (Bt (E) - TG(t)I (4-219)

Note that all terms of sum in (4-219) are scalars, since (GUE/GB) are
row vectors.

For the modification of the integral kernel in (4-219) the expression
(4-142e) was used

The approximate value H°(t) can be computed from the expression
() = | xg() - x2(0) | (4-220)

where 1803 is, in general, known from the orbit integration.
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The position vector ﬁgﬁj of the altimeter foot point has to be com-
puted iteratively by using the cross-point between the straight line of the

altimeter beam and the corresponding geometry belonging to U" . This means,
that in principle the following two expressions (four scalar equations)

have to be solved with respect to x7 ., H°

x¢-x3 = Hn2(x?) (4-221a)

(4-221Db)
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APPENDIX A. Rotation matrices

The following rotation matrices refer to a right-handed Cartesian coor-
dinate system. Positive (counter clockwise) rotations are treated here.

(i) Rotation around the x;-axis

1 0 0
Blﬁﬂ = 0 cosa sina
0 -sina cosa

(ii) Rotation around the x,-axis

cosa 0 -sina
R, (@) = 0 1 0
sina 0 CoS a

(iiif) Rotation around the Xxz-axis

cosSa Sina 0
Ry = -sina  cosa O
0 0 1

For every rotation matrix Bjﬁﬂ , i={1,2,3}

Ri(@R(@ = Ri@R () = L
e Ri@ = R'(@
Ri(@ = R/(-a)
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APPENDIX B. Canonical transformations

According to Stumpff (1974, p. 567 f.) the following propositions hold for
canonical transformations:

Let H be the Hamilton function of the unperturbed problem (2-8),

2

H(x.y) = 0.5(y"y) —-sziyr; (B-1)
where

X =[x, %, x ] (B-1a)

y = [y v, (B-1b)

y =x = [X1, %, %3] (B-1c)

K = kM (B-1d)

Proposition 1. The equations of motion of the mechanical systems des-
cribed by (B-1) are given then by (B-Z2a,b), which represent a canonical
system of differential equations.

X = o (B-2a)
X Jy a
, oH'
Y T % (B-2b)
oH _ [oH oH oH ] (B-20)
dy |9y, ~ 9y, ’ 9y, |
OH  [oH oH oH | (5 24)
_l _8X1 ’ aXZ ’ 8)(3 |
Thus, for the Hamilton function (B-1) we have explicitly:
o (B-3a)
oy, 7 i
U (B-3b)
an b (XTX)l.B
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Using y;: =x and y, =X, the Kepler problem is derived from
(B-2a,..., d) and (B-3a,b).

%= K —=— (B-30)

Proposition 2. let g¢-= [ql,qz,q3]T and p = [pl,pz,p3]T a set of six
new coordinates the equations of motion have to be transformed, e.g.

x=x(q.p) (B-42)

y=y(q.p) (B-4b)

|

The transformation (B-4a,b) is a canonical one, if the differential equa-
tion system (B-2a,b) is of the form (B-5a,b) with unchanged Hamilton func-
tion H

, oH'

9 = ap (B-5a)
, oH'

p = - 3 (B-5b)
oH  [oH oH oH | (5-50)
3p ~ |3p, " 3, v, | -
oH  [oH oH oH ] (5-54)
?;j | 09, " 9dq, " 9dqy |

. . . . T

4 = [4,.4,.4] (B-5e)
. . . . T

b= [p .0, 0] (B-5f)

The new coordinates q , p are canonical coordinates.

The canonical transformation described in proposition 2 above has the
following properties (a) and (b).

Let J be the Jacobi matrix of the coordinate transformation (B-4a,b).
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|

Inserting the block matrices

QJ| Q
| |Ix
|

QJ| QO
[ReRISS
|
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(B-6)

(B-7a,b)

(B-7c¢c,d)



in (B-6) we get the abbreviations

ox ax 1 ox' ox'
[@ aﬂ W %
J = - (B-8)
I I VAT
| oq op | oq op
[ 9x  9x]
| 3¢ 3p |
L=
J' = (B-9)
oy oy
l dq  op ‘

Property (a)

For the determinant D of J and QT of the canonical transformation
(B-5a,..., f) holds

D = detd = detd' =1 (B-10)

Property (b)

For the sub-determinants of D , resulting by deleting the corresponding
row and column of a certain matrix element, the following rules of compu-
tation holds

Dy, Q5 = é;%} = é%g% (B-11a)
D,,P; = g—gr = —g—ét (B-11b)
D, q, = é;%; - g;t (B-11c)
Dy p; = |é§£}| = é;%— (B-11d)
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The partial derivatives between the vertical Tines in the mid of
(B-11a,..., d) characterize the corresponding matrix elements the sub-deter-

minants refer to.

Thus, the introduction of canonical transformation has according to
(B-1la, ..., d) the advantage, that the sub-determinants of J «can be calcu-
lated by partial derivates and that non singularities will occur referring
to detd =0 (B-10).
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APPENDIX C. Jacobi matrices, gradients, differentiation rules

(a) Jacobi matrices

Definition 1

Let y = [yl,yz ..... yn]T and X =[X1,Xo,..., x, 1" be two coordinate
vectors of dimension n and m , respectively. With respect to the trans-
formation 'y, =y, (X1.Xz,..., Xn) Wwhere i={1,..., n} , the following

scheme of first order partial derivatives is called the Jacobi matrix J of
the coordinate transformation.

D 0y, |
3%, Ox, %,
o, oy,
3%, Ox, 3%,
gy | e

Q = @ = (C-1)
ayn ayn ayn
3%, Ox, 3%,

o(d) = (n,m) (C-2)

Definition 2
In case n =m , the coordinate transformation is called regular, if
detd = 0 (C-3a)
and singular, if

detd = 0 (C-3b)

Definition 3

The determinant detd = detgﬁ is called the functional determinant of
the corresponding coordinate transformation.
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(b) Chain rule for Jacobi matrices

Given the vector f_=_f(g(b(5))) where

= 0ffofo B0 with o o(f) = (1.1) (C-4a)
T .
g =19,.9.9..... g, with  o(g) = (m,1) (C-4b)
h = 1[hy,hy,hsy, ..., h, 1" with o(h) = (n,1) (C-4c¢)
X = [X1,X0,X3, 000, Xo 1" with  o(x) = (0,1) (C-4d)
Then, the Jacobi matrix of f with respect to the coordinates x 1is
defined by
of of 99 oh
= - == = (C-5)
0 dg oh ox
where the dimensions are
of _(1.0) (C-6a)
0 3% ,0 a
of\ _ (m (C-6b)
0 39 ,m
o9 C-6
O(?ﬂf) = (m,n) ( c)
on) _ ( ) (C-6d)
0 3% n,o
Proof. Ffor the element Of;/0dx; located in row i and column j of
of/0x , we get by the chain rule of differentiation
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Sﬂ afw (891 8h1 n agl 8h2 agl ahn ) +

an 891 ah1 an ahg an ..... Ghn GXJ'
afj 892 ahl 892 ahz agz ahn
" g, (ah1 3%, | on, ax, T on, ax, ) ¢
2 +
afﬁ agm Ghl agm th agm ahn )
* 3, <8h1 %, " an, ox, T *on, axj> (=
Rewriting (C-7) in vector/matrix notation, we may write
[ 09, 09, 99, 1 [ 9hi ]
ahl ahg Ghn an
EE&L a9, ag, oh,
aﬂ _ af1 Gﬂ a‘ﬂ ahl ahg Ghn an (C 8)
OX; dg; " dg, 77 0g,
dg, 099, ag, oh,
[ oh; oh, 77 oh, I'| ox; |

In (C-8) the column vector right of the Jacobi matrix dg/oh corresponds

just to the vector of column j of the Jacobi matrix 8&/55 , and the row
vector left of GQ/SQ corresponds just to vector of row 1 of the Jacobi

matrix 0f/dg .

Rearranging the elements of;/0x; for 1 ={1,..., 1} and j={1,..., 0}
corresponding to (C-.1), results in (C-5).

(c) Gradients

Definition
Let y be a scalar and X =[X;,Xs,..., x,1" be a vector of dimension n
With respect to the scalar function y=y(x;,Xs,..., Xp) = y(&) the vector

grad,y 1is called the gradient of y with respect to the coordinates x

oy oy oy oy
T = —_— = —_— —_— -
grad, y(x) ox ox; 7 Ox, T 7T 0x, (€-9)
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Thus, every row i of (C-1) can be considered as gradient of the corres-
ponding coordinate y;

(d) Differentiation of matrix-vector equations

Given be the Tinear equation

() = A(p) x(p) (C-10)

defined by
T )
p=1[pyppeeeeiny] with  o(p) = (1,1) (C-11a)
T )
y = [yiv. ot Yol with o(z) = (n,1) (C-11b)
X = [X1.%X00.un, X 1T with  o(x) = (m,1) (C-11c)
aip die d1im
dg1 dzp dzm .
A= with  o(A) = (n,m) (C-11d)
| .............. I
lanl an2 dnm J

then the Jacobi matrix dy/dp has the form

- [ L K. g X OB ] +a (C-12)
ap op, = Op, = Op, = T op, ¢ A3
Proof. Consider the vector of column k of al/ég . Thus, we get
oy 0 oA Ox
op,  0p, [4(2) x(0)] - Tp, 2T AT, (C-13)

Adding the column vectors dy/dp, to form the matrix OJy/dp , we get
using (C-13)
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dy dy dy oy
SE Gpl sz ap,
=-E)A><+Aaﬁ an+Aai an+Aaﬁ]=
op; = T 9py dp, =~ Ip, op; © T Ip,
—-anan 8AX+'A8§A8§ Aaé =
| op; =7 dp, T pp =1 [T 9py T dpy T opy
[ OA 0A oA ] [ Ox 0x ox
= [=—x, =—x, — x| + |A=—, =— —| =
p1 - apz - pw o [~ pl pZ apW
_ oA X oA X oA x- + A ox (C-14)
_apl - apz =’ Py 7 - aE
Thus, (C-12) 1is derived.
Considering again (C-10), where now EIB(E) , we get using (C-5) and
(C-14) the Jacobi matrix dy/du .
(W) = Alp@] x[pW] (c-15)
dy _ 9y op oA oA oA ox | op
@—@@— (aplﬁyapzﬁy 9ape£>+6¥ U (C-16)
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APPENDIX D. Reference systems, transformations

In paragraph 3 the reference systems needed in satellite geodesy are dis-
cussed. Here the transformation used in 3.1.3 should be summarized. The
basic formulas are taken from Nagel (1976).

In order to derive the transformation between the earth-fixed coordinate
system and the inertial system the following rotation matrices are necessa-
ry. (For the Biﬁﬂ see appendix A.)

(i) Precession matrix P(t) (Nagel, 1976, p. 76)

P() = P (o), v(t), k(1)) = R, (~w(t)) R,(v(t)) R, (-x(t)) (D-1)

P'p=ppP =1 (D-1a)

where w(t) , v(t) and «x(t) are the Eulerian precession angles.

(ii) Nutation matrix N(t) (Nagel, 1976, p. 85)

N(E) = N(Ae(t),Ap(t)) = Bl(-As(t)) R,(Mp(t) sine(t)) R,(-Ap(t) cose(t))  (D-2)
N'N = NNT =1 (D-2a)
where
Ae(t) ... nutation in obliquity
Ag(t) ... nutation in longitude
e(t) ... obliquity of the ecliptic

(iii) Earth rotation matrix R,(6(t)) (Nagel, 1976, p. 119, 120)

The argument of R, is the time © of the astronomical meri-

dian of Greenwich. We further have the relation

RIO)R,(©) = R,(O)RI(®) = 1 (D-3)

(iv) Polar motion matrix S(t) (Nagel, 1976, p. 107)

S = SEM®.M) = R,M®) R,E®) (D-4)

1 0 “§(1)
S(t) = 0 1 n(t)
gty () 1

185



The pole coordinates §&(t) , n(t) are defined as follows: & s the tan-
gent at the astronomical meridian of Greenwich passing through the CIO pole
with positive axis southwards, n 1is perpendicular to & and perpendicular
to the direction geocenter - CIO pole.

The explicit representation of S(t) by (D-4) is derived by lineariza-

tion of R, , R, and multiplication. Because of the orthogonality relation
between R, and R, we have
s's=ss' -1 (D-4a)

The small angles &) and n(t) represent the position of the instand-
taneous earth rotation axis with respect to CIO.

Using the matrices (i) to (iv) the transformation between the coordinates
x of the inertial system and those of the earth-fixed system y , see also

(3-1) and (3-2), can be built-up. B
We still have to define the following parameters:

Tg ... 1s the reference epoch of the transformation parameters
w,v,k,Ne,A\p,e,0

is the coordinate vector in the "mean"™ (- only precession 1is
considered in the transformation) astronomical system at
time T, , and

is the coordinate vector in the "true"™ (-precession and nuta-
tion is considered in the transformation) astronomical system
at time t

In general, the transformation parameters are referring to different time
epochs T . It is, however, possible to transform them in such a way that
they refer to T

(a) Transformation y <> X, (Nagel, 1976, p. 101, 119)
x, = R, (-0(1) S(E(D.n(D) ¥ (D-5a)
y = ') RI(-em) x, (D-5b)

(b) Transformation x <> x, (Nagel, 1976, p. 76, 85)

>

= N(to) P(to) X (D-6a)

x, = P'(to) N'(tp) x (D-6b)
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(¢) Transformation Xx, <> X,

According to (D-6a,b) we get (t — ty)

= N(O) P x, (D-7a)

= P N'(®) x, (D-7b)

(d) Transformation Xx <>y
Using the transformations (a) to (c) we are now able to write down the

transformation between the coordinates x of the inertial system and those
of the earth-fixed reference frame y . Equating (D-7b) and (D-6b) we have

PI(to) N'(to) x = R'(t) N'(D) x, (D-8a)

x, = N(t) P(t) P'(tg) N'(to) x (D-8b)

Inserting further (D-8b) in (D-5b) results in the final relations.

x =Rty (D-9a)
y = RI(t) x (D-9b)
where
R = N(to) P(tp) P'(t) N'(®) R, (-0(D)) S(t) (D-9¢)
RI(t) = s'(®) R)(-0(t)) N(t) P(t) P (ko) N'(ty) (D-9d)
R'(H) R = RO R'(D) = L (D-9e)
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